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PREFACE TO THE SEVENTH EDITION 


rpHIS edition is mainly a reprint of the last, but results involv- 
ing Elliptic Functions have been reduced to the notation <>t 
Weierstrass and the chapter on the Equilibrium of Revolving Liquid 
has been partly rewritten and contains some notice <»f recent re¬ 
search. Readers of text-books have too long been allowed to regard 
Maclaurin’s Spheroids and Jacobi’s Ellipsoid as a kind of mathe¬ 
matical accident, somewhat resembling examples that are made “to 
come out”; and though it is impossible to reproduce here the 
extensive work of Poincare and others on this subject, we have 
drawn attention to the fact that these forms of equilibrium are only 
special cases in sequences of possible forms, and we have given some 
references that will be useful to those who desire to pursue the 
subject further. 

In some of the other chapters additional references have been 

given in footnotes in the hope of increasing the utility of the 
book. 


October , 1911. 


W. H. B. 
A. S. R. 



PREFACE TO THE EIGHTH EDITION 


IX) R this edition Chapter V on The Stability of Equilibrium of 
Floating Bodies has been partly rewritten. It now contains a 
new method of treatment of the general problem and an important 
correction to Leclert’s Theorem, for both of which I am indebted 
to Dr Bromwich. In other respects this edition differs but little 
from the last. 

A. S. R. 
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HYDROSTATICS 


CHAPTER I 

1. We learn from common experience that such substances as 
air and water are characterised by the ease with which portions of 
their mass can be removed, and by their extreme divisibility. These 
properties are illustrated by various common facts; if, for instance, 
we consider the ease with which fluids can be made to permeate 
each other, the extreme tenuity to which one fluid can be reduced 
by mixture with a large portion of another fluid, the rarefaction of 
air which can be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility of fluid 
is unlimited ; we find, moreover, that in separating portions of fluids 
from each other, the resistance offered to the division is very slight, 
and in general almost inappreciable. By a generalization from such 
observations, the conception naturally arises of a substance pos¬ 
sessing in the highest degree these properties, which exist, in a 
greater or less degree, yi every fluid with which we arc acquainted, 
and hence we are led to the following 

Definition of a Perfect Fluid. 

2. A perfect fluid is an aggregation of particles which yield at 
once to the slightest effort made to separate them from each other. 

If then an indefinitely thin plane be made to divide such a fluid 
m any direction, no resistance will be offered to the division, and 
the pressure exerted by the fluid on the plane will be entirely 
normal to it; that is, a perfect fluid is assumed to have no ‘viscosity ’ 
no property of the nature of friction. ‘ 

. The following fundamental property of a fluid is therefore ob¬ 
tained from the above definition. 

dhe pressure of a perfect fluid is always normal to any surface 
with which it is in contact. 

As a matter of fact, all fluids do more or less offer a resistance 
to separation or division, but, just as the idea of a rigid body is 
obtained from the observation of bodies in nature which only change 
form slightly on the application of great force, so is the idea of a 
perfect fluid obtained from our experiences of substances which 
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possess the characteristics of extremely easy, separability and ap¬ 
parently unlimited divisibility. 

The following definition will include fluids of all degrees of 
viscosity. 

A fluid is an aggregation of particles which yield to the slightest 
effort made to separate them from each other, if it he continued long 
enough. 

Hence it follows that, in a viscous .fluid at rest, there can be no 
tangential action, or shearing stress, and therefore, as in the case 
of a perfect fluid, 

The pressure of a fluid at rest is always normal to any surface 
with which it is in contact. 

Thus all propositions in Hydrostatics are true for all fluids what¬ 
ever be the viscosity. 

In Hydrodynamics it will be found that the equations of motion 
are considerably modified by taking account of the viscosity of a 

fluid. 


3. Fluids are divided into Liquids and Gases; the former, such 
as water and mercury, are not sensibly compressible except under 
very great pressures; the latter are easily compressible, and expand 
freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the latter 
elastic fluids. 

4. Fluids are acted upon by the force of gravity in the same 
way as solids; with regard to liquids this is obvious; and that air has 
weight can be shewn directly by weighing a closed vessel, exhausted 
as far as possible: moreover, the phenomena of the tides shew that 
fluids are subject to the attractive forces of the sun and moon as 
well as of the earth, and it is assumed, from these and other simdar 
facts that fluids of all kinds are subject to the law of gravitation 
that is, that they attract, and are attracted by, all other portions of 
matter, in accordance with that law. 


Measure of the Pressure of Fluids. 

5 Consider a mass of fluid at rest under the action of any 
forces, and let A be the area of a plane surface exposed to the 
action of the fluid, that is, in contact with it, and P the force which 
is required to counterbalance the action of the fluid upon A. 

the action of the fluid upon A be uniform, then j is the pressure 
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on each unit of the area A. If the pressure he not uniform, it 
must be considered as varying continuously from point to point 
of the area A, and if ct be the force on a small portion a of tin* 

» *GT* 

area about a given point, then will approximately express the 

Cl 

rate of pressure over a. When a is indefinitely diminished 

let — ultimately = p, then p is defined to be the measure of the 
a 11 

pressure at the point considered, p being the force which would be 
exerted on an unit of area, if the rate of pressure over t he unit were 
uniform and the same as at the point considered. 

The force upon any small area a about a point, the pressure at 
which is p, is therefore pa + 7 , where 7 vanishes ultimately in com¬ 
parison with pa w hen a (and consequently pa) vanishes. 

6. The pressure at any point of a fluid at rest is the same in 
even/ direction . 

This is the most important of the characteristic properties of a 
fluid; it can be deduced from the fundamental property of a Huid 
in the following manner: 

If we consider the equilibrium of a s mall tetrahedron of fluid, we 
observe that the pressures on its faces, and the impressed force on 
its mass, form a system of equilibrating forces. 

The former forces depending on the areas of the faces vary as 
tj ye square, a nd the latter depending on the volume and density 
varies as the cube of one of the edges of the solid, which is consi¬ 
dered to be homogeneous, and therefore supposing the solid indefi¬ 
nitely diminished , while it retains always a similar form, the latter 
force vanishes in comparison with the pressures on the faces; and 

these pressures consequently form of themselves a system of forces 
in equilibrium. 

% 

Let p,p' be the(rates of the)pressure‘on tlie faces ABC , BCD, and 
resolve the forces parallel to the edge AD; 
then, since the projections of the areas ABC, 

BCD on a plane perpendicular to AD are the 

same (each equal to a_suppose) we have ulti¬ 
mately, 

pa = p'cr, 
or p = p. 

And similarly it may be shewn that the pressures on the other two 
• laces are each equal to p or p. 


n 



t). 


c 

t 


1-2 
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As the tetrahedron may be taken with its faces in any direction, 
it follows that the pressure at a point is the same in every direction. 

This proposition is also true if the fluid be i n motion, for by 
D’Alembert’s Principle the reversed effective forces and the im¬ 
pressed forces which act upon the mass of fluid must balance the 
pressures on its faces, and the effective forces are of the same order 
of small quantities as the impressed forces and vanish in comparison 
with the pressures. 

7. The following proof of the foregoing proposition is taken 
fro m Cauchy ’s Exercices*. 

Let P and Q be two points in a fluid at a finite distance from 
each other; about PQ as axis describe a cylinder of very small radius, 
draw a plane through Q perpendicular to QP, draw any plane 
through P, and consider the equilibrium of the mass PQ. 

The pressures on its ends and on its curved surface, and the 
impressed forces which act upon it, form a system of balancing forces. 

Let p, p be the pressures at Q and P, a.the area of the section 
Q of the cylinder, and a' of the sec¬ 
tion P; then the pressure pa on 
the end P, resolved parallel to the 
axis of the cylinder, is equal to pa, and therefore 

pa— pa = the impressed force, resolved parallel to QP. 

Now whatever be the direction of the plane through P, this im¬ 
pressed force, when the radius of the cylinder is indefinitely dimi¬ 
nished, is ultimately equal to the impressed force on the portion 
QP of the cylinder cut off by a plane through P perpendicular to 

the axisf, that is, to 

[PQ 

f pa ax, 

J 0 



A' A 


* Seconde Annie, 1827, p. 23. 

-j- The following considerations may complete this part of the proof: 

Let AH, A’H' Le the two planes u_ 

through P; p, p the mean densities --‘ ; 

of A PA', B PH’ ; and/, /' the accelera- Q '.j_ 

tions of the forces which are acting ' J— - a' a 

° n T h .:r n t^e difielc: of .be fo.ces on QAB and QA’D’ (the volume, of which are 

cqUal) = the difference of the forces on APA' and DPD’ 

= (p'f - pf) . vol. APA' 

= 8(pf) •jrz aAA '’ 
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where mf is the force on a particle m of tin* fluid at a distance x 
from Q. Hence* 

[i‘Q 

P=P+ pf «•'*. 

J O 

or// is constant for all positions of the plain* through P. 

Transmission of Fluid Pressure. 

8 . Any pressure, or additional pressure, applied to the surface 
or to any other part of a liquid at rest, is transmitted equally to all 
parts of the liquid. 

This property of liquids is a direct result of experiment, and, 
as such, is sometimes assumed. It is however deducihle from t in- 
definition of a fluid. 

Let P be a point in the surface of a liquid at rest, and Q any 
other point in the liquid ; about the straight line PQ describe a 
cylinder, of very small radius, bounded by the surface at P and by 
a plane through Q, perpendicular to QP. 

If the pressure at P be increased by p, the additional force on 
the cylinder, resolved in the direction of its axis, is pa, a being the 
area of the section of the cylinder perpendicular to its axis, and 
this must be counteracted by an equal force pa at Q in the direction 
QP, since the pressure of the liquid on the curved surface is per- 

pendiculai to the axis. The pressure at Q is therefore increased 
by p. 

If the straight line PQ do not lie entirely in the liquid, P and 
Q can be connected by a number of straight lines, all lying in the 
liquid, and a repetition of the above reasoning will shew that the 
pressure p is transmitted, unchanged, to the point Q. 

9. In consequence of this property, a mass of liquid can be 
used as a ‘ machine’ for the purpose of multiplying power. 

Thus, if in a closed vessel full of water two apertures be made 
and pistons A, A' fitted in them, any force P applied to one piston 
must be counteracted by.a force P ' on the other piston, such that 
P'.Pm the ratio of the area A ’: A, for the increased rate of pressure 
at every point of A is transmitted to every point of A', and the 
force upon A' depends therefore upon its area* 


and therefore 


, [QP o 

'=J>+| P/'U+-AA\ S(P /). 


The forces being continuous, the Inst term is obviously evanescent compared 

* tamah-sT ‘ ! ‘> Uatio "' “ nd is constant ' 

Press ,s an instance of the practical use of this property of liquids. 
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The action between the two is analogous to the action of a lever, 
and it is clear that by increasing A' and diminishing A, we can 
make the ratio P': P as large as we please. 

10. The pressure of a gaseous Huid is found to depend upon its 
density and temperature, as well as upon the nature of the fluid 
itself.' 

When the temperature is constant, experiment shews that the 
pressure varies inversely as the space occupied by the lluid, that is ? 
directly as its density. 

This law was first stated by Boyle, but it is a consequence of 
the more general law that the pressure of a mixture of gases that 
do not act chemically on each other is the sum of the pressures the 
gases would exert if they filled the containing vessel separately. 
For doubling the quantity of gas in the vessel would double the 
pressure, and a similar proportionate change of pressure would take 
place for any other change of quantity. 

Hence if p be the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature remains 
the same, 

P = kp, 

where k is a constant, to be determined experimentally for the fluid 
at a given temperature. 

If v be the volume of the gas at the pressure p, and v the 
volume at the pressure p\ 

pv = pv, 

or pv is constant for a given temperature. 

11. The Elasticity of a fluid is measured by the ratio of a 
small increase of pressure to the cubical compression produced by 

it- dv 

If v be the volume, the small cubical compression is - —, and 


the measure of the elasticity is 

- r - P 
dv 


and 


In the case of a gas at constant temperature pv is constant 

dp 

■■r + v T„ = 0 - 


so that the measure of the elasticity is equal to that of the pressure. 

If the relation between the elasticity and the pressure is given, 
ve can deduce the relation between the pressure and the volume. 
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For instance, if we can imagine the existence of a fluid in which 
the elasticity is double the pressure, we have 



from which it follows that pv* is constant 


Measures of Weight, Mass, and Density. t.y 

12. The weight, mass, and density of a fluid are measured in 
the same way as for solid bodie s. 

If W be the weight of a mass M of fluid, then, in accordance 
with the usual conventions which define the units of mass and force, 

W=Mg. 

If V be the volume of the mass M of fluid of density p, then 

M-pV t 

and 1 V — gpV. 

For the standard substan ce, p = 1, and therefore the unit of 
. mass is the mass of the unit of volume of the standard substance. 

If the unit of mass is a pound, the equation, IF = Mg, shews 
that the action of gravity on a pound is equivalent to g units of 
force. The unit of force is therefore, roughly, equal to the weight 
of half an ounce, and it is called the Poundal. 

13. In the previous articles no account has been taken of fluids 
in which the density is variable ; but it is easy to conceive the 
density of a mass of liquid varying continuously from point to point, 
and it will be hereafter found that a mass of elastic fluid , at rest 
under the action of gravity, and having a constant temperature 
throughout, is necessarily heterogeneous: the density at a point 
of a fluid must therefore be measured in the same wa/as the pres¬ 
sure at a point, or any other continuously varying quantity. 

Measure of the density at any point of a heterogeneous fluid. 

: Let m be the m ass of- a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such that 
the mass 'of a volume v is equal to to, or such that 

to = pv; 

then p may be defined as the mean density of the portion v of the 
heterogeneous fluid, and the ultimate value of p when * is indefi¬ 
nitely diminished, supposing it always to enclose the point, is the 
density of the fluid at that point. 
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14. To find the work done in compressing a i*. at 

Let v be the volume of a gas at the pressure p, dS an element 
of the surface of the vessel containing it, and dn an element of the 
normal to S’ drawn inwards. 

Then the work done in a small compression 

= p'ldSdu = — pdv, 

and the work done in compressing from volume V tc V' 



it'pv = C, 



If the compression takes place in a vessel surrounded by the 
atmosphere, as for example if the gas is confined in a cylinder by 
a piston, the pressure of the atmosphere assists in the work of com¬ 
pression. Thus if the initial volume is Fat atmospheric pressure II, 
the external work done in compressing it to volume F' 

v 

(p — U)dv, where pv = Tl V 

= nviogp-n(r- v‘). 



EXAMPLES 

$ 

(In these Examples g is taken to be 32, when a foot and a second are units.) 


1. A BCD is a rectangular area subject to fluid pressure ; AB is a fixed 
line, and the pressure on the area is a given function (P) of the length BC (.r) ; 

dP 

prove that the pressure at any point of CD is where a = AB. 

If A be a fixed point, and AB, AD fixed in direction, and if AB=x and 

cP P 

AD=y . the pressure at C= -. 

,/> 1 d.vc.y 


2. In the equation W=gpV, if the unit of force be 100 lb. weight, the 
unit of length 2 feet, and the unit of time £th of a second, find the density of 
water. 

3. If a minute be the unit of time, and a yard the unit of space, and if 
15 cubic inches of the standard substance contain 25 oz., determine the unit 
of force. 


4. In the equation, II ’=g p V, the number of seconds in the unit of time 
is equal to the number of feet in the unit of length, the unit of force is 750 lb. 
weight, and a cubic foot of the standard substance contains 13500 ounces ; find 
the unit of time. 

5. A velocity of 4 feet per second is the unit of velocity ; water is the stan¬ 
dard substance qnd the unit of force is 125 lb. weight; find the units of time 
and length. 
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6. The number expressing the weight of a cubic foot of water is jVjtli of 

that expressing its volume, J-th of that expressing its mass, ami of the 

number expressing the work done in lifting it 1 foot, hind the units of length, 
mass, and time. 

7. If the pressure of the atmosphere be the unit of pressure, the velocity 
of sound the unit of velocity, and the acceleration due to gravity the unit ol 
acceleration, find roughly the unit of force. 


8. If a feet and b seconds be the units of space anti time, and the density 

of water the standard density, find the relation between a and l> in order that 

the equation, W=gp V y may give the weight of a substance in pounds. 

• 

9. A velocity of 8 feet per second is the unit of velocity, the unit of accelera¬ 
tion is that of a falling body, and the unit of mass is a ton ; find the density 
of water. 


10. The density at any point of a liquid, contained in a cone having its axis 
vertical and vertex downwards, is greater than the density at the surface by a 
quantity varying as the depth of the point. Shew that the density of the liquid 
when mixed up so as to he uniform will be that of the liquid originally at the 

depth of one-fourth of the axis of the cone. 

1 & 

Lv— 2 ^‘ From a vessel full of liquid of density p is removed 1/nth of the con- 
v tents, and it is filled up with liquid of density <r. If this operation be repeated 
vi times, find the resulting density in the vessel. 

Deduce the density in a vessel of volume ! r , originally filled with liquid of 
density p, after a volume U of liquid of density o- has dripped into it by 
infinitesimal drops. 


12. The density of a fluid varies from point to point; considering direct ions 
proceeding from a given point, prove that the density varies most rapidly along 
the normal to the surface of equal density containing the point; and of direc¬ 
tions in the tangent plane to this surface, the tangents to its principal sections 
arc those in which the rate of variation of density is greatest and least. 

f 





CHAPTER II 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS 


^ 15. Taking the most general case , suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at rest 
under the action of giveli forces, and let it be required to deter¬ 
mine the conditions of equilibrium, and the pressure at any point. 

Let x, y, z be the co-ordinates referred to rectangular axes, of 
any point P in the fluid, and let Q be a point near it, so taken 
that PC) is parall el to the axis of x . 

Take x + Bx, y, z as the co-ordinates of Q; about PQ describe 
a small pris m or cylinder bounded by planes perpendicular to PQ. 

Let a be the area of the section of the cylinder perpendicular 
to its axis, p the pressure at P, and p -f Bp the pressure at Q. 

Then, a being very small, the pressure.at any point of the plane 
P will be very nearly equal to p, and the pressure upon it will 
therefore be • 

(p + y)a, 

where 7 vanishes in comparison with p when a is indefinitely 


diminished. 

We can therefore consider a so small that 7 may be neglected 
in comparison with p, and the pressure on the end P of the 
cylinder may be taken equal to pa, and similarly the p ressure on 
the end Q equal to 

(p + Bp) a. 

If p be the mean density of the cylinder PQ, its mass = paBx, 
and XpaBx will represent the force on PQ parallel to its axis, it 
Xom, YBm, ZBm be the components of the forces acting ori a 
particle Bm of fluid at the point ( x , y, z). 

Hence, for the equilibrium of PQ, 

(p + Bp) a —pa = XpaBx, 

(O' Bp = pA Bx. 

Proceeding to the limit when Bx, and therefore Bp, is in¬ 
definitely diminished, p will be the density at P, and we obtain 



* i n the above proof, a is taken so small that its linear dimensions may be 
neglected in comparison with ox; that is, the change in p, corresponding to a change 
ox in .r, is considered undisturbed by any alterations in y and 2 . 
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LI 


By a similar process, 


* = P Y. 

on 


d P- D y ^ 

dz ~ pZ - 


But 


_dp 


d ?-¥J* + P-'' + d £ d2 -’ 


dp — p (Xdx + Y(hj + Zdz) .(a). 

the equation which determines the pressure. 


tWy.’,The pressure is clearly a function of the independent 

variables x , y, and and \vc know that ’ 

d'P = ^P_ &V_ = _3jP \p_ = &P 

dydz dzdy' dzdx dxdzj dydx * 

Hence we obtain from the preceding equations, tt« 
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iM'y 

_ a 

dx 

(pZ) 

v • • • • 


_d_ 

dy 

(pX) 


operations indicated we 

have 

gdp _ ydp 
dy dz 

=p\ 

fdY _ 
\dz 

dZ\ 
dy) ’ 

y dp ydp 

1 

tdZ 

ax\ 

A dz z bx 

= p\ 

\dx 

dz)’ 

y\ p - X fe, 

cte oy 

= p{ 

dX_ 

<dy 

dV ) 
dxr 


m- 


Multiplying by X, F, Z, and adding, we ^obtain 


ax by 


ay/ (a® (, 0y dx 


)-° 


( 7 ) 


« * 


as anece ssary condition of equilibr ium. ^ u wC 

^ M, ;7 he g^metncal interpretation of this equation is that the lines 
of force, - 


dx dy dz 

X~Y = Z' 



« 

can be intersected orthogonally by a system of surfaces, » o; 

d 4- £ “ *-*- *t— - -,».«•»► 
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% 

. .,17. Homogeneous Liquids. If the fluid be homogeneous 

, r * # - O # - ° 

O' \and inc(ffhpressible,; A r c/a? -f } T rfy + Zdz must be a perfect clif- 
ferential in order that equilibrium may be possible. 

In other words, the system of forces must be a conservative 
system , and the forces can be represented by the space-variations 
of a potential function. ’ ** • ***• 

We then have, if V be the potential function, 


and 


dp = -pdV, 

v=c. 

p « 


ru 


3 




If, for instance, the forces tend to or from fixed centres and are functions 
of the distances from those centres, we have 

.V-s{*(r)£^}, r=s{*(r)*^j, 

where (a, b, c) are co-ordinates of the centre to which the force <£ (>’) tends. 
Now r* = (.r - a) 2 + (y- b ) 2 + (z- c) 2 , 

. •. Xdx + I r dy + Zdz = 2</> ( r) dr, 
and dp = p2<f> (r) dr. 

In this case, since 

cA' (,,, .x-o t/-b . ..x-av — b 

= 2 - <£'(»•)- -- 

cy U r r 


x — a y — b\ 

* «-is- V; 1 


and 




(>•) 




.r-a J , ,y-6.r-a) 
r -*I')TT' 


it is obvious that the equation (y) i s always satisfied, but it is not to be inferred 

that the equilibrium of a heterogeneous fluid is always possible with such a 
,. - >.«.2 *-• *■ 

*t.r* When the density is constant, the equations (/3) become 

**•**£. - z ~ c y by i Z zx dV 

(1 d' 


cz ’ 


C H 


cx 






b X 


which are in this case always satisfied, and therefore the equilibrium of a 
homogeneous fluid under the action of such forces is always possible. 

18. Heterogeneous Fluids. If the law of density be pre¬ 
scribed, that is, if p be a given function of x, y, z, the conditions to 
be satisfied in order that a given distribution of force, represented 
by X, Y, Z, may maintain the fluid in equilibrium are the equations 

(£). 

19. Elastic Fluids. When the fluid is elastic, an additional 
condition is introduced, for, if the temperature be constant, 

p = kp\ 

($). 

V 


• dp = ) {Xdx + Ydy + Zdz) 

n 
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If the forces are derivable from a potential V , i.c. it 

Xdx + Ydy f Zdz 
e a perfect differential — d V, 

k-- = —dV, 

P 

• •• A*log£, = - V, 


Ci> 


v 

or p = Ce k , and p = j,e 

When the forces tend to fixed centres a nd are tunctions <>{ the («i) 
distances, Art. (17), this equation takes the form 

k-- = Sd> (?’) dr, 

P 

and p can be determined. 

If the temperature be varia ble, the relation between the pres- jT 
sure, density, and temperature is found to be 

p= kp (1 + at), 

where t is the temperature, measured by a Centigrade Thermo¬ 
meter, and a = '003665. ^ MFw 
From this we obtain 


C 


v 

i; 


where 


p — kpa j- + t — KpT , 

^ i e f-p- 

I{ = ka, and T=- + t 


"9 


T is called the absolute temperature, the zero of which is 
- 273° C. 

dp _ Xdx + Ydy -f Zdz 

Y = KT ’ 


In this case 


and therefore T must be a function of x , ?/, z. 

In any of these cases, if the pressure at any particular point be 
given, the constant can be determined. 

In the case of elastic fluids, if the mass of fluid ancl the space 
within which it is contained be given, the constant is determined. 

20. The equation for determining p may also be obtained in the following 
manner. * u - 

Let PQ be the axis of a very small cylinder bounded by planes perpen¬ 
dicular to PQ. 

Let p and p+8p be the pressures at P and Q, a the areal section, and 8s 
the length of PQ. Then, if S8m be the component, in the direction PQ, of the 
forces acting on an element 8m, 

(p+$p) a —pa=paS8s, 


• • 



14 


PRESSURE OF FLUIDS 


and therefore, proceeding to the limit, 

dp = pSds. 

That is, the rate of increase of the pressure in any direction is equal to the 
product of the density and the resolved part of the force in that direction. 

*•' If a-, y, z be the co-ordinates of P, and A', l”, Z the components of S parallel 
to the axes, 

s=x d* +Y d J + z d! 

as ds ds 

and dp = p (Xdx +■ Ydy+Zdz) as in Art. (15). 

If the position of P be given by the cylindrical co-ordinates 6, and z, and 
if P, T, Z Ije the components of S in the directions of r, 6, z , 

s - r % +T ^ +x t 

and the equation for p becomes 

dp=p {Pdr + Trdd+Zdz). 

0«0 Again, if the position of P be given by the ordinary polar co-ordinate s r, 6 , 
0, and if the components of the force be /£, iV, and T, in the directions of r, of 
the perpendicular to the plane of the angle 6 , and of the line perpendicular to 
/• in that plane, it will be found that , 

^ = Rdr + Nr sin 0d<f> + TrdO. 

In a similar manner the expression for dp may be obtained for any other 
system of co-ordinates. 

* • # 

21. Surfaces of equal pressure. In all cases, in which the 
equilibrium of the fluid is possible, we obtain by integration 

p = 4> (*> y> z \ 

If p be constant, </> {x, y , z ) =p .(A) 

is the equation to a surface at all points of which the pressure is 
constant, and by giving different values to p we obtain a series of 
surfaces o f equal pressure, and the external surface, or free surface, 
is obtained by making p equal to the pressure external to the 
fluid. 

If the external pressure be zero, the free surface is therefore 
The quantities 

d<f> d(f> d<t> 

dx’ dy ’ dz ’ 

which are proportional to the direction-cosines of the normal at the 
point (x, y, z) of the surface (A), are equal to 

dp dp dp 
dx’ dy' dz' 

respectively, i.e. to pX, P Y, pZ, and are therefore proportional to 

X, V, z. 
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Hence the resultant force at any point is in direction of the 
normal to the surface of equal pressure passing through the point. 

The surfaces of equal pressure are therefore the surfaces inter¬ 
secting orthogonally the lines of force. 

It follows from this result that a necessary condition of equili¬ 
brium is the existence of a system of surfaces orthogonal to the 
lines of force, a conclusion derivable also from the equation ( 7 ) of 
Art. (16), for that equation is the known analytical condition 
requisite for the existence of such a system. 

22. If the fluid be a homogeneous liquid, that is, if p is con- s. *,« 
stant, Xdx + Ydy + Zdz must be a perfect differential, or in other 
words, the system of forces must be a conservative system. 

In general, when the force-system is conservative, p must be a »0 »• 
function of the potential V. 

For dp = - pdV, and, dp being a perfect differential, p must be 
a function of V; hence V, and therefore p, is a function of p, and 
surfaces of equal pressure are equipotential surfaces, and are also 
surfaces of equal density* . 

If the fluid be elastic and the temperature variable (;.) t. 

dp_ dV 
p KT 

Hence by a similar process of reasoning T is a function of p, and 
surfaces of equal pressure are also surfaces of equal temperature. 

If however Xd.r -f Ydy + Zdz be not a perfect differential, these 
surfaces will not in general coincide. 


* These results may also be obtained in the following manner. 

Consider two consecutive surfaces of equal pressure, containing between them a 
stratum of fluid, and let a small circle be described about a point /> in one surface 
and a portion of tile fluid cut out by normals through the circumference. The portion’ 
of fluid ,s kept at rest by the impressed force, and by the pressures on its ends and on 
its circumference. Being very nearly a email cylinder, and the pressures at all points 

bl due r« m r nT e “ ’ ‘ he lli ‘ ,erenCe of the P ressu ™ °" two faces must 
be due to the force which must therefore act in the same direction as these pressures 

i.e. in direction of the normal at P. 1 

If the forces are derivable from a potential, the resulting force is perpendicular 

to the equipotential surfaces, and the surfaces of equal pressure are therefore 
identical with the equipotential surfaces. P therefore 

unon 8 !T COnSid t eri " 8 thC e * uiUbri ™ o* the elemental cylinder, the force acting 
upon it, per unit of mass, is equal to the difference of potentials divided by the 

durance between the surfaces of equal pressure, and as the mass of the element is 

tZtZTT \° thi8 1 di8tftnce * * ‘hat the density must be consent 

that is, the surfaces of equal pressure are also surfaces of equal density. 
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SURFACES OF EQUAL PRESSURE 

Jfc 

Let the fluid be heterogeneous and incompressible; then the 
surfaces of equal pressure and of equal density are given respec¬ 
tively by the equations 

dp = 0, dp = 0, 

or Xdx + Ydij + Zdz = 0 

d /dx + d ^dy+^de = 0 

ox dy J dz 
«• % • 

These then are the differential equations of surfaces which by 
their intersections determine curves of equal pressure and density. 
From (B) we obtain 



dx 


dy 


dz 


Z d -P - Y d ? X dp - Z dp Y~ - X — 

dz dz dx dx 


(C). 


0y Oz oz dx dx dy 
But from the conditions of eqnilibriur/?\ve have t-*- r'O 

dX ^ ydp = 0 dX ydp 
p dy ' ^ ,dy P dx dx ’ 

dY „dp dZ y dp 

Pj- + 1 dz = P ~ + Z * - * 


dy dy 


dz r . dp dx v dp 
pte +/ £ =p T* +x £’ 


dx 


dz 


and therefore the equations (C) become 

dx dy dz 

dZ _ d_Y ~ oTjdZ “ dV _dX 

dy dz dz dx dx dy 



the differential equations of the curves of equal pressure and 
densi ty. 

' 23. We shall now shew how to obtain the fundamental 
pressure equation by considering the equilibrium of a finite mass 
of fluid. 

Let S be any closed surface drawn in the fluid, and l, m, n the 
direction-cosines of the normal at any point drawn outwards. The 
conditions of equilibrium of the mass of fluid within the surface $ 
are summarised in the statement that the normal pressures on the 
boundary must counterbalance the effect of the given forces acting 
throughout the mass. Thus by resolving parallel to the axes we 
get three equations of the typ 

jj IpdS = Jjj pXdxdydz .(1); 
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and by taking moments about the axes we get three other equations 
of the type 


IJP (>*!/ ~ »«) (IS = fffp {yZ - z F) clvdydz .(2), 

where the double integrations extend to the whole surface S and 
the triple integrations are throughout the space enclosed. 


Now consider the integral f [| ^dxdydz with the st 



ame range 


of integration. Taking a thin prism parallel to x which necessarily 
crosses the surface an even number of times, and cuts out elements 
chSj, dS 2 , dS 3> ... at the points P lt P.,, P 3 and integrating along 
this prism, we getlWw^ *^224) 



taken between the limits P } to P :t to P 4t kc. 



But If 0" 6 ,, 6 ,... are the inclin ations to the axis of 0 f the 
outward-drawn normals at 1\, -' 

dydz = — (IS, cos 6, = dS, cos d, = - dS, cos $ 3 =. 

= — l i dS l = LdS 2 — — l,d S 3 =. . 

Srf^t7 —r ° r plus accordin g as the angle is obtuse or 
regimi “ ***** « ^ *. 

Hence by putting in the values at the limits (3) becomes 

JJ.I £ dxd y (lz =fJ(pA<lS, +pJdSi+ p J / lS,+ ...) 

-ffjpdSover the whole surface ... (4) 
Using this value in (1) we get 



B. H. 


- pX j dxdydz = 0 


2 
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CURVES OF EQUAL PRESSURE AND DENSITY 


✓ 

and two similar equations, and as these integrals must vanish for 
all ranges of integration, in the fluid, their integrands must be zero 
at every point; hence 


dp v dp „ 
J = pA, X — pi , 
ox r Oy 


° 1 - 

dz 


pz 


,(5) 


leading to dp = p (Xdx + Ydy + Zdz) 

as before. 

We have made no use of the equations of moments of type (2) 
but we can shew that they also are satisfied bv equations (5). Thus 
consider for example 


/// 


y£dxdydz; 


if we integrate along the same prism as before, observing that y is 
constant along the prism, we get 

Jfypdydz 

between the limits 1\ to P 2 , P 3 to P 4 , &c., and as above this can 
be seen to be equal to ffplydS taken over the whole surface; that 
is, thp equation (4) is still true if we insert a factor y (or z) in the 
integrand on either side of the equation. By similar arguments it 

follows that 

jfp {'"J - dS = /// {y d £~ Z fy) dxdl J dz ’ 

and if we substitute from (5) this becomes 

Iff p (yZ - zY) d.rdydz, 

thus verifying equation (2). 

It is to be noted that since a perfect fluid is incapable of resisting 
shearing stress there can be no such stresses in a mass of fluid in 
equilibrium, and therefore it follows that the equations obtainej 
by taking moments about the axes will o f necess it y be satisfy 
whenever the equations obtained by resolving parallel to the axes 
are satisfied. For in equilibrium the latter equations are true for 
any portion of the fluid finite or infinitesimal, and this balancing 
of forces ensures that the equations of moments are true also. 

24. We can also prove that p ( Xd.e + Ydy + Zdz) must be a 
perfect differential, by considering the equi librium of a spherical 

element of fluid. 

' F^Tthe pressures of the fluid on the surface of the element are 
all in direction of its centre, and therefore the moment_ot the acting 
forces about the centrejnust vanish. 
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Let y, z bo co-ordinates of the centre, and .r + a> y + (3, z + y 
of any point inside the small sphere. 

Then, p being the density at the centre,’“the'’ expression' 
Sdm(Z/3 — Yy) becomes Ji "' 

Now fffadad/3dy = 0, the centre of the sphere being the centre 

of gravity of the vohime.fffPydad&dy^O, &c.,and, if dr = dad/3 dy, 

Iff tfdr = fffpdr = Iff rdr = J Iff (a* + J®. + 7 3 ) dr'' 1 '" MV> 

= &-J lirt-'dr = 

The expression for the moment then becomes, neglecting higher 
powers of a, 0, 7> 0 h 

<md, in order that this may be evanescent, we must have 

|(^)=| (pn. 

25. Fluid at rest under the action of gravity. K „ 

Taking the axis of * vertical, and measuring * downwards, 

.Y = 0, F = 0, Z = 0 , . 

and the equation (a) of Art. (15) becomes 

dp = OP <lz> 

an equation which may also.be obtained direct.lv bv 

the equilibrium of a small verticaf^d^- 3 considering 

In the case of homogeneous'liquid, 

p — gpz -f G, 

£« '“"»w pi.™* 

, T&s&z n - 

r,., u P=OP* + U. 

f theie be no pressure on the free surface, 

p = gpz, 

■ itr- -»'■”< •• w— *«. «» 
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In the case of heterogeneous liquid, the equation 

u . , ... <ip=gpdz 

shews thatjjjnust be a function of z. The density and pressure 
are therefore constant for all points in the same horizontal plane. 
As an example, let p oc z H = yz n , 


then 




z n+i 

n + 1 


+ n. 


Ev 26. If two liquids , which do not mix, meet in a bent tube, the 
heights of the free surfaces above the common surface are inversely 
as the densities. 

For the pressures at the common surface are the same, and if 
z, z be the heights of the upper surfaces .above the common surface, 
and p, p the densities, these pressures are respectively (Art 2 *-/*) 

ypz + U, yp'z'+U, 

i 2 P 

and . 

27. It is a well-known law that if a system be in equilibrium 
under the action of gravity and the pressure of smooth surfaces, 
the equilibrium is stable, if the centre of gravity be in its jo west 
p ossible position . 

Hence it follows that, in the case of heterogeneous liquid^ the 
density must increase with the depth, for otherwise the equilibrium 
would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 

another, it will settle with the heaviest strata lowest, the law of 

density of course being changed. ■ 

A quantity of liquid, the density of which is a given function 

of the depth, is contained in a vessel of given shape; if the liquid 
be transferred to another vessel , it is required to find the new law of 
density, each vessel being in the form of a surface of revolution with 

its axis vertical. 

Measuring x upwards from the lowest point of the liquid, let 
IJ =f(x) be the generating curve of the first vessel, and y = <f> (x) 

of the second. 

Then, if the stratum at the height x in the first vessel corre¬ 
spond to the stratum at the height x in the second, we obtain, 

since the volumes are equal, 

Jo Jo 
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and performing the integrations, we find x in terms of :/ , and 
therefore p, which is a given function of x, becomes a new funct ion 
of x. 

• 1 \j^ 

Moreover, if h and h' be the depths of the liquid in the two 
vessels, h is given in terms of h\ and therefore the density, p, can 
be found in terms of h' — x, the depth. 

If the new law of density be given, and it be required to find 
the shape of the new vessel, we may proceed as follows: 

The density being a given function of h — x, and also of It' — ./, 
we can, by equating the two expressions, find x in terms of./. 

Also, equating the volumes of corresponding strata, we obtain 
y-dx as y'-dx , which at once, by substituting for x its value in terms 
of x , gives the equation required. The value of It will be then 
obtained by equating to each other the whole volumes. 


Example (1). The density of a liquid in a cylindrical ressel varies as the 
depth; find the new law of density if the liquid be poured into a conical vessel 
having its vertex downwards. 


In this case 


p = p(h-X ), 


and 

also 



na‘ i x= \rr. r' 3 tan 2 a ; 
TTii-h = J ir/i 3 tan 2 a ; 


P-M* 


if z be the depth. 



* 


Example (2). A quantity of liquid , the density of which varies as the depth , 
fills an inverted paraboloid to a given height; it is required to find the shape of 
a vessel , in the form of a surface of revolution , such that if this liquid be poured 
into it its density will vary as the square of its depth . 

In this case p = p (A - .r) = p! (A' - .r') 2 , 

\(h'-x J )\ if p = p'c. 

v» 

The equation 4a.vdx=y'*dd gives 

«V*= 8a (A' - of) {he - (A' - .r') 2 }. 

To complete the solution, we must equate the total volumes, and wo 
thereby obtain A - = cA as the necessary relation between A' and c. ' 


28. Elastic fluid 

In this case, 

and 


at rest under the action of gravit] 

P = kp> Lb.~) 

* = f 

p k 


hft**« . 

h 



, p qz oz 

lo Sg =*\ and^=Ce* . 
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The surfaces ^of equal pressure are in this case also horizontal 
planes, and the constant C must be determined by a knowledge of 
the pressure for a given value of 2 -, or by some other fact in con¬ 
nection with the particular case. 

Example. A dosed cylinder, the axis of ichick is vertical , contains a given 
mass o f air. 

Measuring •: from the top of the cylinder, 

p C £ 

p= I- = I- e ’ 

• if M l>e the given mass, a the radius, and h the height of the cylinder, 


fh r nh 

.V= pnardz=ira-- (e*-l), 

J <• 0 


whence C is determined. 

29. Illustrations of the use of the general equation. 

(1) Let a given volume V of liquid be acted upon by forces 


a- ’ 




c-*’ 


respectively parallel to the axes; 

then <(p=p(- 

and p^C-^C -) 

P 2 W !> - *) 

The surfaces of equal pressure are therefore similar ellipsoids, and the 


and 


equation to the free surface is 

.*2 y- -2 O C 

_L _L. - = 

•» * I •» • •> J 

a- o- c- p.p 

assuming that there is no external pressure. 

The condition which determines the constant is that the volume of the 
fluid is given, and we have 


and 


r _PP ( 3 V \ 5 

2 ' \4irabc) * 

2) A given volume of liquid is at rest on a fixed plane , under the action of 


a force , to a fixed point in the plane, varying as the distance. 

Taking the fixed point as origin, the expression for the pressure at any 

point is ^ 

p=C-lpp (x- +y- + :-) = C- \ppr-, 

where r is the distance from the origin ; and if ijTra- 1 be the given volume, the 
free surface is a hemisphere of radius a, and 

p = hpp (a- - r 2 ). 

The portion of the plane in contact with fluid is a circle of radius a, and 
therefore the pressure upon it 

i‘2tt fa 

= / pr dr <16 

J 0 J o 

= J7r/ipa 4 . 
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This result may he written in the form p'pi . irpu\ which is the expression 
for the attraction on the whole mass o f fluid, supposed to be condensed into a 
material particle at its centre of gravity, and might in fact have been at once 
obtained by considering that the fluid is kept at rest by the attraction to the 
centre of force and the reaction of the plane. 


(3) A given volume of heavy l iquid is at vest under the action of a force to 
a fixed point varying as the distance from that point. 

Take the fixed point as origin, and measure r vertically downwards ; 

then A' = - px, Y— -py, and Z—y-pz ; 

••• dp=p [- pxd.v - pydg + (g - pz) dz\, 

P _ 


and 


r_ c **+.¥* + ** , , 


The surfaces of equal pressure are spheres, and the free surface, supposing 
the external pressure zero, is given by the equation 



The volume of this sphere is 


2^7 




equating this to the given volume, the constant C i s determined^ and the 
pressure at any point is then given in terms of r and c. 


Rotating Fluid. 

30. If a quantity of fluid revolve uniformly and without any 
relative displacement o f its particles (i.e. as if rigid) about a fixed 
axis, the preceding equations will enable us to determine the pres¬ 
sure at any point, and the nature of the surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle of the 

fluid moves uniformly in a circle, and the resultant of the external 

forces a cting on any particle m of the fluid, and of the fluid pressure 

upon it, must be equal to a force moPr towards the axis, w being 

the angular velocity, and r the distance of m from the axis; it 

follows therefore that the external forces, combined with the fluid 

pressures and forces m«V acting from the axis, form a system in 

statical equilibrium, to which the equations of the previous articles 
are applicable. • 

A mass of homogeneo us liquid, contained in a vessel, revolves 
uniformly about a vertical axis; required to determine the pressur e 
at any point, and the surfaces of equal pressure. 

Take the vertical axis as the axis of 4 ; then, resolving the force 
mcoV parallel to the axes, its components are mV-x and W», and 
the general equation of fluid equilibrium becomes 

dp =.p {aPxdx + aPydy - gdz). 
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and therefore 

P = P !i" 2 + V') ~ 9 Z \ + C ‘ 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free surface is 
given by the equation 

o, „ 20 2IT 

W- (x- + y-)- s >rjz+ — =-, 

p p 

where TI is the external pressure. 

The constant must -be determined by help of the data of each 
particular case. 

. For instance, let the vessel be closed at the top and be just 
filled with liquid, and let 11 = 0; then, taking the origin at the 
highest point of the axis, p = 0 when x, y and z vanish, and there¬ 
fore (7=0, and 

P = P fi*> 2 + y~) ~ 9 Z !• 


31. Next consider the case of elastic fluid enclosed in a vessel 
'which rotates about a vertical axis ; 

as before dp = p\or (xdx + ydy) — gdz j, 

and p = kp ; 


• k log fu= a)- —g lJ -gz + C, 


so that the surfaces oY equal pressure and density are paraboloids. 

Let the containing vessel be a cylinder rotating about its axis, 
and suppose the whole mass of fluid given ; then, to determine the 
constant , consider the fluid arranged in elementary horizontal ring fc 
each of uniform density: let r be the radius of one of these rings 
at a heights, Sr its horizontal and Sz its vertical thickness, h the 
height,-^xnd « tin* radius of the cylinder: 

the mass of the ring = 2i7prSrSz, 


and the whole mass (M) of the fluid = 


n 



2irprdrdz y 


the oi 


and 


igin being taken at the base of the cylinder. 

C u>-r- - 2 oz -l I. 

4 * 


Now 


p = e k . e 


M=--e k (e ik — 1) (1 — e T ), 

geo- 


an equation by which C is determined. 
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32. In general the equation of equilibrium fora fluid revolving 
uniformly and acted upon by forces of any kind is 

dp = p I Xdx -f Ydu + Zdz 4- to- (,vdx + ydy) |. 

... . C t‘ f> 

In order that the equilibrium may be* possible, three equations 

of condition must be satisfied, expressing that dp is a perfect. • 
differential, and, if these conditions are satisfied, the surfaces of 
equal pressure, and, in certain cases, the free surface can be deter¬ 
mined ; but it must be observed that a free surface is not always 


possible. In fact, in order that there may be a free surface, the 
surfaces of equal pressure must be symmetrical with respect to the 
axis of rotation. 


EXAMPLES 

1. A closed tube in the form of an ellipse with its major axis vertical is 
filled with three different liquids of densities />,, p.,, p :i respectively. If the 
distances of the surfaces of separation from cither focus be j-j, r., r 3 respec¬ 
tively, prove that 

r i (p: ~ p.i) + r -i (p-.i ~ Pi) + r 3 (Pi — Pj) = 0. 

2.. The particles of a given mass of homogeneous liquid at rest attract 
each other according to the law of nature; find the pressure at any point. 

3. The density of a liquid varies as the square of the depth below the 
surface; find the pressures, 1st, ou a rectangular area just immersed vertically 
with one side in the surface, 2nd, on a circular area just immersed. 

4. A parabolic area, bounded by the latiis rectum, is just immersed 
vertically, with its vertex in the surface of a liquid; find the pressure upon 

it, 1st, when the liquid is homogeneous, 2nd, when its density varies as the 
depth. 


5. Find the surfaces of equal pressure when the forces tend to fixed centres 
and vary as the distances from those centres. 

6. A regular tetrahedron is filled with fluid, and held so that two of its 
opposite edges are horizontal; compare the pressures on its several sides with 
the weight of the fluid. 


i. Prove that if the forces per unit of mass at .v, y, z parallel to the axes 
are 

y(a-»), ,r (a — 2 ), xy, HL\. 

the sm-faces of equal pressure are hyperbolic paraboloids ancNuie corves of 
equal pressure and density are rectangular hyperbolas. 


8 - J. n a ®®b<l sphere two spherical cavities, whose radii are equal to half 
the radms of the solid sphere, are filled with liquid; the solid and liquid 
particles attract each other with forces which vary as the distance: prove 
that the surfaces of equal pressure are spheres concentric with the solid 


9. Shew that the forces represented by 

A=/i(y 2 +y 2 + 2 2 ), r=p( Z s+zx+x*), Z= h + xy + /) 

will keep a mass of liquid at rest, if the density oc from the plane 

x+y+z= 0; and the curves of equal pressure and density will be circles. 
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U~cn. 1*1 


the ™lume\"im,Sd'T, <i tI C H' Vith liquid ’ the mean F—»» at a point in 
the cup ™ 3 • 4 q the meau pressure at a point in the surface of 

„ , 1L , A V( : ssel \ s in tlie form of a right cone without weight the vertical 

intlfe rim? if“a , t ^ e ., ves . scl 1 . is f j l,ed - liquid and then suspended by a point 
that f ^ b th ° ,ncl,nat,on of the axis of the cone to the vertical, shew 

cot 2/3=cot 2a — $ cosec 2a. 

12. A mass of fluid rests upon a plane subject to a central attractive force 
p) ’ Sltuated at a distance c from the plane on the side opposite to that on 

fluid 1 - an<1 U is the , radius of the free spherical surface of the 

nuia . shew that the pressure on the plane 

= !W( a _ c)3 . 
a 1 

i._ P' , Flnd th f surfaces of equal pressure for homogeneous fluid acted upon 
points * Wh,ch vary as the ,nverse square of the distance from two fixed 

- P i!°J e t,iat ,f the s ! irf{ i ce of 110 pressure be a sphere, the loci of points at 
, h t,ie pressure varies inversely as the distance from one of the centres of 
force are also spheres. 

components parallel to the axes of the forces acting on an 
clement of fluid at (./•, y, z) be proportional to 

y- + 2Xyz + z-, z 2 +2pzx + x 2 , x 2 + 2vxy + y 2 f 
shew that if equilibrium be possible we must have 

2A = 2/t = 2«/ = 1. 

15. A mass of fluid is in equilibrium under the forces 

X = (y+z?-x\ Y=(z + x) 2 -y s, Z=(x+y) 2 -z 2 . 

h ind the density and prove that the surfaces of equal pressure are hyperboloids 
of revolution. 


10. A fluid rests in equilibrium in a field of force where 

A =y- -f -z-- xy - xz, Y=z 2 + x 2 -zy — xy, Z=x- -\-y 2 — xz - yz ; 
shew that the curves of equal pressure and density are a set of circles. 

17. If A r =y(y+z), Y=z(z+x), Z=y(y-x), 

prove that the curves of equal pressure and density are given by y(x+z) = const, 
and y -f z= const. 

18. Find the surfaces of equal pressure when the component forces at any 
point x, y, z are y (y + z ), z (z-f-.r) and y (j/ — x ); shewing that they are the hy¬ 
perbolic paraboloids 

y (x+z)=c(y+z). 

19. A fluid is in equilibrium under a given system of forces; if p 1 = $(.**, y ,:), 
P 2 = \f' (*, !h z) he two possible values of the density at any point, shew that 
the equations of the surfaces of equal pressure in either case arc given by 

</>(•’-, y,z)+W (*> y, z)=o, 

where A is an arbitrary parameter. 


20. A hollow sphere of radius a, just full of homogeneous liquid of unit 
density, is placed between two external centres of attractive force pr/r 2 and 
p' 2 /r distant c apart, in such a position that the attractions due to them at 
the centre are equal and opposite. Prove that the pressure at any point is 


-/r + x-x - J A (?+ xm(i>+ <*+ 
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21. A sphere, of radius e, is nearly tilled with homogeneous liquid under 
the influence of two external centres of force situated on a diameter, on 


'/i V' v.wv-i mw .-.i • •• --7 

opposite sides of the centre and at distances n and <•' from it. The attraction 
of each centre of force at any point varies inversely as the square of the distance, 
and their attractions on the mass of liquid are Arrcy’and \nc\f\ respectively. 


.—A .«' («- r ) alul + 

a (o' - r) 


Prove that, if ( f'ty lies between . , 

'* 7 <i(a+c) 

centre is equal to 


the pressure at the 


S [(*'“ +«</')(«+«')] 


22. The density of a liquid, contained in a cylindrical vessel, varies as the 
depth ; it is transferred to another vessel, in which the density varies as the 
square of the depth ; And the shape of the new vessel. 

23. A circular cone, of vertical angle ^, is just tilled with water, and has 

•5 

a generating line rigidly attached to a horizontal plane. The plane is caused 
to revolve with uniform angular velocity about a'vertical axis through the apex 
of the cone : And the greatest velocity which will allow of the pressure being 
zero at the highest point; and in this case And the pressure on the base. 

24. A straight rod, every particle of which attracts with a force varying 
inversely as the square of the distance, is surrounded hy a mass of homogeneous 
incompressible fluid ; And the form of the surfaces of equal pressure. 

25. A quantity of heavy liquid is attracted to a Axed cent re, by a constant 
force the intensity of which is equal to the force of gravity, and is supported 
by a horizontal plane. Find the form of the surface s of equal p ressure ; and 
also the press ure on the plane, proving that when the plane passes through 
the centre of force it is equal to four-thirds of the weight of the liquid. Find 
also expressions for the pressure on the plane when it is either above or below 
the centre of force. 

26. The interior of a homogeneous shell, hounded by two 11011 -concentric 
spherical surfaces, and attracting according to the law of nature, is partially 
Ailed with homogeneous liquid which revolves uniformly with it round the line 
passing through the centres of the spheres ; prove that the free surface is a 
paraboloid of revolution. 

f. 7 - spherical shell is Ailed with homogeneous inelastic fluid, every 

particle of which attracts every other with a force varying inversely as the 
square of the distance ; shew that the difference between the pressures at the 
surface and at any point within the fluid varies as the area of the least section 
of the sphere through the point. 

28. An open vessel containing liquid is made to revolve about a vertical 

vel °city. Find the form of the vessel and its 
dimensions that it may be just emptied. 

. ??* infinite mass of homogeneous fluid surrounds a closed surface and 

t0 ? P °J^ within the surfacG with a force which varies in- 

aboutVfio nt C p b lt°t the i d, ® ta “ ce * the pressure on any element of the surface 
thus lcsolvcd along PO prove that the whole radial pressure, 

S nl ^ivpn t ^; \ S , Constant ’ "Stover be the shape and size of the surface, it 

the pomt 0 ^ 1 ^ I>Pessure of the fluul vauishes at an infinite distance from 

30. A vessel formed by the revolution of a cardioid 

r=a (1 - cos 6) 

Routes abmJt "l? 1 ( TJ rtex u P wards ) is J ust filled with water and 

rotates about that axis with uniform angular velocity. Find this velocity, 
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when the line of no pressure is given by 6=~ . Find also the pressure at any 
other point, and the points of maximum pressure. 

i AU fP aC< l ** in S su Pl )ose d filled with an elastic fluid the particles of 
ttth? to » given point by a force varying as the distance, and 

the "hole mass ot the fluid being given, find the pressure on a circular disc 
placed with its centre at the centre of force. 

32. Circles are drawn having their centres on the axis of s and touching at 
the origin the plane xy and the position of a point P is defined by r, 6, <f>, 
where r is the radius ot the circle through P, centre C, 6 is the angle OOP, 

and <p the inclination of the plane OCP to a fixed plane through the axis of * 
prove that ° ’ 

~ = 1! (I- cos 6) dr+ T’sin 6 dr+ TrdO+Xr sin 6 d<f>, • 

w'here inR, mT, mX are the forces, on an element m of liquid at P, alon» CP, 

along the tangent to the circle at P, and perpendicular to the plane of the 
circle. 1 


33. A mass of elastic fluid is rotating about an axis with uniform angular 
velocity a), and is acted on by an attraction towards a point in that axis equal 
to fj. times the distance, p. being greater than o> 2 ; prove that the equation of a 
surface of equal density p is 

M (** +y- + : =) - (.,■! +/) = h log I' 1 ( ^' 3 " 2)2 


W 2 ) 


34. A quantity of liquid, the density of which varies as the depth, fills an 
inverted paraboloid, of latus rectum c, to a height h ; prove that, if it be poured 
into a vessel of the torin generated by the revolution round the axis of x of the 
curve, 

a 4 /-' = 2 ch-x (a - .?■) (2a - x), 

where a is any constant, its density will vary as the square of its depth. 


33. A mass of self-attracting liquid, of density p, is in equilibrium, the law- 
of attraction being that of the inverse square : prove that the mean pressure 
throughout any sphere of the liquid, of radius r, is less by girp 2 r 2 than the 
pressure at its centre. 


36. A closed hollow right circular cone, standing on its flat base on a 
horizontal plane, is just filled with a liquid, the density of which varies as the 
depth. The vessel is then inverted and held with its axis vertical and its 
vertex on the horizontal plane. Prove that the resultant pressure on the 
curved surface is unchanged in magnitude, and that the potential energy of 
the liquid is changed in the ratio 

2 {r (i)} 2 : 3r ( 3 ), 

it being assumed that the potential energy is zero when the liquid is let out 
on the plane. 

37. A fluid is slightly compressible according to the law' 

(p-p»)/p»=P(p- Po)lp», 

where £ is small : prove that a mass of the fluid will, under the action of 

its own gravitation with an external pressure assume a spherical form of 
a; proximate radius a (1 — 4 4 - fim rra-p^-jp,,), where m is the constant of gravita¬ 
tion. 


38. A mass M of gas at uniform temperature is diffused through all space, 
and at each point (x,y, z) the components of force per unit mass are - Ax, 
— By, - Cz. The pressure and density at the origin are p„ and p„ respectively. 
Prove that 

A B Cp 0 .1/ 2 = 8 rr >, 3 . 
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pressure at tne nignest points 
fluid were absolutely at rest, the pressure at the upper end of the axis would 
be (p - /*)/ {log p— log I J \ ; where the weight of the air is taken into account. 

40. A mass of gas at constant temperature is at rest under the action of 
forces of potential yfs at any point of space, with any boundary conditions. At 
the point where \f/ is zero, the pressure is n and the density p„. '1 lie gas is now 
removed from the action of the forces and confined in a Space so that it is at 
a uniform density p„. Prove that the loss of intrinsic potential energy by the 
gas, due to the expansion, is 


p »J jJ t 


e 


ii 


do ; 


where the integrations are taken throughout the gas in its original state. 

41. A given mass M of elastic fluid, for which />=/p, is forced into a rigid 
shell, whose equation is + i/ z lb- + z-/c~ = 1, and assumes equilibrium under 

a system of forces, whose force function is - log (.c^c/ 4 -f y*/M + -^/c 4 ) + constant. 

Shew that, if y> 0 be the pressure at any point of the surface 

x-ja* +y-,/d +z 2 /c 4 = 1 /</-, 

the mean,pressure estimated for equal elements of mass throughout the shell is 

4 t r/v’ef* (be ca ab 


[irpn’d* (be ca ab\ 
\~)kM \a + b c ) ’ 


42. Homogeneous heavy liquid is contained in a closed hemispherical 
vessel of radius a, having its plane surface horizontal and upwards. The liquid 
is attracted towards the axis with a force varying inversely as the cube of the 
distance from the axis, and its volume is such that the free surface meets the 
hemisphere at an angular distance tt/ 3 from the vertex. If the system now 
rohites round the axis with uniform angular velocity <d, the free surface meets 
the plane face of the vessel along the rim and along a circle of radius 6. Shew 
that the force at unit distance must be ura-b- and that b and w are connected 
by the equation 


ll«7a 3 _ 


6u- 


— a 


l 4 + 2 a-b- log 


(?+&)• 


43. A uniform spherical mass of liquid of density p + o- and radius a is 
surrounded by another incompressible liquid of density p and external radius 
b. The whole is in equilibrium under its own gravitation, but with no external 
pressure. Shew that the pressure at the centre is 

2 2 (2a 2 1 

3 n ip + <r)-a-+ - np a + p (a + b)\ (6-«). 

44. A uniform spherical mass of incompressible fluid, of density p and 
radius «, is surrounded by another incompressible fluid, of density cr and 
external radius 6. The total fluid is in equilibrium under its gravitation, but 
with no external pressure or forces. The two fluids are now mixed into a 

b?Tfn^Zl ° f p C Vol , Ume ’ aud the again in equilibrium 

th f £ r ° ve that the t )ressure at centre in the first case 
exceeds the pressure at the centre in the second case by 


77 a 




m J, 6 V T ^L 0U,ld ? ry 0f a h r°^’ C0US gravitating solid, of density t and 
mass J/, is the surface r-a {1-t-a/^ (cos 0) j, where « is a quautity so small 

that its square may be neglected. The solid is surrounded \y a nu 


small 
mass J/' of 
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where 




appro“ , 1 S‘!y ,,id ’ ° f dC ' ,8ity P ' She '' V that the ^ mtion to «><= ^surface is 

r—b {l+f$P n (cosd)}, 

3_ nr m 

aud * = *(<r-p) an * 3 a/{(2n _ 2) + (2n + 1) (<r _ p) ft3} 6 « 

40. A uniform incompressible fluid is of mass J/ in gravitational units 
and forms a sphere of radius a when undisturbed under the influence of its 
own attraction. It , S placed in a weak Held offeree of grarimion™ potential 

r n 

(COS e\ (w>l), 

liouid sod ;i” d fl ‘T the of the mean spherical surface of the 

the tyi,e "" ° an be " e = iectcti - 

H + 2 T/I£I ^ (<=-«>• 

47. Prove that the pressure at the centre of the Earth, if it were a homo¬ 
geneous liquid, would be lb. per square foot, where p is the mass in 

pounds of a cubic toot of the substance of the Earth and a is the Earth’s radius 
in loot. 


48. The density of a gravitating liquid sphere of radius a at any point 
increases uniformly as the point approaches the centre. The surface density 
is p 0 anu the mean density is p. Prove that the pressure cat the centre is 

f, it a- {1 Op (p - Po ) + 3p 0 2 ]. 


4J. In a gravitating fluid sphere of radius a the surfaces of equal density 
are spheres concentric with the boundary, and the density increases from 
surface to centre according to any law. Prove that the pressure at the centre 
is greater than it would be if the density were uniform by 

§«7 J Q ip' 2 ~ P 2 ) r dr, 

where p denotes the mean density of the whole mass, p the mean density of 
that portion which is within a distance r of the centre, and y is the constant 
of gravitation. 


CHAPTER III 


THE RESULTANT PRESSURE OF FLUIDS ON SURFACES 

33. In the preceding Chapter we have shewn how to investi¬ 
gate the pressure at any point of a Hu id at rest under the action 
of given forces ; we now proceed to determine the resultants of the 
pressures exerted by Huids upon surfaces with which they are in 
contact. 

We shall consider, first., the action of fluids on plane surfaces, 
secondly, of fluids under the action of gravity upon curved surfaces, 
and thirdly, of fluids at rest under any given forces upon curved 
surfaces. 

Fluid Pressures on Plane Surfaces. 

The pressures at all points of a plane being perpendicular to it, 
and in the same direction, the resultant pressure is equal to the 
sum of these pressures. 

Hence, if the fluid be incompressible and acted upon by gravity 
only, the resultant pressure on a plane 

= IgpzdA, 

where 2 is the depth of a small element dA of the area of the plane, 

= 9P zA » 

where A is the whole area and z the depth of its centroid. 

In general, if the fluid be of any kind, and at rest under the 
action of any given forces, take the axes of * and y in the plane, 
and let p be the pressure at the point (.r, y). 

The pressure on an element of area BxBy — pBxBy : 

the resultant pressure = // pdydr, 

■ the integration extending over the whole of the area considered. 

If polar co-ordinates be used, the resultant pressure is given by 
the expression 

// pr dr dd. 

34 ; P -Hi r The centre of pressure is tl , e poin t at which the 
direction of the single force, which is equivalent to the fluid pressures 
on the plane surface , meets the surface. 

The centre of pressure is here defined with respect to plane 
surfaces only; it will be seen afterwards that the resultant action 
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of fluid on a curved surface is not always reducible to a single 
force. 

In the case of a heavy fluid, it is clear that the centre of pres¬ 
sure of a horizontal area , the pressure on every point of which is 
the same, is its centroid ; and, since pressure increases with the 
depth, the centre of pressure of any plane area, not horizontal, is 
below its centroid . 

To obtain formula ? for the determination of the centre of pressure 
of any plane area. 

(i+jc* i 

<ua- Let p be the pressure at the point ( x , y), referred to rectangular 

axes in the plane, x+Bx, y+ By, the co-ordinates of an adjacent 
point, 


x , y , co-ordinates of the centre of pressure. 



Then Tj . ffp dy dx = moment o f the resultant pressure about OX 

— the sum of the moments of the pressures on 
all the elements of area about OX 

= ] IpByBx . y 

= ff pydydx ; 

. Pydydx 

• • J Jf pdydx ’ 


and similarly 


_ ff pxdydx 
X ~ jfpdydx * 


the integrals being taken so as to include the area considered. 

If polar co-ordinates be employed, a similar process will give 
the equations 

_ ffp?* cos 0 dr dd _ _ / / pr- sin 6 dr dO 
If pr drdO ' ’ y ~ fjpr dr d 6 


x — 
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JSfdijdx 

J SS'jdydx . 


35. If the fluid be ho mogeneo us and inelastic, and if g ravit y be 
the only force in action, 

P = 9P> 1 - 

where k is the depth of the point P below the surface; and we 
obtain 

Jjhxdydx jjhy dy dx 

fjhdydx ' J jfhdydc . K } ' 

It is sometimes useful to take for one of the axes the line of 
intersection o f the plane with the surface of the fluid : if we take 
this line for the axis of x, and 0 as the inclination of the plane to 
the horizon, j) = gpy sin $, and therefore 

_ _ flxj/dydx fjy-dydx 

fjydydx ' J fjydydj: .■ 

From these last equations (/3) it appears that the position of 
the centre of pressure is independent of the inclination of the plane 
to the horizon, so that if a plane area be immersed in fluid, and 
then turned about its line of intersection with the surface as a 
fixed axis, the centre of pressure will remain unchanged. 

If in the equations (a) we make li constant, that is, if we sup¬ 
pose the plane horizontal, x and y are the co-ordinates of the 
centroid of the area, a result in accordance with Art. (34); but in Vv 
the equations (/3), the values of x and y are independent of 0, .and ° * £ 

are therefore unaffected by the evanescence of 0. This apparent 
a no maly; is explained by considering that, however small 6 be taken, 
the portion ot fluid between the plane area and the surface of the 
fluid is always wedge-like in form, and the pressures at the different***' 
points of the plane, although they all vanish in the limit, do not 
vanish in .ra tios of equality, but in the constant ratios which they 
bear to one another for any finite value of 0. °° 

The equations of this article may also be obtained by the follow- 
ing reasoning. 

Through the boundary line of the plane area draw vertical lines 
to the surface enclosing a mass of fluid; then the reaction of th e 
Elang, resolved v ert i c a ll y, is equal to the weight of tlTe fluid which 
acts m a vertical line through its centre of mass; and the point in 
which this line meets the plane is the centre of pressure. ' 

Taking the same axes, the weight of an elementary prism 
actmg through the point (x, y), is ypA&xSy cos B, where 0 is the in¬ 
clination of the plane to the horizon; and therefore the centre of 


c*4« 

‘"U| 




oO 




B. B, 
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these parallel forces acting at points of the plane, is given by the 
equations 

r = fJ 9 ph x cos & dy d x _ _ ffgph y cos 6 dy dx 


Jjgph cos 0 dydx 


9 = 


\\gph cos 6 dydx ’ 


ffhxdudx 
' C ~ Jflidydx ’ 


ffhydydx 
fjh dydx 


f a{(c,h^£) Hence it appears that the depth of the centre of pressure is 

double that of the centre of mass of the fluid enclosed. 

36. The following theorem determines geometrically the posi- 
tion of the centre of pressure for the case of a heavy liquid. 

77 a straiqht line be taken in the vlane of the area . parallel to 

• -- f t u r ew p -* 

the surface of the liquid and as far below the centroid of the area as_ 

. the surface o f the liquid is above , the pole of this straight line with 
q. Ukb n° respect to the momental ellips e at the centroid whose semi-axes are 

equal to the principal radii of gyration at that point will be the centre 
of pressure o f the area. 

Taking A for the area, and b, a for the principal radii of gyra¬ 
tion, these are determined by the equations 

Ab- = ff y-dxdy, A a- = // x-dx dy, 

and the equation of the momental ellipse is 

^ + ^=1 
b- 

the co-ordinate axes being the principal axes at the centroid. 

Let x, y be the co-ordinates of the centre of pressure, and 

x cos 0 + y sin 6 = p 

•* 

the equation to the line in the surface; 


then 


.. _ |J( P‘- X cos 0 - y sin 0) xdxdy = _ar ^ Q 
' ” flip - x cos 0 - y sin 0) dxdy p 


b- . a 

and similarly, >J = — — sin V > 

.*. ( x , y) is the pole of the line 

m 

x cos 0 + y sin 0 = — p 
with respect to the momental ellipse. 

* 

37. Examples of the determination of centres of pressure. 

( 1 ) A q uadrant of a circle just immersed vertically in a heavy homogeneous 
liquid , with one edge in the surface. 
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If 0.i\ the edge in the surface, he the axis of x, 

fa [if(a*-x*) 

^ d!,dx , 

jlH^-^ydudr ’ ^' d,jdx ’ 

tlie limits of tlic integrations for 7/ being the same as for x. 

jjydxdy = J J («-■ - .r 2 ) </.r = 

JJ.ry c/.rc/y = l f .r. (o- - a-) </.r = 

Wlf-dxJy = i J («* - . r 2) 2 ; 

■ ; = I^ ^ = lTj na ‘ 

Employing polar co-ordinates and taking the line Ox as the initial line, we 
should have p=gprs\u $, and 


[T 

r. _ J "J " 

• ' “ • * ■ t 


r* cos 6 sin 6 drdB 


IT r 1 sin-' 6 drdd 
-Inin 3 


f II Ml •> 

= h°> ; ‘ ,,d !/=• 

I I r-xin0drd0 


r 2 ain ddrdd 


(-) 8 c ircular area , radius a, is immersed with its plane cortical , a nd its 
centre at a depth c. 

Take the centre as the origin, and the vertical downwards from the centre 
as the initial line ; then if p be the pressure at the point (r, d) } 

p=gp(c+rcos6\ 

and the depth below the centre of the centre of pressure 

^/i)/o r2 ° os 0( c ‘ + rc °sd) drdd 
2 j j r(c + r cos 6) drdd 

It will be seen that this result is at once given by the theorem of Art. (3G). 

(3) A vertical rcctangl e, exposed to the action of the atmosphere at a constant 
temperature. 

If n be the atmospheric pressure at the base of the rectangle, the pressure 

at a height z is n<T * , Art. (28), and if h denote the breadth, the pressure 
upon a horizontal strip of the rectangle 

_q= 

= ne k bhz, 

* \ the resultant pressure, if a be the height, 


f*-*:., hi- 
= J„ n « 4 bdz=n-~n-c *), 


and the height of the centre of pressure 


f a _£? 

Jo ” * dz 

/ a ff 


q f?a 

k dz e k _ i 


3—2 . 
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(-*) *1 hollow cube is very nearly filled icifk liquid, and rotates uniformly 
about a diagonal which is vertical; required to find the pressures upon, and the 
centres of pressure of, its several faces. 

A 



I. For one of the upper faces A BCD, 

take AD, AD, as axes of x and y : z, r, the vertical and horizontal distances 
of any point P (x, y) from A, 


then ^ — A coV 2 + gz, 

P ' 


z = , projecting the broken line ANP on AE, 

\'3 

C“ = A P- - « 2 = x 1 +y--Z°- = § (x 2 +/- xy ); 
the pressure {P) on ABCD — j Q j t pdydx 

=P- f f (•** +y- - xy) + (.x+y )} dydx 

The centre of pressure is given by the equations 

xP=yP=p i f“ f“ .r|| 2 (x 2 +y 2 -xy) + (A*+y) j dydx ; 

* _ _ 21/7 + 3 tJZuPa 

. •. y ~ a * 3 <ty +5 ^/3o) 2 a ‘ 

II. For one of the lower faces ECDF, 
take EF, EC as axes, then, for a point Q, 

r*=‘i lyP+y^-xy), 

and the rest of the process is the same as in the first case. 
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v£ A quadrant of a circle is just immersed vertically, with one edge in the 
surface, in a liquid , the density of which vanes as the depth. 

Taking Ox as the edge in the surface, p = py and p = A/a/.y*: the centre of 
pressure is therefore given by the equations 

( a P'*'-*rfdydx f (y'dydx 

x= J °'\ , and y —~j~ f -; 

I Jy 2 dyd.r j jy-dydx 

or, in polar co-ordinates, 


«7 — ■ « - 


tfcos 0drd0 j I r* am 3 0 dr <16 

-, and y=’/ r 

I I r 3 sin 2 0 drd0 

»' J 

and it will be found that 

_ 16 a , _ 32 a 

.r = — - and y —— 

lo n low 


• m~ * 

I j r s sin-0 dr d0 


(6) A semicircidar area completely immersed in water with its plane vertical 
and one end A of its bounding diameter in the surface. 

Let a be the inclination of the diameter to the surface, and .v, y the co¬ 
ordinates of the centre of pressure referred to the diameter and the tangent 
at A. 

Then x i 2 sin (0 + n) drd0 = fj r 3 cos 0 sin (0+a) drd8, 

and y\] r 2 sin {0 +a) drdO*= jjr 3 sin 0 sin (0+a)drd0, 

r being taken from 0 to 2a cos 0, and 0 from 0 to ~. 


38. If a given plane area turn in its own plane .about a fixed 
point, the centre of pressure changes its position and describes a 
curve on the area. 


A U 



If -A B is the line of intersection of the plane area with the sur¬ 
face, the distance of the centre of pressure from A B is independent 
of the inclination of the area to the vertical (Art. 35). 

We may therefore take the area to be vertical. 
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Let h be the depth of the fixed point 0, and let Ox, Oy be axes 
fixed in the area. 

Then, if 6 is the inclination of Ox to the horizontal, 

P = 9P (h - x sin 6 — y cos 6). 

.• _ = ifP x dxdy = a + 6sin # + ccos# 

ffpdxdy d + e sin 6 +f cos 6 ’ 
ci + b' sin 0 + c cos 6 


and 


y=- 


d-be sin 6 +/cos 0 ’ 
a, b, d, Szc. being known constants, and the elimination of 8 g ives 
a_conic section as the locus of the centre of pressure. 



We can also obtain this result by t he theorem of Art. (36). 

Taking the principal axes through G as co-ordinate axes, and 

taking a, (3 as the co-ordinates of 0, the centre of pressure is the 

pole (f, t?) of the line 

x sin 6 + y cos 0 = — (h -f a sin 0 -f /? cos 6 ), 

with regard to the momental ellipse, and is given by the equations 

a 2 sin# b- cos 6 ^ m 

„ - =-= — (h + a sin 6 + /3 cos 6), 

f v 

leading to the equations 



Eliminating, first,‘sin 6, and secondly, cos 6, and squaring and 
adding the results, we obtain the equation of the locus, which is 

(a-b- + ab -I- (3(i-r}f = h- ( a*ij 3 + 6 4 f 3 ). 

If 0 and G coincide, that is, if a = 0 and /3 = 0, the locus is 

Pj* J 
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39. A vessel having a plane base and plane vertical sides, 
contains two liquids which do not mix ; to find the res a Itant p ressure 
on one of the sides, and the centre of pressure. 

Let p be the density and h the depth of the upper liquid, p, h', 
corresponding quantities for the lower liquid : the common surface 
must he a horizontal plane, the pressure at any point of which is 
gph, and the pressure at a depth 2 below the common surface is 

gph + gpz. 

Taking h for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it= Ifjpblr, and the pressure of 
the lower liquid 

= f g(ph + p'z) bdz =gbh' (ph + bp'h'). 

J 0 

The resultant pressure is the sum of these two and is equal to 

gb (\ph- + phlt 4- Ipli’). 

The moment of the fluid pressure on this side about its line of 

intersection with the surface 

f/i av 

= I gpbz-dz + g (ph -f p'z) b(h + z) dz : 

Jo .0 

performing the integrations , and dividing by the expression for the 
resultant pressure investigated above, we obtain the depth of the 
centre of pressure. 


Resultant Pressures on Curved Surfaces . 

40. To find the resultant vertical pressure on any surface of 
a homogeneous liquid at rest under the action of gravity. 

PQ being a surface exposed to the action of a heavy liquid, let 
AB be the projection of PQ on the 
surface of the liquid. 

The mass .TQ is supported by the 
horizontal pressure of the liquid and 
by the reaction of PQ ; this reaction 
resolved vertically must be equal to 
the weight of ylQ, and conversely, the 
vertical pressure on PQ is equal to the 
weight of AQ, and acts through its 
centre of mass. 

If PQ be p ressed upward s by the 
liquid as in the next figure, produce the surface, project PQ on 
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it as before, suppose the space A Q to be tilled with liquid of the 
same kind, and remove the liquid from the inside. 

Then the pressures at all points of PQ are the same as before, 
but in the contrary direction, 
and since the vertical pressure 
in this hypothetical case is 
equal to the weight of AQ, it 
follows that in the actual case, 
the resultant vertical pressure 
upwards is equal to the weight 
of AQ. 

If the surface be pressed 
p artial ly u pward s and partially 
downwards, draw through P, the 
highest point of the portion of surface considered, a vertical plane 
PR, and let ACB be the projection of PSQ on the surface of the 
liquid. 




Then the resultant vertical pressure on PSR 

— the weight of the liquid in PSR, 

and on RQ = . CQ, 

and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PSR. 

This might also have been deduced from the two previous ar¬ 
ticles, for PR can be divided by the line of contact of vertical tangent 
planes into two portions PS, SR, on which the pressures are re¬ 
spectively upwards and downwards; and since * 

pressure on PS = weight of liquid APS, 

and.. SR= . A SR, 

the difference of these, i.e. the vertical pressure on PSR =weight of 
Huid PSR. 
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In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to the 
case of a heterogeneous liquid (in which the density must be a func¬ 
tion of the depth, since surfaces of equal pressure are surfaces of 
equal density), provided we consider that the hypothetical extension 
of the liquid follows the same law of density. 

41. To find the resultant horizontal pressure, i)i a given direction , 
on a surface PQ. 

Project PQ on a v ertical plan e perpendicular to the given direc¬ 
tion, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq , the 
resultant horizontal pressure on PQ , and forces in vertical planes 
parallel^o the plane pq. 




Hence the horizontal pressure on PQ is equal to that on pq, 
and acts in the same straight line, i.e. t hrough the centre of pressure 

of pq. 

Hence, in general, to determine the resultant fluid pressure on 
any surface, find the vertical pressure, and the resultant horizontal 
p ressure s i n two directions a t right ang les to each other. These three 
forces may in some cases be compounded into a single force, the con¬ 
dition for which maybe determined by the usual methods of Statics. 


Ex. A hemisphere is filled with homogeneous liquid: required to find the 
resultant action on one of the four portion s into which it is divided by two 
vertical planes through its centre at right angles to each other. 

Taking the centre 0 as origin, the bounding horizontal radii as axes of 

* and y , and the vertical radius as the axis of z, the pressure parallel to .r is 

equal to the pressure on the quadrant yOz, which is the projection, on a plane 
1 erpendicular to Ox, of the curved surface. 

Therefore, the pressure parallel to Ox 
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and the co-ordinates of its point of action are 

(0, iV«), Art. ( 37 )> Ex. 1; 

similarly, the pressure parallel to 0y = \gpd\ and acts through the point 

(£«, 0. iV«)- 

The resultant vertical pressure = the weight of the liquid = Jiypjra 3 , aud 
acts in the direction of the line x = y= 

The directions of the three forces all pass through the point 

(f«> iV«)» 

and they are therefore equivalent to a single force 

ypa 3 J(ir~ + 8) 


in the line 


3 3 2 / 3 \ 

8 rt = ^ - 8 a = w \ — 16 na ) 1 


or 


x= y=-i z ' 

7T 


a straight lino through the centre, as must obviously be the case, since all the 
fluid pressures are normal to the surface. The point in which it meets the 
surface of the hemisphere may be called ‘ the centre of pressure.’ 

42. 'To find the r esulta nt pressure on the surface of a solid e ither 
wholly or partially immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied filled with 
liquid of the same kind; the resultant pressure upon it will he the 
same as upon the original solid. But the liquid mass is at rest undei 
the action of its own weight, and the pressure of the liquid surround¬ 
ing it: the resultant pressure is therefore equal to the weight pf the 
liquid displaced, and acts in a vertical line through its centre of mass. 

The same reasoning evidently shews that the resultant pressure 
of an elastic fluid on any solid is equal to the weight of the elastic 
fluid displaced by the solid. 

This result may also be obtained by means of Arts. (40) and 
(41), as follows: Draw parallel horizontal lines touching the surface, 
and forming a, cylinder which encloses it; the curve of contact 
divides the surface into two parts, on which the resultant hori- 
zontal pressures, parallel to the axis of the cylinder, aic eqiia 
and opposite; the horizontal pressures on the solid therefore balance 
each other and the resultant is wholly vertical. To determine the 
amount of the resultant vertical pressure, draw parallel vertical 
lines touching the surface, and dividing it into two portions on one 
of which the resultant vertical pressure acts- upwards, and on the 
other downwards; the difference of the two is evidently the weight 

of the fluid displaced by the solid. 
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43. If a solid of given volume (K) be co mpletely immer sed in 
a heavy liquid, and if the surface of the solid consist partly of a 
curved surface, and partly of known plane areas ; the resulting 
pressure on the curved surface can be determined. 

For the plane areas being known in size and position, we can 
calculate the resultant horizontal and the resultant vertical pres¬ 
sure, X and Y, upon those areas; and, since the resulting pressure 
on the whole surface is vertical and equal to gp V upwards, it follows 
that the resultant horizontal and vertical pressures on the curved 
surface are respectively equal to X and gp V — Y. 

Ex. .1 solid is formed by turning a circular area round a tangent tine 
through an angle 0, and this solid is held under water with its lower plane face 
horizontal and at a given depth h. 

In this ease, 

V= ira*B t X=gi)ira- (h - a sin 6) sin 0 , 
and Y=gprra- (h — k cos 0 + a sin 0 cos 0). 


44. 'To find the r esultant pre ssure on am/ s urface of a fluid at 
rest under the action of ang given forces. 

Let p be the pressure, determined as in Chapter II., at any 
point (ir,y,^) of a surface, « = 0, exposed to the action of a fluid. 
Then if 


f . - ©v ©' ♦ (!)', 

pdu p du du 
W dy’ 1 dz 

are the direction-cosines of the normal at the point (.r, y, z). 

Let BS be an element of the surface about the same point. 
The pressures on this element, parallel to the axes, are 

* p l>-r pd £ ss ’*> p f, ss ’ 

if AT, Y, £, and L , M , IV, be the resultant pressures parallel to 
the axes, and the resultant couples, respectively, 

r -lh r f, dS - 

‘-/M’s-©** 


OZ 


'-/M-s-'sK 
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the integrations being made to include the whole of the surface 
under consideration. 

These resultants are equivalent to a single force if 

XL + YM + ZN—0. 

45. The surface may be divided into elements in three different 
ways by planes parallel to the co-ordinate planes. 

Thus, BxBy = projection of BS on xy = P BS ; 


and .\Z = 


ff pd.vdy ; and similarly, X =ffp dydz , and I 

L = ff p (ydxdy — zdzdx) 

=ffp (ydy-zdz)dx, 

M = ff p (zdz — xdx ) dy , 

X=ffp(xdx — ydy) dz. 


= // pdzdx. 




46. If the fluid be at rest under the action of gravity only, 
and the axis of z be vertical, p is a function of z, (f> (z) suppose, and 
therefore 

X = //</> (z) dydz, 

which is evidently the expression for the pressure, parallel to x, 
upon the projection of the given surface on the plane yz\ and 
similarly Y is equal to the pressure upon the projection on xz. 

Again, if the fluid be incompressible and acted upon by gravity 
only, pBxBy is equal to the weight of the portion of fluid contained . 
between BS and its projection on the surface of the fluid; 

Z, or ff pdxdy , is the weight of the superincumbent fluid. 

These results accord with those previously obtained, Arts. (40) 
and (41). 

47. If a solid body be wholly or partially immersed in any 
fluid which is at rest under the action of given forces, the 
resultant fluid pressure on the body will be equal to the resultant 
of the forces which would act on t hiuiisp laced fluid. 

For we can imagine the solid removed and the gap filled up 
with the fluid, which will be in equilibrium under the action of 
the forces and the pressure of the surrounding fluid; and the 
resultant pressure must be equal and opposite to the resultant of 

tli 0 forces. 

In Ailing up the gap with fluid, the law of density must be 
maintained, that is, the surfaces of equal density must be con¬ 
tinuous with those of the surrounding fluid. 
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1. A heavy thick rope, the density of which is double the density of 
water, is suspended by one end, outside the water, so as to be partly immersed ; 
find the teusion of the rope at the middle of the immersed portion. 

2. A hollow sphere of radius a is just filled with water; find the resultant 
vertical pressures on the two portions of the surface divided by a plane at 
depth c below the centre. 

3. A vessel in the form of a re gular pyrami d, whose base is a plane 
polygon of n sides, is placed with its axis vertical and vertex downwards and 
is filled with fluid. Each side of the vessel is moveable about a hinge at the 
vertex, and is kept in its place by a string fastened to the middle point of its 
base and to the centre of the polygon ; shew that the tension of each string is 
to the whole weight of the fluid as 1 to n sin 2a, where a is the inclination of 
each side to the horizon. 

If an area is bounded by two concentric semicircles with their common 
bounding diameter in the free surface, prove that the depth of the centre of 
pressure is 

VIt n (« + f>) («* + &-)/(«- + b- + ab\ 

where a and b are the radii. 



5. 


Find the centre of pressure of a square lamina having one angular 
point in the surface of a liquid; and supposing it to be moved about the 
angular point in its own plane, which is fixed, and to be always totally 
immersed, find the locus on its own plane of its centre of pressure. 



r* 

r Find the centre of pressure of an e lliptic lamina just immersed in h 

water; and supposing it turned round in the same vertical'plane, so as to be 
always just immersed, find the locus with respect to its axes of the centre of 
pressure. % * •• *«■ 

7. A cubical box, filled with water, has a close-fitting heavy lid fixed by 
smooth hinges to one edge; compare the tangents of the angles through which 
the box must be tilted about the several edges of its base, in order°that the 
water may just begin to escape. 

8. A system of coaxal circles is immersed in water with the line of centres 

at a given depth; prove that the centres of pressure of those circular areas 
which are completely immersed, lie on a parabola. ’ 

9. Find the centre of pressure of a semi-ellipse (axes 2a and a) which is 
bounded by a diameter inclined at the angle ~ to its major axis, its plane 
being vertical, and the diameter in the surface. 

., j 0, A « ea >>-ellipse, bounded by its axis minor, is just immersed in a liquid 

the density of which varies as the depth; if the minor axis be in the surface, 
find the eccentricity in order that the focus may be the centre of pressure 



• n. 1, A , squar , e lam,1 ? a A.BCD, which is immersed in water, has the side A B 
in the surface; draw a line BE to a point E in CD such that the pressures on 
the two portions may be equal. Prove that, if this be the case, the distance 
between the centres of pressure : the side of the square :: \/505 : 48. 

12. From a semicircle whose diameter is in the surface of a liquid 
a circle is cut out, whose diameter is the vertical radius of the semicircle • 
find the centre of pressure of the remainder. ^ * 
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13 . A semicircular lamina is completely immersed in water with its 
plane vertical, so that the extremity A of its bounding diameter is in the 
surface, and the diameter makes with the surface an angle a. Prove that if E 
be the centre of pressure and 6 the angle between AE and the diameter, 

a 3jt + 16 tan a 

/ an 16+157rtann' 

v/ 14. If the depths of the angular points of a triangle below the surface of 
a liquid be a, b, r, prove that the depth of the centre of pressure below the 
centre of gravity is , 

(b - c) 2 + (c - a)- + (a — b)- 




12 (a + b+c) 

A plane area immersed in a fluid moves para! 


V' 1 ' 




V/ 15. A plane area immersed in a fluid moves p arallel to itself and with its 
centre of gravity always in the same vertical straight line. Shew (1) that the 
f*) l locus of the centres of pressure is a hyperbola, one asymptote of which is the 

given vertical, and (2) that if u, «+//, «+/<', a 4- h" be the depths of the c.G. in 
any positions, y, y + k, ?/ + £', y + /" those of the centre of pressure in the same 
positions, then 

| l- h h(k-h) =0. 

/•' H h' (/•' - li) 
k" h" h" (/•" - h") 

10. Find the centre of pressure of a segment of a parabola bounded by 
the curve and the latus-rectum, the tangent at one end of the bounding 
ordinate being in the surface. If the liquid rise, the parabola remaining 
stationary, shew that the centre of pressure describes a straight line. 

L A cone is totally immersed in water, the depth of the centre of its 

V.ase being given. Prove that, I\ F, F' being the resultant pressures on its 
convex surface, when the sines of the inclination of its axis to the horizon are 
s, s', s", respectively, 

f* (s'- s") + F l (s' - s) + F'- (s -s')=0. 

18. Find the centre of pressure of thcarea between the curve Va - + \/y=\Ja 
and the axes, taking the axes rectangular and one of them in the surface. 

lit. A quantity of liquid acted upon by a central force varying as the 
distance is contained between two parallel planes; if A, B be the areas of the 
p“n contact with the fluid, shew that the pressures upon then, are m 

the ratio A- : B-. 

00 \ solid sphere rests on a horizontal plane and is just totally immersed 

in a liquid It is then divided by two planes drawn through its vertical 
diameter perpendicular to each other. Prove that if p be the density of i 
solid, ir that of the fluid, the parts will not separate provided <r> 4 P- 

91 0ne asvmntote of a hyperbola lies in the surface of a fluid; find the 
hyperbola. 

9-? 4 cone is immersed in water with the centre of its base at. a distance 

Of fof its altitude Mow the su^e, A Sauce* 

pressures on the convex surfaces of the two .solids may be equal. 

jt.UsUett*^*** 3 ** 

“"'iletouninealso the point of action of the pressure on its upper end. 
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'’24. Shew that the depth of the centre-of pressure of the area included 
between th e arc and the a symptot e of the curve 

. , . , . <i 3rr(i + \6b 

(r — a) cos 6—0 is - . ——,—-- , 
v ' 4 Xirb + 4<( 

the asymptote being in the surface and the plane of the curve vertical. 


25. A cone is filled with liquid, and fitted with a heavy lid, moveable 
about a hinge; it is then made to revolve uniformly about the generating line 
through the hinge, which is vertical ; find the greatest angular velocity 
consistent with no escape of the liquid. 


26. A portion of a spherical shell is cut off by a plane, and the remaining 
portion is placed on a horizontal plane so that thdcircular section is in contact 
with the plane and is then filled with water through a small hole at I he 
highest point. Find the largest piece which can lie cut off so that, however 
light the shell may be, the water may not escape. 

In this case, prove that the whole pressure on the shell is to the weight of 
the liquid in the ratio 2:1. 

27. If a plane area immersed in a liquid revolve about any axis in its own 
plane, prove that the centre of pressure describes a straight line in the plane. 


28. A cube whose edge is 2«, and whose faces arc horizontal and vertical, 
is surrounded by a mass of heavy liquid, the volume of which is 8a 3 {*- - I }; 

the liquid is acted on by a force tending to the centre of the cube, and varying 
as the distance, the force at the distance a being y\ find the form of the free 
surface and the pressure at any point: also if one of the vertical faces of the 
cube be moveable about a horizontal line in its own plane, shew that the face 
will be at rest, if this line be at a distance ia from the lowest edge of that face. 


29. A solid paraboloid, cut off by a plane through the focus perpendicular 
to its axis, is completely immersed, its vertex being at a given depth, and its 
axis inclined at a given angle to the vertical. Find the direction and magnitude 
^ the resultant pressure on its curved surface. 

*'7 % A solid is formed by turning a parabolic area, bounded by the latux- 

lyU. rectum, about the latus-recturu, through- an angle 6 ; and this solid is held 

under water, just immersed, with its lower plane face horizontal. Prove that 
if 0 be the inclination to the horizon of the resultant pressure on the curved 
surface of the solid, 

3 sin* 6 tan <£ = 5 sin 6 - 3 sin 6 cos 6 - 2d. 


31. In the midst of a mass of fluid attracting according to the law of 

nature, and rotating in relative equilibrium about an axis, a small particle is 

\™-* llCed ’ and started with thc vel °city of the fluid whose place it occupies 
w 111 approach or recede from the axis? 


on I, “ T finC JV SU * of P u,d of dens,t y P> every part of which attracts 
^ * acc< f dll > r . to thc law of nature, are placed two shells, whose 

Thrill) ? Z ? du f e a i h nnd < ? respectively, and densities <r, a'. 

resulW f, a S ° at aC n C f C ° th f , and the fluid 118 iu nature - Fi " d the 
a 'rejmlsive ° n 8 lC * and shew that in certa »> cases this foree is 


. A given area is immersed vertically in a heavy liquid and a cone is 

the v >° U bas f’ the co,,e bei »S "'holly immersed: find the locus of 
shew thnf tn CU tHe re8ultant pressure on the curved surface is constant, and 
line dmwnVfi prc f u , r , e 18 uualt ered by turning the cone round the l^rizonta 

Plane of the t 8 ° f ° f thc I— porpendiculS- to the 
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34. A conical vessel, axis vertical and vertex downwards, is divided into 
two parts by a plane through its axis, and the parts are prevented from 
separating by a string which is a diameter of the rim of the vessel, and is 
perpendicular to the dividing plane, and by a hinge at the vertex. The vessel 
being filled with water, compare the tension of the string with the weight of 
the water. 

35. A hollow cone open at the top is tilled with water; find the resultant 
pressure on the portion of its surface cut off, on one side, by two planes 
through its axis inclined at a given angle to each other; also determine the 
line of action of the resultant pressure, and shew that, if the vertical angle be 
a right angle, it will pass through the centre of the top of the cone. 

V-/ 36. A vessel in the form of an elliptic paraboloid, whose axis is vertical, 

r '> |*2 i 

and equation + ~-,= r, is divided into four equal compartments by its 

a- b- h 

principal planes. Into one of these water is poured to the depth h ; prove 
that, if the resultant pressure on the curved portion be reduced to two forces, 
one vertical and the other horizontal, the line of action of the latter will pass 
through the point (fgff, : \h). 

37. A bowl in the form of a hemisphere is filled with water; find the 
direction and magnitude of the resultant pressure on the upper portion of the 
bowl cut off by a plane through its centre inclined at a given angle to the 

horizon. 

38. An open conical shell, the weight of which may be neglected, is filled 
with water, and is then suspended from a point in the rim, and allowed 
gradually to take its position of equilibrium; prove that, if the vertical angle 
be cos" 1 §, the surface of the water will divide the generating line through the 
point of suspension in the ratio 2 : 1. 

39. A regular polvgon wholly immersed in a liquid is moveable about its 
centre of gravity ; prove that the’locus of the centre of pressure is a sphere. 

40. A hemispherical bowl is filled with water, and two vertical planes'are 
drawn through its central radius, cutting oft a semi-lunc of the surface; it -n 
be the angle between the planes, prove that the angle which the resultant 
pressure on the surface makes with the vertical 

= tan "(“r)- 

41 A volume — of fluid of density p surrounds a fixed sphere of 

radius b and is attracted to a point at a distance c (<6) from its centre by 
1 force pr per unit mass; supposing the external pressure zero, find tl.e 

resultant pressure on the fixed sphere. 

42 A vessel in the form of a surface of revolution has the foHo'ving 

property • if it be placed with its axis vertical, and any quantity of wate 
property, n i vertical pressure has a constant ratio to the 

the centre of pressure may bisect the axis. 

44 A rectangular area is immersed in compressible liquid wit‘Uts plane 
vertical m.d one jide in the surface, where the pressure ,s zero. Shea that, 
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the density is a linear function of the pressure, the depth of the centre of 
pressure is 

<t_ {m- l) p i+(l - 

in p, —(»i + l)p„ ’ 

where a is the length of the vertical side, p„, pj are the densities at the top and 
bottom of the area, and 

»i = log(pi/p 0 ). 

-15. The vertices A, B, C of a triangular lamina are sunk in a homogeneous 
liquid to depths /q, /t >, /13 respectively : prove that if p\,p 2 *P:t be the respective 
perpendiculars from A y B , C on BC\ CM, AB> then the trilinear co-ordinates 
of the centre of pressure are 

( x , h\ \ \ ft ( 1 , _ \ 

4 \ h \ +/<2 4*^3/ 4 \ /t|+/*2 + /i; 1/ 4 \ /q +/<•> + /<;j/ 


46. A triangular lamina is totally immersed in a homogeneous liquid, the 
depths of the angular points being p y </, r ; prove that if the centre of pressure 
of the triangle coincide with the mean centre of its angular points for multiples 
f , hiy iiy then 

p :</ :>• ::3J-(w+«) :3 >n — (n+l) >«). 


47. A cubical box of side a has a heavy lid of weight W moveable about 
one edge. It is filled with water, and held with the diagonal through one 
extremity of this edge vertical. If it be now made to rotate with uniform 
angular velocity w, shew that, in order that no water may be spilled, \V must 
not be less than 


if W is the weight of the water in the box. 


48. A closed rigid vessel is formed by half the surface of an ellipsoid cut 
ofl by any central section, and by the plane section itself. The vessel is just 
lull of water and stands with its plane base on a horizontal table. Prove that 
the resultant pressure on the curved surface is a vertical force equal to half 
the weight of the water, such that its line of action cuts the plane base at a 
distance f^(r*-w) from the centre ; where r is the semi-diameter conjugate 
to the base, and =7 the perpendicular from the centre on the horizontal tau-ent 


49. A small solid body is held at rest in a fluid in which the pressure « 
at any point is a given function of the rectangular co-ordinates .r, y\ z • prove 

that the components of the couple which tends to make it rotate rounS tile 
centre of gravity of its volume are ouna tne 

50. A ligid spherical shell of radius u contains a m»i«c i f ^ c « . . 

the pressure is .times the density, and the g^s “^peUed from'at-M 
external point 0 distant a from the centre) with a force ner fiied 

equal to ./(distance). Prove that the reaulLt $£2? o^'the “^o “tlm 

KAfbct-a- 
~c 5c 2 + «2* 

51. A vessel full of water is in the form of an eisrhih mrt nP »r. • j 

(axes a, 6, c), bounded by the three principal plSStrTI^SFT&^Sf 

B. H. ’ 
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and the atmospheric pressure is neglected. Prove that the resultant fluid 
pressure on the curved surface is a force of intensity 

h9P {*V+aV+± 7v°-aWc-} \ 

52. A hollow ellipsoid is filled with water and placed with its «-axis making 
an angle a with the horizontal and its c-axis horizontal. Prove that the fluid 
pressure on the curved surface on either side of the vertical plane through the 
a-axis is equivalent to a wrench of pitch 

3c sin a cos a a 2 - b- 

2 • 4c 2 4- 9 (a 2 sin 2 a+b 2 cos 2 a) * 

53. The angular points of a triangle immersed in a liquid whose density 
vanes as the depth are at distances a, ft, y respectively below the surface, shew 
that the centre of pressure is at a depth 

3 (a+fi+y) (q‘~ +ft 2 +y 2 ) + ufiy 

5 a 2 + fi- + y- + afi + fty+ya 

54. A plane area, completely submerged in a heavy heterogeneous fluid, 
rotates about a fixed horizontal axis at depth h perpendicular to its plane, if 
the density of the fluid at depth z be equal to pz, and if the area be symmetrical 
about each of two rectangular axes meeting at the point of intersection of the 
area with the axis of rotation, prove that the locus in space of the centre of 
pressure is an ellipse with its centre at a depth 

ai _ h (« 4 ~ * W) 

• (o-' + X-, 2 ) (a 2 + /•,-)’ 

where k x and k 2 are the radii of gyration of the area with respect to the axes 
of symmetry and the atmospheric pressure is 

hgp{a--!r). 

55. Shew that the pressure on any plane area immersed in water can be 
reduced to a force at the centroid of the area, and a couple about an axis in 
the plane of the area, and that the axis of this couple is perpendicular to the 
tangent at the end of the horizontal diameter of a momental ellipse at the 
centroid. 



CHAPTER IV 


THE EQUILIBRIUM OF FLOATING BODIES 



48. To find the conditions of equilibrium of a floating body. 

We shall suppose that the fluid is at rest under the action of 
gravity only, and that the body, under the action of the same 
force, is floating freely in the fluid. The only forces then which act 
on the body are its weight, and the pressure of the surrounding 
fluid, and in order that equilibrium may exist, the resultant fluid 
pressure must be equal to the weight of the body, and must act in 
a vertical direction. 


Now we have shewn that the resultant pressure of a heavy 
fluid on the surface of a solid', either wholly or partially immersed, 
is equal to the weight of the fluid displaced, and acts in a vertical 
line through its centre of mass. 

Hence it follows that the weight of the body must be equal to 

the weight of the fluid displaced, and that the centres of mass of 

the body, and of the fluid displaced, must lie in the same vertical 
line. 


These conditions are necessary and sufficient conditions G f 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. If_it be heterogeneous, t he displaced fluid must 
be looked upon as following the same law of density as the sur¬ 
rounding fluid; in other words, it must consist of strata of the 
same kind as, and continuous with, the horizontal strata of uniform 

aepeity, in which the particles of the surrounding fluid are neces¬ 
sarily arranged. 


If for instance a solid body float in water, partially immersed 
its weigh twill be equal to the weight of the water displaced! 
ogether with the weight of the air displaced; and if the air be 
removed, or its pressure diminished by a diminution of its density 
or temperature, the solid will sink in the water through a space 
depending upon its own weight, and upon the densities of air and 
water. This may be farth er explained by observing that the 


4—2 
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pressure of the air on the water is greater than at any point 
above it, and that this surface pressure of the air is transmitted 
by the water to the immersed portion of the floating body, and 
consequently the upward pressure of the air upon it is greater 
than the downward pressure. 


49. We now proceed to illustrate the application of the above 
conditions, by discussion of some particular cases. 

~i Ex. 1. A portion of a solid paraboloid , of given height, floats with its axis 
^vertical find vertex downwards in a homogeneous liquid: required to find its 
'position of equilibrium. 

Taking 4 a as the latns rectum of the generating parabola, h its height, 
and x the depth of its vertex, the volumes of the whole solid and of the portion 
immersed are respectively 2 irah- and inax* ; and if p, <r be the densities of 
the solid and liquid, one condition of equilibrium is 

• p. 2irahr= a.2na.v* ; 



which determines the portion immersed, the other condition being obviously 
satisfied. 


G.** 1 Ex. 2. It is required to find the positions o f equilibrium of a square lamina 
floating with its plane vertical , in a liquid of double j ts owndensi ty. 

The conditions of equilibrium are clearly satisfied if the lamina float half 
immersed either with a diagonal vertical, 
or with two sides vertical. 

To examine whether there is any other 
position of equilibrium, let the lamina 
be held with the line DGC in the surface, 
in which case the first condition is 

satisfied. 

But, if the angle CGA = 6 , and if 2a 
be the side of the square, the moment 
about G of the fluid pressure, which is 
the same as the difference between the 
moments of the rectangle A K, and of 

twice the triangle GBD, is proportional to *. * uh * Mbe+uo) 

Q. f> /< cne /) -L. ft f*f‘W 


a 

n 

B 




r .5a 

/ / / !sn \ s ^ 


• 


— 

I 1 

—rr*r -! 



or to 


a „ , BP . a sec 6 + a cos 6 

2 a 2 . - sin 6-«~ tan 6. sr- 

•7 •) 


sin 0(1- tan 2 6), 

7T 


and this vanishes only when 6 — 0 or 

Hence there is no other position of equilibrium. 
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Ex. 3. A triangular vrism floats icith its edges horizontal , to find its positions 
of equilibrium . 

Lot the figure be a section of the prism by a vertical plane through its 
centre of gravity. 

PQ is the line of flotation and 11 the centre 
of*gravity of the liquid displaced. A\ hen 
there is equilibrium the area APQ is to 
A BC in the ratio of the density of the prism 
to the density of the liquid, and therefore 
for all possible positions of PQ the area ,1 PQ 
is constant : lienee PQ always touches, at 
its middle point, an hyperbola of which AB, 

AC are the asymptotes. 200 

Also EG must be perpendicular to PQ, 
and therefore since 

A H: HE= A 0: GF, 

FE must be perpendicular to PQ, that is, - 
FE is the normal at E to the hyperbola. - 


The problem is therefore reduced to that of — 

: . or & w t i« ; a t*. yy 


drawing normals from F to the curve. 



•J 


<«) 


Let xg — <? 

be the equation of the curve referred to AB, AC as axes, and let 

LBAC=6 , AB=-2a, AC=2h. 

Let x, y be the co-ordinates of E\ the co-ordinates of F are a, b , and the 
equation of the normal at E is ^ ^ "* ^ * 1 •» l ' *• 

V cos 6 - x f 

(£ - ry 








x cos 6 - y 

And if this pjiss through F, the co-ordinates of which are a, b, 

(b - y) (x cos 6~y) = (a~ x) Q/ cos 6 - .r)» 

or X s - (a + b cos 6) x=y- - (a cos B + b)y .( 0 ). 

The equations (a) and (/3) determine all the points’*? the hyperbola, the 
tangents at which can be lines of flotation. 

Also (0) is the equation to an equilateral hyperbola, referred to conjugate 
diameters parallel to AB^ AC; the points of intersection of the two hyperbolas 
are therefore the positions of E. s * £*•«*. A ' r - 1,7 

To find x. we have 

k,ite!«)•*■’+(«“»«+&)<*<■- c=o, r ;;:'/ 

an equation which has only one negative root, and one or three Y positiive "roots *" 

and there may be therefore three positions of equilibrium or only one. 

If the densities of the liquid and the prism be p and tr, we have, since the 
area PAQ 

=id/\AQsin 0=2 xy sin 6 = 2c 1 sin 6, 

2 pc 2 sin 6 = 2 aab sin 6 , 

or pC' — aab, 

from which c is determined, a.... * v.r.%A^ t. 




54 


EQUILIBRIUM OF A FLOATING BODY 


Suppose the prism to be isosceles, then putting a = b, the equation for x 
becomes u.c) 

A - c* - a (1 + cos 6) (.r 3 - c\v) = 0 ; 't 

from which we obtain :c=c, which gives y=c, and makes BC horizontal, an 
obvious position of equilibrium, and also 

4 '! ir •' K\ * 


X* -4 


6) 0 +cos $) 2 — <r| = a cos-1 ± ^a 2 cos 4 ~ — 

the isosceles prism will therefore have only une position of equilibrium, unless 


x= - (1 + cos 


A 

a cos'- - > e ; 


and, since pc-= ad’, this is equivalent to j«> 

jy 


2 0 
cos-- > 






J . . 

Ex. 4. Determine the position of equilibrium of a balloon o f given size and 
weight?neglecting the variations of temperature at different heights in the 
atmosphere. 

- l il 

If the temperature be constant, the pressure o f the air at a height z = ne * , 

n " \ 

and its density = j e k , nj^eiug-theatmospheric pressitre at the level from 

which the heigljt-hrlueasured. \ 

The^ur displaced consists of a series of strata of variable density, and if z 

'•* 1,0 the height of the lowest point of the balloon, x the distance from that point 

of any horizontal section (A) of the balloon, and h its height, the weight of a 

stratum of the air displaced is \ 

f/'s+x) 

*'e * X8.e, 


and the whole weight of air displaced 


= r ' .-“p x *= m r.-z xdx. 

Jo k * Jo 


\ 


The form of the balloon being given, X is a known function of .r, aif^ if W 
be the weight of the balloon and of the gas it contains, the height 2 will be 
determined by equating W to the expression we have obtained for the weight 

of the air displaced. \ 

50. A homogeneous solid floats, wholly immersed, in a liguflb^ 
of which the densit y varies as the depth ; to flnTthe depth of its 

centre of mass.**-' r ct * r u v u ' *' * 

Let a , c be the depths of the highest and lowest points of the 
solid, Z the area of a horizontal section of the solid at a depth z, 

and gz the density; 

the weight of the liquid displaced = | gpzZdz. 
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Let z be the depth of the centroid of the volume 
and V its volume, then 


of the solid, 



therefore the weight of displaced liquid = gpi V, and if p be tin* 
density of the solid, its weight = gpV; hence p = pz, or the solid 
floats in such a position that the density of the liquid at the depth 
of the centroid of the volume of the solid is equal to the density of 
the solid. 


51. If a solid float under constraint, the conditions of equi¬ 
librium depend on the nature of the constraining circumstances, 
but in any case the res ult ant of the constraining forces must act 
in a vertical direction, since the other forces, the weight of the 
. body, and the fluid pressure, are vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of the 
fluid displaced should have equ al moments about the fixed point ; 
this condition being satisfied, the solid will be at rest, and the 
stress on the fixed point will be the difference of the two weights. 

As an additional illustration, consider the case of a solid 
.gating in water and supported by a s tring fastened to a point 
^aoove \he surface; in the position of equilibrium the string will be 
vertical, and the tension of the string, together with the resultant 
fluid pressure, which is equal to the weight of the displaced fluid, 
will counterbalance the .weight of the body; the tension is there¬ 
fore equal to the difference of the weights, and the weights are 
inversely in the ratio of the distances of their lines of action from 

the line of the string, these three lines being in the same vertical 
plane. 


52 . F A < !5/u S « l >% sequent investigations, the following geometri cal, 
propositions will be found important. 

If a solid be cut by a plane , and this plane be made to turn 
through a very small angle abo_ut a straight line in itselflf^vdu7n7 
cut off will remain the same, provided the straight line pass through 
the centroid of the area of the plane section. 

To prove this, consider a right cylinder of any kind cut by 
a plane making with its base an angle d. 

Let s be the distance from the base of the centroid of the 
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section A, an element of the area of the section and V the 
volume between the planes. Then 

A 5 * 

A cos dz = 2 (5.4 cos 0 . PN) = V, 
or V = z (area of base). 

Now the centroid of the area A is also the centroid of all 
sections made by planes passing through it, as 
may be seen by projecting the sections on the 
base of the cylinder; it follows therefore, that z / /($! 
being the same for all such sections, the volumes // ! 

cut off are the same. I 

In the case of any solid, if the cutting plane 
be turned through a very small angle about the 

• centroid of its section, the surface near the curves _.. . 

of section may be considered, without sensible 0 ^ ; J p 

error, cylindrical, a nd* the above proposition is 
therefore established*. 

In other words, the difference between the volume lost arid the 
volume gained by the change in the position of the cutting plane 
will be indefinitely small compared with either. 

* The following form of proof may also be given. 

Let ACfi, the cutting plane, be' turned through a small angle (0) about a line C.r, 
and let dA be an element of the area. 



Then the algebraical value of the additional volume cut off is e “ ual t0 
, if this vanishes which is the condition that the centroid of A shou 

the olt' aid, taking C as the centroid, an y plane through C «H -U* 

# * 1 

the same condition. , /if »Vnf the volume 

We may observe that the algcbra icaljnoment about the axis o j 

cut off is l^^hich T^iihS if l^.f=0, that is, If the axes C,, Cy be 
principal axes of the area. 
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53. Definitions. If a body float in a homogeneous liquid, the 
plane in which the body is intersected by the surface of the liquid 

,1 . ~ ~ v ( . « _r-i «f-f- ^ 

is the plane of flotation. > “ 

The point H, the centre of mass of the liquid displaced, is 

the centre of buoyancy. 


If the body move so that the volume of liquid displaced remains 
unchanged, the envelope of the planes of flotation is the surface 
of flotation, and the locus of H is the surface of buoyancy. 


y-l. V- 



u_b 2.3 t 


54. If a plane move so as to cut from a solid a constant volume , 
and if H be the centroid of the volume cut off , the tangent pl ane at 
H to the surface which is the locus of H is parallel to the cutting 
plane. 

In other words, the tangent planes, at. any point of the surface 



of flotation, and at the corresponding point of the surface of 
buoyancy, are parallel to one another. 

Turn the plane ACB, the cutting plane, through a small angle 

into the position aCb, the volumes of the wedges ACa, BCb being 
equal. 

Let G and G' be the centroids of these wedges. 

In GH produced take a point E such that 

EH : HG :: Volume ACa : Volume aDB. 

Join EG' and take H' such that 

EH ': H'G' :: Vol. BCb : Vol. aDB ; 
then H' is the centroid of aDb ; 

but EH:HG::EH':H'G\ 

and HH\ is therefore parallel to GG'. 
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Hence it follows that ulti mat ely when the angle ACa is in¬ 
definitely diminished, 

HH' is parallel to ACB; 
and HH' is a tangent at H to the locus of H. 

This being true for any displacement of the plane ACB about 
its centroid, it follows that the tangent plane at H to the locus of 
H is parallel to the plane ACB. 

55. The positions of equilibrium of a bodij floating in a homo¬ 
geneous liquid are determined by drawing normals from G , the centre 
of mass of the body, to the surface of buoyancy. ** r 

For if GH be a norm al to the surface of buoyancy, the tangent 
plane at H, being parallel to the plane of dotation, is horizontal, 
and GH is therefore vertical. 

T he two conditions of equilibrium are then satisfied , and a 
position of equilibrium is determined. 

The problem comes to the same thing as determining the posi¬ 
tions of equilibrium of a heavy body, bounded by the surface of 
buoyancy, on a horizontal plane. 

56. It should be noticed that the shape o f the curve of buoy¬ 
ancy is entirely determined by the form of the bounding surface, 
and is unaffected by an alteration of the form of that portion of 
the body which always remains immersed. 



-A 


Let HQ be an arc of the surface of buoyancy for a boundary 
BAC, and an immersed volume V, and imagine a volume v, the 

centroid of which is h, to be cut off. 

Taking hW : hH :: hQ': hQ : :V :V - v, the surface H'Q' is the 
new surface of buoyancy which is obviousl_Y Jiiinilail to the surface 

HQ. 
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57. Particular cases of curves of buoyancy. 

For a triangular prism , as in Art. (49), the curve of flotation 
is the envelope of PQ, which is an hyp er bola having AB, AC for 
asymptotes; and, since AH=? S AE, the curve of buoyancy is a 
similar hyperbola. 


If the body be a plane lamina bounded by a parabola, the curves 
of flotation and buoyancy are equal parabolas. 

If the boundary be an elliptic arc, the curves are arcs of similar 
and similarly situated concentric ellipses. 

It the immersed portion of a lamina (or prism) be a rec tangle 
the curve of dotation apparently is a single point, and the curve 
of buoyancy is a parabola. 

lo piove this, let H, H. be positions of the centroid correspond¬ 
ing to the positions ACB, A'CB ' of the line of dotation. 

Then, if AC= CB — a, BB' = ff,' CH = c, and 5-the area cut 
off, 

0 

Sy = S. H'N = | afi. - J a(3 (-= j 


Sx = S. HN = 


= + §) = A„/3=, 


If ^ JcjS 

t fw « <■» - «t«* 


and Sy- = $a J x. 

* 

nis is a particular case of the triangular prism, and, 
case, the curves of dotation and buoy¬ 
ancy are similar curves, the fact being 
that the curve of flotation i s a parabola, 

with its vertex at C, flattened down to a 
straight line. - 

In the case of Ex. (2), Art* (49), 

S = 2a-, and the curve of buoyancy is the 
parabola, 3 if = 2ax. '**•/ 

The radius of curvature at tlie^ve^r- 

tex, H, of this parabola is £a, which is 
less than HG t 


o-'K 


as in that 
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*.&f*<* 




Hence it will be seen that three normals can be drawn to the 
curve of buoyancy, giving the three . 
positions of equilibrium. 

58. If the body be a lamina bounded 
by an hyperbolic arc, the curves are simi¬ 
lar hyperbolas. 

Thus, if QVQ' be a line of flotation, 
and if 2a', 2b' be the diameters conjugate 
and parallel to QQ\ inclined at an angle 
0, so that ah' sin 9 = ab, 

b 


th? area QPQ' = 2 f —, V:c- — a'- sin 9 dx = ^ [ E ' ^ I * r ' ~ ^ 

J a ® 





so that the ratio of x to a , that is, of CV to C1 J , is constant. 
Moreover, 

(area) (CH) = 2~ sin 6 f x jat-a^dx 


and therefore the ratio of CH to CP is constant. 


These results can also be obtained by purely geometrical 
reasoning. 

59. In the case of a right circular cone floating with its vertex 
beneath the surface, the surfaces of flotation and buoyancy are 



hyperboloids of revolution. 

If V is ^tlie vertex of the cone, ACB the major axis of a section. 


®\nd VK the 


et> _ 
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2 perpendicular upon AB, the volume VAB is 
K \VK. WAB. (4 sin 2 ap.oF^ 


VK. AB = VA . VB sin 2a, s ft, o\ 

each expression being double the area VAB ; therefore, the vblume 
being constant, it follows that the area VAB is constan t^ f 
The locus of <7, the centroid of the plane section, is therefore a 
hyperboloid of revolution, and, VH being three-fourths of 1 (7, the 
surface of buoyancy is a similar hyperboloid. 

60. Surfaces of buoyancy and flotation for an ellipsoid. 

If the ellipsoid have equation a?/a- + y*/b z + t*l<? = 1 » thes “ “ 
stitutions «- «f. y- 4,. « - c? reduce the problem tothat of the 
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sphere t? + y- -f- = 1; and if V denote the immersed volume of 

the ellipsoid, V/abc denotes the corresponding volume of the sphere. 
It is clear that the plane which cuts off this volume touches a eon- 
centric sphere of radius r, such that 

| 7 r (1 — X') dx = V/(the. 

■ r 

or 3 7 r (l — r)- (2 + r) = V/abc. 

Also the centroid of the volume cut off lies on a sphere of radius 
R, where 



or 






Returning to the original problem we see that the surface of 
dotation is a similar ellipsoid of semiaxes ra, rb, rc, where 


(1 — r)- ( 2 + ?•) = 3 V/irabc .( 1 ); 

and the surface of buoyancy is another similar ellipsoid of semi¬ 
axes Ra, Rb, Rc, where 


n = + r)V (2 + r) .( 2 ). 

Similar results hold good for a hyperboloid of two sheets. - 

61. Elliptic Paraboloid. -jN ^ 

This case can be deduced from the results for an ellipsoid b y 
making a, b, c tend to infinity in such a way that a-/c -*• a and 
where a, fi are the semi latera recta of the principal sec¬ 
tions of the paraboloid. If, as before, V denotes the finite volume 
immersed, then V/abc tends to zero, so that r and also R both tend 
to unity. Hence the surfaces of dotation and buoyancy are equal 
paraboloids. Also the distances between their vertices and the 

vertex of the given paraboloid are the limiting values of c(l -r) 
and c (1 — R). 

But, from Art. 60 (1), we see that 


c 3 (l — r) 2 = 


3 Vc 


V 


(2 + r) irab tt Va /3 ’ 

so that the intercept on the axis between the given paraboloid and 
the surface of dotation is y, where 

y 2 = V/i rV a (3. 

Similarly, from Art. 60 (2), 


H __ j?\ __ c ( 1 

( } “4(2 + r) 


37- 
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thus determining the corresponding intercept for the surface of 
buoyancy. 


62. Cylinder of any section. 

The surface of flotation is a point on the line of centroids Oz, 
given by Ac = V, where A is the cross 
section and V the volume immersed. 

Let z = lx + my + c be the equation of 
the cutting plane, the origin being in the 
base. 

The coordinates (x, y, z ) of the centre 
of buoyancy are given by 
Vx = jjxzdxdy integrated over the base 
= ffx (c + lx 4- my) clxdy 
= a l + hm. 

Similarly 

Vy = ffyzdxdy 
= hi + hm; 

and Vz = \ jjz-dxdy 

= -J (al- + 2 him + hm-) + J c' J ^l; 
where a=ffx-dxdy, h =Jjxydxdy, b=ffy-dxdy. 

If we use the principal axes of the section as axes of x and y, 
we have h = 0, and 



Vx = al , Vy = bin , V(z - Jc) = h ( ul* + 6m 1 ). 
Therefore the equation of the surface of buoyancy is 


x 2 y 1 2 z-c 

+ h V 


a 


63. A solid of revolution floats in a liquidwhich rotates 
uniformly , as if solid , about a vertical axis, the axis of the solid 
coinciding with the axis of rotation; required to find the condition 
of equilibrium. 

In a mass of rotating liquid, suppose surface of revoluti o n 
described, having its «vjs coincident with the axis of rotation, and 
consider the equilibrium of the liquid within this surface. The 
resultant of the fluid pressures upon the hquicfcmust be equal to 
its weight, and the same pressures being exerted on the surface of 
any solid occupying the same space, it follows that any such solid 
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^11 he in equilibrium, if its wei ght be equal to the weight of the 
fluid it displace s. —°- 

It will be seen moreover that it is quite indifferent whether 
th^sqhd rotate with the fluid, or with a different angu 
or be at res t. J ’ 

Ex. A cylinder float* in rotating liquid; to find the death to which it i, 
immersed. 1 

If ® be the angular velocity, the equation to the generating parabola of the 
free surface, taking its vertex as the origin, is JL, Ja ? f ' 1 

of the base of the cylinder below the circle of flotation that L +i ^ * i* 1 • * 
rtich the free surface intersects th^^T^Se. u d Tti. * 

of the cylinder, the volume of the displaced fluid is the diflfem.ee between the 

volume of a height < of the cylinder, and the volume of „ height of the 
paraboloid. ‘ 

Hence, if o- be the density of the cylinder and ,, of the fluid, 


anc i h=p (wc"-d~ 


and 




asssst-sssai 

will be the same as unon tli !i i 1 , ! ,qUld u P° n the body 

be equal and opposite to the resultant fo qU ' d ’ ^ thei ' efore 
liquid. resultant force upon the displaced 

» 

«« the loltebfthef a0ti °f ° f « fixed 

partly immersed in it ,, with its vertex at the /red' °* “ ******* S€ctor * at rest 
the densities of the liquid and the solid ' ’ ' * ** re V lired to compare 

-» -«. 

he displaced liquid are in the ratio of a 3 t ** T he *£m*Lof the sector and 
cent res of BMu fam, the centre offeree ar“e in theroto ^ 

•Mf P and a- be the densities, pa* ° ** ’ 
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. A solid formed of two co-axial right cones, of the same vertical angle, 
connected at the vertices, is placed with one end in contact with the horizontal 
base of a vessel : water is then poured into the vessel; shew that if the alti¬ 
tude of the upper cone be treble that of the lower, and the common density of 
the spindle four-sevenths that of the water, it will be upon the point of rising 
when the water reaches to the level of its upper end. 



~3. A square board is placed in liquid of four times its density; shew that 
there are three different positions in which it will float with one given corner 
only below the surface of the fluid. 

4 . A body is floating in water; a hollow vessel is inverted over it and 
depressed : what effect will be produced in the position of the body, (1) with 
reference to the surface of the water within the vessel, (2) with reference to 
the surface of the fluid outside ( 

nf.Vft'U'ii ^^-"Ifrs^hollow hemispherical shell has a heavy particle fixed to its rim, and 

-■**?*¥ floats in water with the particle just above the surface, and with the plane of 

- . /..-o. -.i-- .... r—^ew that the weight of the 

ir*?du.udiftvn • t ho wAitrnr. or uip water which it » ould contain 


h floats with its axis vertical 

and vertex downwards in a fluid whose density is one-third greater than its 
own ; shew that the rim of its base will be just immersed if the fluid rotate, 
as if rigid, with angular velocity JgU'h about a vertical line coinciding with 

the axis of the cone. 

7 \ solid cone is divided into two parts by a plane through .its axis, aqd 

the parts are connected by a hinge at the vertex; the system bo.ng placed in 
water with its axis vertical and vertex downwards, shew that, if it float with 
out separation of the parts, the length of the axis immersed is greater than 
h sin* a, h being the height of the cone, and 2a its vertical angle. 

o A conc the vertex of which is fixed at the bottom of a vessel containing 
water is in equilibrium, with its slant side vertical and the lowest P 0 ' nt ot lt ^ 
base j'ust touching the surface. Compare the density of the cone with that of 

the water. 

9 . The curved surface of a cup is formed by the revolution of a portion of 
the curve - = logf about its asymptote. It floats in liquid withiferaxis vertical 

two liquids will be constant. 

10 4. cylinder floats in a liquid with its axis inclined at an angle: tan r ‘ 2/5 

to the vertical, and its upper end just above the surface ; prove that the r.uhus 

is 4/7 of the height of the cylinder. 

11 . Two rods of the same substance have ***[? *^ 
float in a liquid with the angle immersed ; shew that the cune ; 

a parabola. 
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12. A cone floats, with vertex downwards, in a cylindrical basin of water, 
and is lifted just out of the water (without tilting); shew that the work done is 

where )V is the weight of the cone, l is the depth of the vertex below the sur¬ 
face in equilibrium, l' is the length of the cylinder which would be filled by 
the water then displaced by the cone. 

13. Find the surfaces of flotation and of buoyancy in the case of a right 
circular cylinder floating with one end immersed. 

14. If a given quantity of homogeneous matter be formed into a paraboloid 
of revolution and allowed to float with the vertex downwards, the square of 
the distance of the centre of gravity from the plane of flotation will be in¬ 
versely proportional to the latus rectum. 

15. A hollow hemispherical cup is closed by a lid of the same small thick¬ 
ness and of the same substance; shew that, if it float in a liquid with its centre 
in the surface, the inclination of the lid to the vertical will be tt/8 . 

"-*16. A right circular cone has a plane base in the form of an ellipse ; the 
cone floats with its longest generating line horizontal ; if 2a be the vertical 
angle, and /3 the angle between the plane base and the shortest generating line, 
shew that 

5 cot /3=5 cot 4a - cosec 4a. 


17. If the height of a right circular cone be equal to the diameter of the 
base, it will float, with its slant side horizontal, in any liquid of greater density. 

18. A cone, whose height is h and vertical angle 2a, has its vertex fixed at 
distance c beneath the surface of a liquid ; shew that it will rest with its base 
just out of the liquid if 

< rc 4 cos 3 a cos B = p/t* [cos {6 - a) COS (6 -f a)]*, 

where a and p are the densities of the liquid and cone, and B is given by the 
equation c cos a = h cos (0 + a). J 

19. A tetrahedron floats in water with one corner immersed. The three 

edges which meet in this corner are equal and mutually at right angles. Shew 
that there are one, two. or three distinct positions of equilibrium, according 
as the ratio of the density of the tetrahedron to that of the water is ercatcr 
equal to, or less than 4 : 27. 6 ’ 


20. A hemispherical shell (radius 2a) containing water rotates with an 
angular velocity about its axis which is vertical: a sphere (radius a) 

rests on the water with its lowest point in contact with the shell without 
pressure on it. If the free surface passes through the rim of the shell, shew 

density of sphere : density of water :: 128 : 189. 


21. An isosceles triangular lamina A SC, right-angled at C, floats, with its 
plane vertical and the angle C immersed, in a liquid of which the density 

ZveS'? ? epth *i! pro y e * hat > if "V 4 + 6 k® the an s le which A D makes wit£ 
the vertical in either of the positions of equilibrium in which AS is not 

horizontal, the value of B is given by au equation of the form 

m sin' 2 B cos 2 B = (sin 6 +cos 0) 3 . 

linihfi tl^-? irCU r lar u- y , linder ’ whose axis is ve rtical, contains a quantity of 
liquid the density of which varies as the depth, and a right cone wliose avis?. 

coincident with that of the cylinder and which is of equal Ce b aHowS t , 

eanutfl T ****** with its vertex downwards, ifthecone^ n 
quihbnum when just immersed, prove that the density of the cone is eLal 

B. H. ^ 
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tothennt.al density of the liquid at a depth equal to ,Lth the length of the 
axis ot the cone. ' ° 

23. A solid cone of height h, vertical angle 2a, and density p, is moveable 
about its vertex, and its vertex is fixed at a depth c below the surface of a 
liquid the density of which, at a depth *, is pz. The cone is in equilibrium 

with its axis inclined at an angle 3 to the vertical, and its base above the 
surface ; prove that 

/i</* cos 3 a cos 6 = f>p/< 4 {cos (3 + a) cos (3 - «)}=. 

. bollow paraboloidal vessel floats in water with a heavy sphere lying 

in it. There being an opening at the vertex, the water occupies the whole of 
the space between the vessel and the sphere. If the resultant pressure on the 
sphere be equal to half the weight of the water which would fill it, shew that 
the depth of the centre of the sphere below the surface of the water is 4 a-/lie, 
where 4 a is the latus rectum of the paraboloid, and c the distance of the plane 
of contact from the vertex. 

2o. A right cone floats with its vertex downwards in a fluid of which the 
density varies as the depth. Shew that if its axis can make an angle 3 with 
the vertical in a position of equilibrium, then 

5 cos a sec 6 (cos- 6 - sin- aft = 4 \4cr/p, 

where a is the semi-vertical angle of the cone, o- its density, p that of the fluid 
at a depth equal to the slant side of the cone. 

2b. A right-angled triangular prism floats in a fluid of which the* density 
varies as the depth with the right angle immersed and the edges horizontal; 
shew that the curve of buoyancy is of the form 

r° sin 4 d cos 4 6 = c 6 . 

27. A life-belt in the form of an anchor-ring generated by a circle of radius 

a floats in water with its equatorial plane horizontal ; shew that z, the depth 
immersed, is given by the equations . A 

z=a (1 —cos/3), [tffa 

*—^ 27r« = (2/3-sin 2/3); 

where s is the specific gravity of the material of the belt. 

h*-j 

28. A parabolic lamina, bounded by a double ordinate perpendicular to 
the axis, floats vertex downwards in a liquid with its focus in the surface and 
its axis inclined at the angle tan -1 s /7/2 to the vertical; prove that the density 

of the liquid is to that of the lamina as 216 :11*, and that the length of the 
bounding ordinate is three times the latus rectum. 

29. A solid cone of density <r, height /<, and vertical angle 2a can turn 
freely about its vertex which is fixed at a height d above the surface of a 
liquid of density P . If it float with its base wholly immersed, and it* axis 
inclined obliquely at an angle 6 with the vertical, shew that 

/< ‘ (p - (T) {cos (3 + a) cos (3 - a)p =d l p cos 3 cos 3 a. 

30. An indefinitely small piece of ice, the shape of which may be taken to 
be that of a right circular cylinder, is floating in water with its axis vertical. 
The part immersed receives deposits of ice in such a manner as to continue 
cylindrical, the radius and axis receiving equal increments in equal times. 

Find the ultimate shape of the part not immersed. 

If the specific gravity of ice be -96, prove that the surface is formed by the 

revolution of the curve 
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31. Describe the complete surface of buoyancy for an equilateral triangle, 
floating in a liquid of four times its density, and shew that at points where 
the curvature is discontinuous the tangents to the curve intersect at an angle 

12>/3 
107 ’ 


tan 


32. A solid hounded by the planes ./•= y = ±b, z = 0 and z = c floats in 
water with the base c = 0 wholly immersed. Shew that for displacements such 
that the volume V immersed remains constant and the base is entirely under 
water and the opposite face entirely out of the water, the equation of the sur¬ 
face of buoyancy is 

a- y- _ K abz 1 
a - + V ~ ~3T “ 3 • 

• C-N lindric; d vessel with its cross-section of any shape floats with ;C 
length 2c of its axis immei-sed when the axis is vertical. Prove that the 
equation of the surface of buoyancy is .V' l 'o~+y‘ i /b- = z/r • where the origin is 
taken at the middle point of the portion of the axis immersed for the upright 
position, the axis of z is vertically upwards, and the axes of a-, y parallel to the 
principal axes of moments of inertia of the plane of dotation for the upright j 
position through its centre of gravity, and b, o are the radii of gvration °for / 
those axes of the plane of dotation. —<' 
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CHAPTER V 


THE STABILITY OF THE EQUILIBRIUM OF 

FLOATING BODIES 

•f. p 

65. If a floating body be slightly displaced, it will in general 
either tend to return to its original position, or will recede farther 
from that position; in the former case the equilibrium is said to be 
stable , and in the latter unstable , for that particular direction of 
displacement. 

Consider first a small vertical displacement: it is clear that, if 
the body be floating partially immersed in homogeneous fluid, or 
if it be immersed, either wholly or partially, in a heterogeneous 
fluid of which the density increases with the depth, a depression • 
will increase the weight of the fluid displaced, and on the oontrary 
an elevation will diminish it; in either case the tendency of the 
fluid pressure is to restore the body to its position of rest, and 
the equilibrium is stable with regard to vertical displacements. 
This, it will be observed, is only shewn to be true of rigid bodies; 
if the increased pressure, caused by depression, have the effect of 
compressing any portion of the floating body, the equilibrium is 
not necessarily stable, and in fact it may be unstable. 

An arbitrary displacement will in general involve both vertical 
and angular changes in the position of the body; jf_ however the 
displacement be small , as we have supposed to be the case, the 
effects of the two changes o f position can be treated independe n tly; 
and we proceed to consider the effect of a small angular dis plafifi.- 
ment, on the supposition that the weight of fluid displaced remains 
unchanged, and consequently that the fluid pressure has no ten¬ 
dency to raise or depress the centre of mass of the body. 

66. A solid , floating at rest in a homogeneous liquid , is made 

to thmnah a i'em smalUuwle in a given vertical plane; to 
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determine whether the fluid pi'essure will tend to restove it to its 
original position or not . 


Suppose that the body is turned through a small angle 0 about 


an axis Oi/ in the plane 
of flotation A OB ; Oij 
being at right angles to 
the plane of the paper. 
Ox in thte plane of flo¬ 
tation and Oz vertical in 
the original position; and 
as the body is turned let 
the axes be carried with 
it. 



If d.vdy denotes an element of area on the plane of flotation 
AOB, the volume of an elementary column PQ is zdxdg where z 
denotes the length PQ. In the displaced position the length of the 
corresponding column P Q is z + x6 and its volume is ( z + xd)dxdy. 
Hence the volume V of liquid displaced will be the same in both 
cases i£ 

ff(z + x9) dxdy = V= ffzd.rdy 


where the integrations are over the section of the body made by 
the plane of flotation in the original position. 

This reduces to ffxdxdy = 0, which means that the centre of 
gravity of the surface section must lie on Oy, as was proved in 
Arf. 52. 

Assume that this condition is satisfied. In the original position 
the centre of gravity G and centre of buoyancy H are in the same 
vertical and we may denote the co-ordinates of the latter by (x, y, z) 
and note that G will have the same (x t y ). In the displaced 
position there is a new centre of buoyancy H' whose co-ordinates 
referred to the original axes are (x\ y, z'). ^ 

Now Vx = ffafidxdy) Vy = ff ijzdxdy), Vz =JJ^z-dxdy. 

These integrals being written down by taking the elementary 
column PQ of volume zdxdy with its centre of gravity at the 
middle point of its length. 

In the displaced position the corresponding elementary column 
is P Q of length z + x0\ its centre of gravity is at a distance 



70 


EQUILIBRIUM OF A FLOATING BODY 


Cw - 




i + x @) fr° ni P > and therefore at a distance l(z — o:6) from P, 
so that we have 

Vx = ffx (z + x0) dxdy , Vy = ffy (z + x 6) dxdy , 

V s ' = // i (z — x0) (2 4- x0) dx dy. 

e observe that, to the first power of the small angle 0, we have 
z — z, so that the tangent plane to the surface of buoyancy is 
parallel to the plane of flotation, as was proved in Art. 54 

1 Now in the displaced position the body is subject to two equal 
and opposite parallel forces, viz. its weight W or gpV vertically 
downwards through G and the force of buoyancy vertically up¬ 
wards through H'. These forces form a couple and the plane of 
this couple will be at right angles to the axis of rotation if, and 
only if, the points G, H' are in a vertical plane perpendicular to 
Oy, i.e. if y' = y, 

or ffy (z + xd) dxdy = ff yz dxdy. 

This reduces to Jjxy dxdy = 0, 

which means that the axis of rotation Oy must be a principal axis 
of inertia of the section of the body made by the plane of flotation. 

When this condition is satisfied the 
vertical through H' intersects the line / / 

HG in a point M called the meta- j M . / 

centre. The couple acting on the body / M / 

is W . GM 6 and it tends to restore the / 1 

body to its former position or to increase G / / 

the displacement according as M is /] / 

above or below G. H /_ J H ' H / _ | H ' 

Also, we haye HM. 0 = HH' = x —x 

6 ff x- dxdy 

= 

Therefore HM = Ak-IV, where Ah- denotes the moment of inertia 
of the section of the body made by the plane of flotation about 
the axis of rotation. 

The couple tending to restore the body is therefore 

ypV (HM — HG)§= g P (Ak-- V. HG)&. 

67. Since there are two principal axes through the centre of 
gravity of the surface section of the body with corresponding 
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moments of inertia I\ and I. lt it follows that a displacement about 

either of these axes would set up a couple in the plane of the 

displacement tending to restore equilibrium if HG < I\jV and also 

< IJV. Hence these conditions are necessary for stability of equi- 
- / — — ■—■— m ' ■ 

librium. 

68. Work done in producing a displacement. When, the 
body has been displaced through a small angle 6 about either 
principal axis through the centre of gravity of the surface section 
the couple acting on the body is 

/ c/p (Ak- — V. HG) 6. 

Consequently the work that would have to be done by external 
agency in order to increase 6 by a small amount (Id is 

gp(Ak~ — V.HG)0(W, 

and, by integration, it follows that the work done in producing the 
angular displacement 0 is 

/ V. HG) 6-. 

69. Sufficiency of the conditions for stability. A small 

rotation about any axis in the plane of dotation through the centre 
of gravity of the water-section may be regarded as compounded of 
rotations 0 U 0.> about the principal axes of the section. Each of 
these separately sets up a restoring couple and the total work that 
would have to be done by external agency, or the gain in potential 
energy, in producing the displacement is* A S- 


lg P (J, - V. HG) 6* + hgp (I> — V. HG) 

Whence it follows that the conditions HG < TJV and also < I,IV 



70. The question of stability may be treated somewhat diffe r¬ 
ently . 

Defining the metacentre as the point of intersection with the 
line HG of the vertical line through the new centre of buoyancy 
after a slight displacement, we are led to the following theorem; 

The metacentre is the centre of curvature of the curve of 
buoyancy at the point in the same vertical line with G. 

This is at once obvious from the fact that the point M is the 
point of intersection of consecutive normals to the curve. 

* That the expression for the work done in a displacement of this kind does not 
contain a term 0,^ may be proved as in Art. 79 following. 


♦ 
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Hence it appears that for any displacement, consistent with the 
condition that the volume displaced remains the same, the direction 

of the fluid pressure is always a vertical tangent to the evolnte of 
the curve of buoyancy. 

71. From the preceding theorem we can determine the ex¬ 
pression for the height of the metacentre above the point H. 

Let H be the centroid of the volume ADB, and H' of aDb, 
aCA being a small angle 0. 



Then, if a be an element of the area of the plane of flotation, 
H'N', HN, perpendiculars upon the vertical line through C, 

cn] H’N‘. V-HN. V = t{Cn.0 .a.Cn)+ 2(Cn' .O.a .On), 

or H'L. V=0Ak- 

k* u A«Oo 

but, if M be the centre of curvature at H, 

H'L =H'M.0=HM.0, 

V.HM = k*A. 

CC 

The restorative momenf, for a small displacement 0, 

= gpV. GAT. 0 = gp0 {Ak- - V. HG). 

72. The preceding article assumes that the vertical line of 
action of the fluid pressure, after a slight displacement, intersects 
HG. This will be true only when the plane of displacement is a 
principal section, at H, of the surface of buoyancy. When this is 
not the case, the projection of the line of action on the vertical 
plane of displacement will intersect HG in a point M, which will 
be the centre of curvature of the normal section of the surface. 

The r adius of curvatu re of any normal section at H, of the 
sur face of buoyan cy, is therefore Ak-/V, and, if I and /' be the 
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principal moments of inertia of the plane of flotation at its 
centroid, the principal radii of curvature, at H , of the surface of 
buoyancy are 

1 i F 

y anc * y> 

and the principal sections are parallel to the principal axes of the 
plane of flotation. 

73. A most important case naturally presents itself; that is, 
the question of the stability of equilibrium of a ship when displaced 
by rolling.. 

In general it is impossible for a ship to roll without tossing, 
because the two ends of the ship are unsymmetrical; but in the 
case of a very long vessel, such as an Atlantic ‘liner,’ it may be 



assumed that the ship can be divided symmetrically by a plane 
perpendicular to its length, and in this case the ship has two 
vertical planes of symmetry, and consequently the vertical line 
HG passes through the centroid C of the plane of flotation. 

he line HG also divides the curve of buoyancy symmetrically 
and the point H is a_point of maximum or minimum curvature! . 
n the first of these two cases the cusp of the evolute is pointed 
downwards; in the second case it is pointed upwards. 

The figures at once shew the effects of displacement. 

In the first case the righting moment, which is the statical 

tir r t 0 H a / V f n ang ‘ e ° f dis P> a “ment, is proper- ^ 

tional to GY the perpendicular from G on the tangent PQ, and 

increases with an increase in the angle of displacement. 
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In the second case, the righting moment increases to a maxi¬ 
mum value, and then diminishes, vanishing for the position given 
by the tangent GQ'P'. 

This is a position of equilibrium, but it is of unstable equili¬ 
brium, in accordance with the general mechanical law that positions 
of stable and unstable equilibrium occur alternately. 

If the equation to the curve of buoyancy be obtained in the 
form p =/(<£), G being the origin, 

GY = dp/d(f), 

and the righting moment is 

W dp/d<p, 

if W be the weight of the ship. 

In general the curve of buoyancy, for moderate displacements, 
is approximately an arc of an hyperbola; in the case ot a ‘wall- 
sided’ ship, that is of a ship with the sides vertical near the water¬ 
line, the curve is an arc of a parabola, i M- p 5< 0 

In the case of a ship, if M is the metacentre for rolling the 
product W. GM is called the stiffness of the vessel. 


74. Dupin’s Theorem. In the case of a ship tfojxtmgjipright, 
the radius of curvature of a transverse section oP the Surface of 

flotati on is c *^ r<-- ^ 

/•. =Jff tan a ds/A, * r . t ^ 

ds being an element of the perimeter, and A the area^of the 
water-section, f J&d a the inclination of the side of the ship to the 
vertical; the axes of # and y being the longitudinal and transverse 
axes of the section of the vessel by the plane of flotation through 

its centroid G. t ^ 5Aj * T K 

To prove this letC', C' be con¬ 
tiguous points on the transverse 
section of the surface of dota¬ 
tion, the tangent plane at C 
making a small angle 6 with 
the water-section APQB, and let 
apqb be the projection on the 
water-section of the section ot 
the ship made by this tangent 
plane, so that E, the projection 
of C, is the centroid of the area 
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. I*. Pj. J 

(ipqo. Let PQ, pq be corresponding elements, and PQ = ds , 

^ en IWr ^ Pq 

area PQqp = yf? tail ads; 
c J . C7? . (d) = J y-0 tan ads, 

and, since CC ~ r x 0, and CE = CC ultimately, it follows that 

\ 

t'iA =f y- tan ads, 

an expression first given by C. Dupin, in a memoir presented to 

the Academie des Sciences in 1814. A corresponding expression 

obviously exists for the radius of curvature (R t ) of the longitudinal 
section. 

75. Leclert’s Theorem. Calling r and R the metacentrie 
heights for transverse and longitudinal displacements, that is, the 
iadii of curvature of transverse and longitudinal sections of the 
surface of buoyancy : we know that 

r=^and R = y, 

where i and I are the principal moments of inertia of the water- 

section. E. Leclert has established the following relations between 
these quantities; 




FU r, = di 17+ Y d l' . M ,r dR 

dV + dV ’ R '~~dV~ R + V dV 




A translation of Leclert s paper is given by Mr Merrifield in 

*1 Oh'A ./if r . • 


JT7a 


. ± ± — mi 1 iijciu Hi 

the Proceedings , for 1870, of the Insti - r f , 

tution of Naval Architects, and in the ov 7 9v 

Messenger of Mathematics , March, 1872. /y 
The following is the first of the two h /£ \\ 

proofs which are given; it is retained c- 

here for its historic interest, but a more \\ // 

rigorous treatment is given in Art. 80 \\ // 

following. "V jr 

Taking a sect i on BaallfiLtgL the water-section nnH .* - 
distance dz from it, - - 

d V = A dz. 

section- l r JeCtl ° n ° f tUiS " eW 5ection u P on the water¬ 
ed AP Q t , 18 ^ ^ between 

•'•*■ = . tan a ds, 

and % =/j? tan ads. 


± •hj - tr P<j. 


and 
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Hence 


or 


1 di 

di 



Ti ~ Adz 

~dV 

5 


di 

• 

X 

Vdi- 

idV 

r= dV 

~ V~ 

Vd 

v ’ v ‘ 


Vdr 



r, = r + 

dV * 




St Ac >; - ,r(ktc4 * 76 - Increase in load. Effect of a slight increase in the 

load of a ship on the position of the 
metacentre. 


D 


Assuming that a ship has two 
vertical planes of symmetry, let 
C be the centroid of the plane of 
flotation, and consider the stability 
in one of these planes. 

Taking C' as the new position of 
C when the load is slightly increased, 
let Sy represent the additional dis¬ 
placement. 

Then, if H' and M' are the new 
positions of H and M, 

MM' = H'M' - HM + HH' 

= hr + HH '; 

but""*'^cfr.hV=V.HH\ 


M' 

M 


C' 


SV" 


ir 

H 


( A**.')*) 


mr = b- + CH f = y (r, - r + CH), 

r, representing CD, the radius of curvature of the surface of 
dotation. 


Hence 


MM'=y(CD-HM+CH) 

= y (HD - HM), 


so that the metacentre is elevated or depressed, relative to the 
ship, according as the metacentre is below or above the centre of 
curvature of the surface of dotation. 

77. Heeling over of a screuL-steam_er ^ d ue t o the action of its 

s owV ^ u w,Ul u P j • c. n f 

If L is the turning couple of the engine! measure m <> 

* This article is due to Prof. Greenhill. 
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pounds, and if n is the number of revolutions per minute, the work 
done in one minute is 2 miL. But, if H is the horse-power at 
which the engine is working, 

the work done = 33000 H ;. 

2tthL = 33000 H. 

If # is the angle through which the steamer heels over, h the 
height of the metacentre above the centre of gravity, and IF the 
weight of the steamer in tons, 

£ = 2240 Wh sin 0; 

33000 H = 2tth x 2240 Wh sin 0, 
an equation which determines 0. 

The heeling effect can be counteracted by placing a weight w 
at a given distance c from the medial plane, such that 

w. c — L, 

or . 2 t rn cw = 33000 H. 

In the case of paddle steamer , the heeling over will be in 
the longitudinal direction, and in this case h will be the longi¬ 
tudinal metacentric height. 6 

f , “ WU ‘ be Seen , that the hee| i«g over is in the opposite 
Erection to the rotation. Thus, in the case of a paddle steamer 

gomg ahead, the bow is slightly lifted and the stern is slightly 

78. Surface of buoyancy in general. 

the L o e “ h n e ,° ngl " bs ;. taken in the Vertical throu g h the centroid of 
the onpnal water line section. Then if , = c be the original 

section, the plane in the slightly displaced position will be-Wi) 

where l, m are small. 2 = c + 

If (*o,y„ 2 a ) and (x, y, z ) denote the co-ordinates of the centre 

of buoyancy in the two positions c entie 

V(x- x „) =// (a _ c ) xdxdy = al + km, 

V (<J- y«)=JJ (z - c) ydxdy = hi + bm, 

T T / > - - _ ' 





where 

Hence 


_ rr VT ! o) “■ fIi {z '“ ° 2) ^y = ± ( al > + 2klm + bm>) hi 
a jjx-dxdy , h=ffxydxdy, b^tfy'dxdy. ’ M *' 




1 (x ~ Xn) + m (d-Vo) 


1 2( ^ * o) ~ ab -A* “ *«) s - 2h (* - x 0 ) ( y _ y# ) + a (y- _ 
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is the approximate form of surface of buoyancy. If the original 
axes of x and y are principal axes of the plane section then h = 0, 
and if the origin be now moved to the centre of buoyanc^Yn the 
first position the surface becomes r »...**> * 

2 z = Vx?/a -f Vy-/b. \ 

If we now define the metacentres as the centres of curvature of 
the principal normal sections of the surface of buoyancy, the heights 
of the metacentres above the centre of buoyancy are the principal 
bj<,p radii of curvature a/J r or b/ T/A* ^ 

79. Condition for stability. 


The tangent plane to the surface of buoyancy at a point 
(*> y, 2 ) is given by 

?- z = —- (f j x ) + (v - y)- 

And the perpendicular distance of the centre of gravity (0, 0, z) of 
the solid from this plane is 



L^\*±'*** ,cc 


Now by Art, (55) the positions of equilibrium correspond to 
those of a heavy body bounded by the surface of buoyancy on a 
horizontal plane, so that for stability the height of the centre of 
gravity above the plane must be a minimum. This requires that 

z should be less than y anc ^ y (>r t-he centriM >f_ ffl ti v i ty ,must be 


below both metacentres. 


80. Surface of Flotation. Leclert’s Theorem. 

Suppose that the volume immersed is increased by a small 
amount BV by depressing the solid from the second position 

of Art, 78. . 

If V, £ are the co-ordinates of the centre of gravity ot the 

thin slice, of volume 6J r , we have 

f 8V = (V + B V) (x - x 0 + Bx - Bx 0 ) - V(x- x 0 ) 

= lBa + mBh ; Art, 78. 
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Similarly v 8V= 18h + mSb ; 

and & V = | (P8a + 2Im 8h + m'Sb). 

Also as the thickness of the slice is diminished the point 
(£> V> 0 tends to coincide with the corresponding point on the 
surface of flotation, i.e. the centroid of the water-line area. 

Hence on the surface of flotation wo have 

z - (IV = Ida + mdh 
y'. dV = Idh +mdb 

, . . z - dV =\ {Pda 4- 2 hndh + m-db), 

and its equation is 

dV 

** = dudb-(dhy (*'“^-2 x-rfdk + y'Ha]. 

In the special case in which dh = 0, this becomes 


2 2 ' = ,r'° dV 

** n J db' 


da 


and the radii of curvature of the surface of flotation are "" .„.d 

db ■ dv 

jy as in Art. 75. 


We observe that the principal axes of two parallel sections of 

"°‘ “f essa, % P«ra'lel, so that /, =0 does not imply 
that dh/dV= 0. The results of Art. (75) are thus seen to be ti ne 

only in the cases there implied in which there are vertical planes 
sections* *' C ° Utam a “ P nnci P al axes of horizontal 


81. We now append some examples of the determination of the metaccntre 

vertical, * ' a “" rf Un « th h «IM ft. a 

In this case the plane of flotation is a circular area, and 




_ ^ 0< /(. cos * 9 <18, putting X— a sin 6 

. A 


7rtt 


* 

therefore, if h' be the length of the axis immersed, 




wa *N • or HM= 

4 Ah 


as Arts, yu-92, 104, lOo below are due to Dr Bromwich. 


i tu\ 
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and the equilibrium is stable if 

«2 

/ Ah' > 2 2* 

Ex. 2. A cylinder floating with its axis horizontal and in the surfac e is 
displaced in the vertical plane through the axis. 

The plane of flotation is a rectangle, and 

Ak- = ); ah 3 , 

h being the length of the cylinder, and a its radius; 




and the equilibrium is stable, if 


1 h~ 4a 

O _ > 


or 


3 iv a 3 it 

h > 2a. 


J 


or 


' Ex. 3. A solid cone floating with its axis vertical and vertex downwards. 

Let h be the length of the axis, 

2 the portion of the axis immersed, 

2 « the vertical angle of the cone. 

Then* Ak-=\m* tan 4 a, 

and 

HM =£ ztan 2 a ; 

also tfff-JA-** 

and therefore the equilibrium is stable or unstable, according as 

z tan 2 a > or < h — 

z > or < h cos 2 a. 

But if p, <r be the densities of the fluid and cone, 

therefore the equilibrium is stable or unstable as 

- > or < (cos a) c . 

P 

the base is inclined to the horizon. 

In this case, if d<?=2y and AP- If, w* P ut “ = 6 111 CqUat, °' W 
page 53 , * and y are given by the equations ^ 

.v+y = 2 a cos ' 2 -, 

Th e co-ordinates of O and //deferred to dfi, dCas axes are respectively, 

r,a , and 53 /, 
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HG 2 — f, [(a—.e)~ + (a-i/y i +2(a-.v)(a—i/)cos6\ 

= i +y 2 + 2 .vy costf-2a(l+cos 6) (.>; +y) + 2« 2 (1 4 -cos #)}, 
from which, by means of the above equations, we obtain 

JTr , 4 . 6 ( 6 

HO = ^ sin g (a- cos* 1 - — c-j . 

The area PA <2= 2c 2 sin 0, and if J/be the mctaccntre, and l the length of 
the prism, 

2/«* si n B . HM= P f . PQ. I, 

1 z 


.*. //j/= 


PQl 

24c* 2 sin 0 * 


But 


PQ- = 4 (a* 2 4-y- - 2.»*y cos 0) 

= 16 cos 2 ^ ^a 2 cos 2 ^ - c 2 ^ ; 

,0 

4 C ° S 5 / e 

H ' 1 = 3 — C ° 8i 2 " '■•’) > 

.•tIV ' ' 


c- sin - 


and 


i.e. if 


HM> HO, if c 2 siu 2 ^< cos 2 1 (a 2 cos 2 ~ - o 2 ) , 


o Q c 
cos- - > - . 
2 a 


Next, consider the case in which the base is horizontal, and PQ therefore 
parallel to BC. 

The area PA Q= 2c 2 sin 6 , 

AP=AQ= 2c, and P<? = 4csin? 


Hence, 


and 


s,n ” q 

-^-^= ^ c -j, and HO ■= ^ (a - c) cos |, 

cos s 

•J 

HH> HO if cos 2 ^ . 

2 a 


Now in the Art. (49), before referred to, we have shewn that there are 
three positions of equilibrium, or one only, according as 

o 0 c 

cos- -> or < - . 

2 a 

Hence it follows, that when there are three positions of equilibrium, the 
mtermechate one, in which CB is horizontal, is a position of unstable 
equilibrium, while in the other two positions the equilibrium is stable. 

If there be only one position in which the prism will rest, its equilibrium 
is stable. 

It will be a useful exercise for the student to obtain these results by 

investigating the equation to the curve of buoyancy, and determining the 
position of its centre of curvature* 

b. H* 
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82 . Finite displacements. If a solid body, floating in water, 

be turned through any given angle from its position of equilibrium, 
then, as before, the moment of the fluid pressure is restorative or 
not according as the point L at which the vertical through the new 
centre of buoyancy meets the line HG is above or below G. 

It is not to be inferred that if L is above G, the body will when 
set free return to its original position and oscillate through it, or 
even that the original position is one of stable equilibrium, according 
to our previous definition of stability: it is a general law o°f 
mechanics that positions of stable and unstable equilibrium occur 
alternately, and the body may have been displaced from its original 
position through other positions of equilibriu m. 

As a particular example take the following. 

A solid cone, floating with its axis vertical and vertex downwards , is turned 
through an angle 6 in a vertical plane, 

the volume of fluid displaced remaining 
the same; to determine the direction of 
the moment of the fluid pressure. 

Let AB be the major axis of the 
elliptic section made by the surface 
plane of the fluid, C its middle point, 

Ja, Bb, Cc, lines at right angles to AB, 
and let the angle A VB=2a and k 
VA = d. Then 

VAa = B — a, 

and VBI = tt — B — a. 

r 1 , .r , i-,. 1 ( .sin (B — a) 

I c = - ( Va+ I b)=~. \d : 

2 V '2 1 sin B 

cos(0 — a) sin (d + n) l 
cos (B + a) sind J 

d cos B 

cos [B + a) ’ y 

• rr- 3 d- eoS ° 

• ' lJy ~ 4 cos (*+«)• 

The semi-minor axis of the ellipse AB is a mean proportional between the 
perpendiculars from A and B on the axis of the cone, 

its area= 7 r $AB( VA . VB . sin-'a) J 

7 r ,, sin a sin 2 a fcos(d —a)l- 
”” 2 1 cos (B + a) ’ {cos (B + a)j 
therefore the volume of the fluid displaced 

= Id cos (B - a) . (area of ellipse) 

(cos(d —a)l* 

«)J * 


+ d 



= ?. 77-c / 3 sin 2 a cos a - 

3 (cos (B + 
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Hence, if P , o- be the densities of the Huid and the cone, since the weight 
of the fluid displaced is equal to that of the cono, we have 

•j 

r \ e ; 9 (COS(0 — a))* 

l,rPSm 

or /<A 3 = o;|COs(d + n)^ 

V 1 / p Icos (d - n)J cos-' 1 a ‘ 


And VL> VG if 


or if 


p [cos (0 - a)\ 

1 c _ os ^ 

COs'(d + n) > ’ 


y«r COSO c o s (6+a) Jcos (0 - u )\I 
* P cosfl * tcos(d+a)J ’ 


Supposing 3 indefinitely small, we obtain the condition of stability for a 
infinitesimal displacement, 


•* /er 

->cos-a ; as before, Ex. 3, Art. (81). 
Let the equilibrium of the cone be neutral, that is, let 


cr = p COS 0 a, 


thon, after a finite displacement, the action of the fluid will tend to restore 
the cone to its original position, if 

COS a . cos 6 > s / {cos (6 + a) . cos {6 - a)}, 

a condition which is always true, „ and 6 being each less than a right angle 

In the case of neutral equilibrium of a cone, the equilibrium may therefore 
be charactei ised as stable for any finite displacement, 

S3 When liquid is contained in a vessel, which is slightly dis- 
placed from its original position, the preceding investigations enable 
us to determine the hne of action of the resultant downward pres- 

follo?ing Pr ° blem in feCt " thiS CaSC ’ “ in the |llevious case, is the 

A given volume, the centroid of which is if, i s cut from a solid 
ABC by a p.lane, and the line CH is perpendicular to the plane 
the same volume being cut off by a plane making a very small’ 
angle with the plane rlif, to determine the position of the st.Xh 
me peipendicular to the second plane, and passing thrn» 1 
centroid of the volume cut off by it. 1 ° g 1 fc ie 

If the interior surface of the vessel is svmmofmnj -a., 
to the plane through if perpendicular to the 
the two planes, the line whose position is required will i . ° n ° 

iNiss nr 

mined by our previous results. etei ~ 


6—2 


/ 
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84. Vessel containing liquid. A hollow vessel containing 
liquid, floats in liquid ; required to 
determine the nature of the equili¬ 
brium, supposing that the body is 
symmetrical with respect to the ver¬ 
tical plane of displacement through 
its centre of mass, and that the 
centres of mass of the body and of 
the liquid are in the same vertical 
line. 

Let M be the metacentre for the 
displaced fluid, and M' for the con¬ 
tained fluid, W, W\ the weights of 
the displaced and contained fluid*. 

Taking moments about G, the centre of mass of the vessel, the 
resultant fluid pressures will tend to restore equilibrium, or the 
reverse, according as 

W.GM- W'.GM' 

is positive or negative, i.e. as 

W GM' 

W> or < GM . 



Ex. A hollow cone containing water floats in water with its axis vertical. 
Let 4 = the length of the axis of the cone, 

4'=the length of the axis in the contained fluid, 

2 =the length beneath the surface of the external fluid. 

Taking 2a as the vertical angle of the cone, we have 

HM= $ z tan 2 a. 

But HG=f i h-$z; 

. \ (JM= | z sec- a - $ h. 

Similarly GM'= £4' sec-a - §4, 

W 2 3 _ 

also ~jjv — » 

therefore the equilibrium is stable if 

/ z\ 3 94'sec-’a —84 


/ z \ 3 94 sec-a —84 

\h J > 9zsec' J a — 84 


z being given by the equation 

W- W = \gpir tan 2 a (i 3 - 4' 3 )=weight of cone. 

* This is the case of a leaky ship rolling; the next article discusses the pitching 
of a leaky ship. 
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85. In the case in which the centres of mass of the contained 
and of the displaced fluid are not in the same vertical, suppose the 
displacement to take place in direction of the vertical plane through 
the centres of mass, and that the body is symmetrical with respect 
to that plane. 

Let G be the centre of mass of the body, H of the fluid displaced, 
H' of the contained fluid, and M, M\ the metacentres. 

Also let GNN' be horizontal in the position of equilibrium, 
and GLL' the horizontal line 
through G in the displaced 
position. 

Then W, U r ', having the 
same meanings as before, and 
6 being the angle of displace¬ 
ment, the equilibrium is stable 
or unstable, as 

ir.M>or< W . GL ', 

or W (GN cos 6 + MN sin 6) > or < W ( GN’ cos 6 + M’N’ sin $), 
i.e. since W. GN= VT . GN\ 



as 


W M'N' 

W > or < MX ■ 


86. Constraints. Stability of the equilibrium of bodies floating 
wider constraint 

In those cases of constraint, in which, for a small displacement, 
the volume of liquid displaced remains unchanged, the theory of the 
metacentre determines the line of action of the fluid pressure, and 
the question of stability is then easily determined. 

Suppose, for instance, that a body, partially immersed, is move- 
able about a horizontal axis, which is vertically beneath the centroid 
(C) of the plane of section of the body by the surface of the liquid. 

The effect of a displacement through a small angle 0 will be to 
depress the point C through a space which depends upon and 
therefore, to the first order of small quantities, the volume displaced 

remains unchanged, and the metacentre is the same as if C remained 
in the surface. • 

If the body be moveable about a horizontal axis which is not 
vertically beneath the point C, the change in the volume displaced 
cannot be neglected, and the question of stability must be treated 
by a direct consideration of the action of the displaced liquid. 
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1 ofl ^rtTc^ Z “ “ to 0ra «&« * ’»*«' «/. 

The figu'e represents the lamina when sl ightly Hispid through an 
angle -10/1, („), the point 0 which is in the surface being twiddle pot. 

^ ben if 0A = «, and if the height = 26, 
the area AOB=\a% 

and, taking moments about 0, the 
equilibrium is stable if 

2 P WO ■ »« + «6.0A) >p . 2ab . £, 

//A being the vertical through 77; or, 

.since 


if 


OjY= OG cos 6 - HG sin 3=“ - | d, 

2«2 > 3M 



87. In the particular case in which the centre of mass of the 
body and the axis about which it is moveable are in the surface of 
the liquid, a formula can be given, for the determination of stability, 
analogous to that of Art. (66). 

lake Cy as the axis about which the body is moveable, and V 
as the volume of the displaced liquid in the position of equilibrium. 

Let A Ca be the original plane of flotation, and BCb the water 
line after displacement through a small angle 0, about the axis Cy, 
perpendicular to the plane of the paper. 

The resulting fluid pressure is the weight BDab acting upwards 
and is therefore equivalent 
to the weight ABDa, or 
(fpV, acting upwards, of the 
wedge aCb acting upwards, 
and of the wedge ACB act¬ 
ing downwards. 

The restorative moment 
due to the two wedges 

gp ard dx dg = gp A k-9, 

Ah- being the moment of inertia about Cy of the area ACa; and 
the loss of moment due to the displacement of H 

= gp V. iViV' = gp V. HN. 9. 
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The equilibrium is therefore stable if 

Ah > V. HN. 



H' 

88. In the general case of a body moveable about a horizontal 
axis at depth h, let Gy be the projection of the axis on the plane of 
flotation, and let L and N be the projections of G and H. • 

For a small angular displacement 6\ the vertical displacement 
ot C will be of the order 6-, and may therefore be neglected. 

As in the previous article, the restorative moment due to the 
change ot the displaced liquid — gpA hd, and the loss of moment 
due'to the displacement of H = gp V. (HN — h ). 6. 

But there is also a loss of the moment of the weight of the body 
due to the displacement of G, and this = W . (GL - h) 6. 

Hence it follows that the test of stability is that • 

. 9pAk*-g P V.{HN-h)+ W(GL-h) 

must be positive, with the condition 

T V. CL = gp V . CN. 

Cor. If a body, floating freely in homogeneous liquid, has a plane 
of symmetry and is turned through a small angle 6 about any 
horizontal axis in the plane of symmetry, the restorative couple is 
gpO (Ah — V. HG), where Ak- is the moment of inertia of the sur¬ 
face section about its intersection with the plane of symmetry. 

89. The equilibrium of a body floating partially iminersed in 
two liquids. 

Let p be the density of the upper liquid, and p + p' the density 
of the lower liquid. J 
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Also let V be the total volume immersed and V the portion of 
I immersed in the lower liquid, and let A, A' be the areas of the 
two planes of flotation. Then the forces which support the weight 
of the body are the weights of the masses of liquid pV and p ? V', 
supposed to act upwards. 

Take the case in which the body is symmetrical with regard to 
a vertical plane perpendicular to the plane of displacement, so that 
the centroids, G, H, H , of the body and of the masses p V, p V are 
in the same vertical line. 

Then, if the body is displaced through a small angle 0 about 
y ontal axis in the plane of symmetry, the total moment 
about G of the forces tending to restore equilibrium is 

gp (Ate — V.HG)0 + gp' (A'te- - V '. H'G ). 0, 
or gpV.GM.0 + gp'V'.GM'.0, 

in which the positive direction of GM, GM' is upwards. 

The equilibrium is clearly stable if M and M' are both above G ; 
but if M' is below G, for stability we must have 

pV.GM>pV'.M'G } 

or p (Ate - V. EG) > p (V. H'G - A'k' n -). 

90. Heterogeneous liquid. Surface of buoyancy for a solid 
floating in a liquid of variable density. 

Consider first the case of a body floating in a liquid formed of 
1 aye re of different densities p u p 2 ...p n in descending order. 

Let v n denote the total volume of the solid immersed below the 
upper surface of the layer of density p n . 

As in Art. 78 let z = c be the original water line section, and 
let z = c 4- lx 4- my denote the plane in a slightly displaced position, 
then we have 

\piVi + (p* - P \) y 2 + Os - p 2 ) V 3 + 4- (pn - Pn- 1 ) V,,} (x - X 0 ) 

= Oi^l + (po — p,) U 2 + ... + (pn — Pn- 1) «») l 

+ \pA 4* 0- — Pi) ^2 4" • • • 4" (pn Pn— l) ^n} > 

and corresponding equations for (y — y 0 ) and (z — z 0 ) when (ay,, y 0 , z„), 
(a?, y, z) are the centres of buoyancy in the two positions, and 
Or, hr, h r denote 

1 1 * X- (lx dy, JJ xy dx dy, f | y- dx dy 

taken over the corresponding section. 
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and 


Proceeding to the case of a continuous fluid wo get 

M (x — a\,) = A l + Hm, 

M(y - y 0 ) = HI + Bin, 

M (z - z 0 ) = \{Al°- + 2 Him + Bin 1 ), 


where 


M = p x i\ + j vdp 

fn 

= piVx + [pv]\' - I pdo 
= [ pdv, 

J n 


and 


A = />,«, + J a dp 

= pndn + f pda, 

J » 

and a like expression for B, the suffixes l,?i referring to the top and 

bottom sections of the immersed solid, v n being in this case clearly 

zero, and a n is also zero except when the solid has a flat bottom. 

The surface of buoyancy is obtained from three equations as in 

Art. 78, and, in the special case in which H = 0, and the origin 

is at the equilibrium position of the centre of buoyancy, the equa¬ 
tion becomes 

2 z = Ma*/A + Mif/B, 

and the metacentric heights are A/M and B/M. 

91. Solid floating wholly immersed. 

In this case we have similar equations, with 

M = j" P dv, and A = f"a dp or (p„a n - p,a,) + f p da, 

there being no displacement of the centre of buoyancy with a solid 
immersed in homogeneous fluid. 

92. Examples. (1) Cone of semiangle « vertex downwards. 

If : v is tlie distance of a section from the vertex 0, we have 
• * a = Irrar 1 tan 4 a, 

. \ da — ircA tan 4 a dx. 

Aho dv= rrA- 2 tan 2 a dx , so that da=.v tan 2 a dp, 

and A/Jf=* fpda/jpdv = tan 2 af.rp dv/jpdv 

=.r tan 2 a, 

’i H the ^ ° f 5? Centre 0f bUOyan0y ab0 '- e and «"» the height 
of the metacentre above 0 is .f sec*a. ° 
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(2) Paraboloid oflatus rectum 4>, vertex downward*. 

Here a = \ir t<?x 2 , da=hn l 0 2 xdx. 

Also do=n l 0 .vdx y so that da=\l () dv, 

and A /J/= j pcla/jpdv = \ / 0 . 

(3) Cylinder with axis vertical. 

Here a =constant, so that A /M = p„ a H / Jf. 


93. Potential Energy. The theory of the stability of the 
equilibrium of floating bodies may also be based on the principle 
of energy and we proceed to the treatment of the subject from this 
point of view. 

To find the work done in inserting a body in a sea of heavy 
liquid; neglecting the alteration in the level of the liquid , and the 
disturbance caused by the insertion of the body. 

If a vertical prism of cross section dxdy cuts the boundary of 
the body in contact with the liquid in elements dS u dS,, at depths 



z lt Zo t at which the pressures are p u respectively, and 0 X , 0, are 
the acute angles which the normals to dS 1} dS 2 make with the 
vertical; then the work done against the thrusts on these elements, 
as the depth is increased by a small amount dz, is 

( Pl dS , cos 0 , - p 2 dS 2 cos 0 Z ) dz = ( p x - p,) dx dy dz. 
Therefore the work done in placing the body in the position under 

consideration 

p x dz — I p.dz 


= 2 \dxdy 



= 1^dxdy pdz\ 
\ * *2 / 



pdxdydz 


(1), 


where the integration extends to the volume immersed. 
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If the liquid be homogeneous p = gpz and the work done 



JJj zdxdydz 


= gp Vs, 

where V is the volume o'f liquid displaced, and z the depth of its 

When a body floats in a liquid it possesses potential energy in 
virtue of the work that has been done in placing it in the liquid; 
and ,f the liquid be homogeneous, and G, H the centres of mass of 
the body and of the liquid displaced, and £ and 5 their depths, the 
measure of the potential energy of the body may be taken to be 
OP — 0> or, when the body floats in equilibrium, gpV. HG*, 


94. To find the work done in turning a floating body through a 
small angle 0 about any axis in the plane of flotation. 



let 2 T 0f u r0tatl0n - ^.vertically downwards, and 

let the plane xOz contain the centre of mass G of the body and the 

centre of buoyancy H. Let the co-ordinates of H and G be (i 0 -1 

and °> t) respectively, so that in equilibrium * = f. ' ( ~ 

liquid thC initkl P ° Siti0n the P ° tential enCTgy due t0 the displaced 

= gp Vi or igp // dxdy. 

T urn the body about Oy through a small angle 6 and let the 
axes Ox, Oz move with the body, B the 

The length to the surface of the prism of cross seeKm, 1 
immersed in the liquid becomes * + * tan 6 = z + xff, and the dtpS 

ia Which the occupied by 

h-e body is at .helve, ^ 7^* “oi £ ,“*• ^ -ass !' 
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of its centre of mass is {z + x6) cos 6\ therefore the increase in 
the potential energy due to the displaced liquid 

= i 9pff(* + xd )’ ( X “ f") dxdy- 4 gp jjz- dxdy 
= i9P& 2 11 -^) dxdy + gp6 JJ xz dxdy. 

But the loss of potential energy due to displacement of the body 
= 9pV (£cos 6 + £sin 6 - 0 = - J gp 6-V£ + gpOV 
therefore the total gain in potential energy is 

E = \gp6- f J (x* - 0 dxdy + ±gp6- F? 


= ig P e*(Ak*-Vz+ VO 

= l?gp&- (Ak- — V. HG) .( 1 ), 

where A is the area of the surface section of the bod)’ and k is its 
radius of gyration about Oy. 

From this it follows that the equilibrium is stable if Ak->V.HG , 
and that the restorative couple is 


rl 7? 

= g P 8 (AlX- V.HG). 


95. If the volume of liquid displaced be constant, and if the 
vertical through the centre of buoyancy in the displaced position 
intersects HG in M, then M is called a metacentre*. 

The analytical conditions for the existence of a metacentre are 

jj (z + xO) dxdy = JJzdxdy, or jjxdxdy = 0, 

i.e. the axis of rotation Oy must pass through the centroid of the 
surface section (cf. Art. 52); and, since the new centre of buoyancy 
must be in the plane xOz, 

JJ y (z 4- x0) dxdy = 0; 

but JJ yzdxdy = 0, fj xydxdy = 0, 

i.e. the axis Oy must be a principal axis of the surface section. 


* Some writers use the word metacentre in a less restricted sense, taking it to be 
the point where the shortest distance between two consecutive nomals o 
surface of buoyancy intersects one^of these normals. Cf. Appell, Traiti 

nique Rationnelle, Tome in. p. 197. 
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ir 


In this case it is evident that it M is above G the couph 
formed by the weight of the body and the 
resultant liquid pressure tends to restore equili¬ 
brium and 

= ypV.GM.0 
= gp V(HM — HG) 0, 

HM = A/•'*’/ V\ and the equilibrium is stable 
or unstable according as M is above or below (J. 

Since the metacentre is the intersection of 
consecutive normals to the surface of buoyancy, 
there are, in general, two metacentres, cor¬ 
responding to displacements in the two planes of principal curva¬ 
ture of the surface at H\ and HM is a principal radius of curvature 
ot the surface of buoyancy. 

96. Bodies under constraint. The case of a floating body 

constrained to turn about a fixed hor izont al axis may be treated as 
in Art. (94). 

If On is the fixed axis, and <f,,, ?) (.7-. y,i) are the co-ordinates 

of G and H respectively, and 11 ' is the weight of the body, the 
condition of equilibrium is 

9? Vx = W(. 

And if the fixed axis of rotation is i n the plane of Hotnt.i,,, , 
and the body is turned through a small angle 0, the increase in 
potential energy due to the displaced liquid 

~ h9pQ 2 (Ah? - Vz) + cjpd Vr, 
and the loss due to the displacement of the body 

= -£ 0 - irf+^irf 

therefore the total gain in potential energy 

= jsgpfr(Ak'-~ Vz) + i0> irf. 

And the equilibrium is stable provided 

A^>Fc - I VQgp. 

97. If the ax^of rotation 0' bo aJuiokjrtM, and wo take its 
projection on the plane of dotation fiToym^lupposo tho axes 
o move wi h the body as before, 0 descends a distance J/itf-. and 

e increase of potential energy due to the displaced liquid ' 

= yp fl ( * + ** + ih0*y { l-mdxchj~hjp fjz'd.rdy 
— h ( JP Jj(x-6- — \z-0- 4 - zh0- + 2x20) dxdy 

= hgp0-(Ak-- Vz+ V/i)+gp6Vx, 
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and the work done by gravity on the body 

= ir {£(1-40=)+ + -a 

therefore the total external work done 


= ±gp6> [Ah- -V(z- h)} + 4 1b0= (£ - h), 



where A is the area of the surface section and 4 is its radius of 
gyration about the projection of the fixed axis on the plane of 
flotation. 

The condition for stability is 

AV>V(z-h) -—(?-/()• 


98. Heterogeneous Liquid. To find the work do ne in turning 
a hodg, floating in heterogeneous liquid, round any line in the plane 
of flotation. 

Take axes as in Art. (94) and, using the same notation, we may 


write p =f (z)\ but dp=gpdz, 
.'. P = g{f(z)-f(0) J. 

From Art. (93) the work 
done in inserting the body in 
the liquid in any position is 
ffjpdxdydz, where the inte¬ 
gration extends to the volume 
immersed. \\ hen the body has 
been turned through a small 



angle 0 this becomes 

jjjp'dxdi/dz+jjj v’dxdxjdz, 

where p is the new pressure at the element dxdydz, and the fimt 
integral is over the same range as before, while the second refers 

to the wedges AO A', BOB . 
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Now p' = f f {/(* - 4*tf= + .rtf) -/(()>; 

= P + f J (r0 ~ h s ^)f (*) + &•*&/"(£): 

P dxdydz = J fj j/> + gOxp - 4.1/tf 3 - a* ^ /p ) |r/.i'r///r/r. 

In the integral pertaining to the wedges s is everywhere ^.rtf.and, 

retaining only the first power of 6 in the above expression for » 
we have 

i>=!i\f(z)-f(o ) + .r.ef'u)\ 

= 9W(O)+:,-0f(z)l 

p' (h = 9 ! - (0) + .rtf/(0) - x»/(- ,6 )| 

= (0) = >,gp„x-e\ 

1 he re fore the work done against the pressures of the Ihpiid in 
making the displacement, being the increase in potential energy, 

= <70 (fI xpd.rdydz - ifld-JIf(zp - a? (l £j d.rdpdz 

+ i9p,i9-Jj a? dxdy, 

but the weight of the body does work 

IIU(l-*0=) + f0-f), 

whore, as before, (f,0, f) are coordinates of G the centre of mass 
01 the body, and 

W ( ~ Wx = gfff x p dxdydz, 

■ ■■ the total external work done in making the displacement 

= ** {Wf * (lxd,J + * .Iff *“- II -(5 - ?>)■.. , ( i >. 

„,.,P A ‘ S , tlle aleaof the scctio11 «t depth z and h its radius of 
gj ration about its intersection with the plane » 0 * we <r t i 
integrating the second integral by parts, *'*’ 

1(, W ,+ [.<7M*=]‘-<7 jp~(AI,:)dz- W. 7/g| 


4 tf 3 - 


’water line 


9PiAA'+g\ pj g (Alfi)d s -II \hg\, 

lowest level ~ J 


“,;tr —— Hr. 

Tl * ■ *■«)' «>*bl« if «l,« i, 
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99 . For a metacentre to exist, the mass of liquid displaced 
must be constant, and the vertical through the centre ol buoyancy 

must intersect HG. 

The condition of constant mass is expressed by 


/' 0 + * 



or 



or 


0) dxchjdz + [J p„ x6 dxdy = (///' (*) dxdydz, 
p + x 0 dxdydz + po6 Jf xdxdy = lffp dxdydz. 

Iff xff-dxdijdz + p 0 |J xdxdy = 0. 


And the second condition reciuires that 


Iff/' (.2 + xd) ydxdydz + p$\f xydxdy = 0 , 


but 



f ( 2 ) V dxdydz = 0; 


the condition becomes 

t 

fjfxy fjl dxdydz + p„ff xydxdy = 0 . 

Both conditions are satisfied if there is symmetry about the 
axis of * or if all horizontal lines in the plane yOz are principal 
axes through the centroids of the corresponding horizontal sections, 

SO that at all levels 


xydxdy = 0 and ff xdxdy = 0 . 


When these conditions are satisfied, if M is the metacentre the 
restorative couple^ ^ ^ 

= e | gp,A ,Av + a J P ffz (Ak ' ] dz ~ w ■ HG 

. ■. W.HM = <J j PiAtf + fpj s ( A ^ dz \ ’ 
where the integration is from the lowest level to the 
section. 

, lwl \ n f Art ( 93 ) is true, whether the bor y 

jzxzzzrsx* -■ z s 

ZpL (““‘“a ” 4 ” —'<»•' An - ,0 ”' 
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we infer that the results obtained for a homogeneous liquid are 
also true whether the body bulges out beneath the liquid or not. 

101. Body completely immersed. A bod// floats completely 

immersed in het erogeneous liqu id, to 

find the work d one in turning it through 

a small angle about any horizontal 
« 


a.ris. 


/ 


/ o/ 

"M 1 7/- 


l ake Oy for axis of rotation as 
before, and Ox, Oz fixed in the body, 
and let h be the depth of Oy , and 
p =f (depth) so that 

P = 9 \f(z + h)- f(0)} 

m the equilibrium position, and in the 
displaced position 

P = 9 \f(z -hz0- + h+ .c0) -/(0) j 
= P + 9 (x0 ~ i zfr) p + k& 

;uh! th, work done against the pressures of the liquid in turning 
the body through a small angle 6 round Oy h 


W ~ P ) dxdyds 


[Art, (93)] 


= ffOfJf.rpd.rdych + iffPjjf ^ d-cdydz, 

where the integration extends to the whole amount of liquid 

displacement"' ^ by the wi « ht of ^ody in the 

= ^!fa-^) + fd-fj, 

°’ ° are CO ‘ 0rCHnateS ° f * the -ntre of mass 

^ Wx — J j J xpdvdydz. 

I herefore the total work done in the displacement 

= i * {,///*£ dxdydz - »'(, _ f,J 

= ’///*“ %ted'jdz - 1 V.HG 

= ^[o\-Ak?^dz-W.HG 

B. !L 


i 
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where the integration is from the highest to the lowest point of 
the body. 

102. The equilibrium is stable if the above expression is 
positive: and the position of a metacentre, when one exists, can 
be determined as before. Thus if M is the metacentre the 
restorative couple 

W . GM . 6 or 1 V {HM - HG) 0 = 



ir. HM = gjAk- ^ dz, 

or W. HM = g | A Ap, - AJc„°P» - f p ~ (■Ale 1 ) dz |, 

where A lt p x and A 0 , A* 0 , p 0 refer to the lowest and highest 
horizontal sections of the body, and the integration is from the 
highest to the lowest point. 

If the solid is not Hat at either its highest or lowest point, 
we may write 

HM =Jp-^ ( Ah ‘) dz / Mass ’ 

where the integration is from the lowest to the highest point ot 
the bodv. 

103. Potential energy stored tip by the immersion of a solid 
in a liquid. 

If a solid body be immersed in a vessel containing liquid, work 
is done, and therefore potential energy is gained by the elevation 
of the centre of gravity of the liquid. 



Let , be the depth of liquid, , the depth of 
id, X and if the corresponding areal sections of 
. solid. V the volume of liquid, and V of the immersed poitmn 


solid, X am 
the solid, V 
of the solid. 


POTENTIAL ENERGY 


.90 


Then, 


l.r—j A x dx — f Z'(x — z + z')dz, 

• *> Jo 


and the increase of potential energy is the variation of the expres¬ 
sion (jpVx, due to an increase hx in x. 

Taking gp = \, this variation 

, = XxBx - (Bx - Bz) V' - (x - z) ZBz - Zz Bz, 

and, observing that 

v= il x ' dx '-!‘/ ch '- 

and therefore that 

XBx = ZBz, 

the variation = V' (62 - Bx). 

This result can of course be obtained at once by observing that 
I is equal to the resultant vertical pressure on the solid, and that 
“ ix ls the descent of the solid due to the ascent Sx of the liquid. 

101 Potential energy where a body floats in liquid contained in 
(t cylindrical vessel. 

Take the zero of reckoning to be the undisturbed level of the 
hqu.d in the vessel before the body is immersed. Let B be the 
cross-section of the vessel and 8 the water-section of the body when 
floating. Let V, be the volume immersed in the equilibrium 
pos't.on . takrng y p = 1 , F, also denotes the weight of’the bod " 
Let V be the volume immersed in any other position. In this 
atte r position the level of the water is raised a height VIB so that 

we StThas 1 ° ya "J U d<?pth P bel0 "' the *"»'level a 
Vp l VV2B h 7 la T a l * ght P + V/2B and the work done is 

V *q+Vp+V*/2B. 

the To i'u me £ £ £ Tody if” £** 7 of 

Vp “ + * where > P rovided that v issmalh f =T4°_ VIB ““ 

Then the potential energy is 1 V ‘ B ' 

= V.(5 + p 0 ) + v (t _ z?+i!\ (V 0 + vf 

B ) 2]] 

. = K£+i^(g-I) + constant, j 
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where £ denotes the vertical distance between the centre of buoy¬ 
ancy and the centre of gravity. 

105. Example. A cylinder floating in a cylinder. 

Take the origin 0 at the centroid of the base 
of the floating cylinder, which is of area A. Let 
the plane of the surface of the liquid be 

lx + my + nz = p, 

where l , m, n are direction cosines of the upward 
vertical. 

Then V 0 = Ap/n, and the projection on the up¬ 
ward vertical of the line OH 0 , where H 0 is the 
equilibrium position of the centre of buoyancy, is 



p- j J {lx + my + A nz) zdxdy 


y j j $(p + lx+my) ^ (p-lx-my) dxdy 


= 2~|7 J J {p 2 - ( lv + m Uf) dxd 'J 


= — {Ap*-(al i +(3m*+2ylm)}; 

ZH * o 

where a = j\x-dxdy, (3 = jjy*dxdy, y = \jxydxdy integrated over the cross- 
section. 

Also, if a, b , c are the co-ordinates of the centre of gravity G of the body, 
we see that 

V n C = 1 r „ (la + mb + nc) — { Ap- - ( at 2 + 0 w* + 2ylm)} 

and S=A/n , so that the potential energy is 

1 


ir 2 

A Q - 2 j) + V « (la + mb + nc) + ^ («** + frn* + 2ylm) - A + const. 

Suppose, for example, that a = b= 0, so that G is on the line of centroids 
0;, and write V 0 =A/i so that h is the draught in the vertical position ; then 

the potential energy is 

^ +\nAh ( 2 c-h) + ±(aP + 0m* + 2ylm). 

In the case in which the cylinder is nearly vertical we put n=l -A(^ + m-) 
approximately, and the coefficients of l 2 and in- become 

h{a-$A/i(2c-h)} and A {0-A Ah (2c—A)}, 
so that for stability we must have bAh(2c-h) less than the least moment o 
inertia of the section. 

If. further, the section is a circle or any form for which y-O, the 

the potential energy in a position in which the axis makes an angle 6 with 

vertical is 8 s n s q 

A v 2 - 5 ) + 4 “s 6 Ah ( 2 c - A) + A « • 
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Taking the volume displaced as constant, we put <•=(), so that for equi¬ 
librium in an oblique position we must have 

- Ah (2c — h) + a (2 + tan- Of — <>, 
which gives a real value for 0 , when 

id/< (2e-//)>«, 

i.e. when the vertical position is unstable. 


EXAMPLES. 

1. An inverted vessel formed of a substance which is heavier than water 
contains enough air to make it float ; prove that, if it be pushed down thron-h 

a certain space it will be in a position of equilibrium which for vertical dis¬ 
placement will be unstable. 

V l^'^b'doid, bounded by a plane perpendicular to its axis, float 

with its axis vertical and vertex immersed, the height of the metacentre above 
the centre of gravity of the displaced liquid is equal to half the latus rectum. 

7f;\K ' ?' A f CO,, f’ wll0s0 1 vc, ' ti ^‘ 1 a "S le is AO , floats in water with its axis vertical 

;Von - and X th^7; Wa, ‘ d Ti :S - 0W t -;! t , itS n !° 1 tiiee,,t,v »« in the plane of flota¬ 
tion , and that its equilibrium will be stable provided its specific gravity > jjj. 

W;-isosceles wedge floats with its base horizontal, and its edge immersed • 

to tho^dV ’f stable for displacement in a plane perpendicular 

t the edge, if the ratio of the density of the wedge to that of the fluid is •neater 
than the ratio cos 4 « : 1; 2« being the angle of the wedge. * 

Vr>. A closed cylindrical vessel, quarter-tilled with ice, is placed floitin- in 
of hV' l ltS a K S . vert,cal : tlie "’eight of the vessel is one-fourth of the weMit 


V, 7 


ends fl^tVil^d by - tm ! ciK " hr 


J r 


or ‘r oqual ares ° f 

parabolas, so that the sid(S of the si o o ’. “TV 1 vcrtox ot ‘ two 

floating upright with its keel at a depth },/ IW tint the heiTt V}\ ^ '* 
centre above the keel is 1 e tn ‘ lt “eight of the meta- 


(i + ¥) ■ 


in of it U in„„e,,ed 

may le constant, whatever he the height of the^S ''“ d ' 6 met - u ' e " trc 

vertex penetrating tSe 't too f h f n T to re *t without its 
brium may lie stable. ' ’ th ° dens,t 3’ the cone that the equili- 
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If the floating solid be a cylinder , with its axis vertical, the ratio of 
whose specific gravity to that of the fluid is o-, prove that the equilibrium 
will be stable, it the ratio of the radius of the base to the height be greater 

than {2<r(l-«r)} 4 . 

1 L A p araboloidal uniform shell floats with its axis vertical and | immersed 
in water when filled to a depth {- of its axis with a fluid of density 5. Shew 
thatfche equilibrium is stable. 

12. A vessel in the form of a p araboloid_ of revolution contains water, and 
rests with its vertex oiy the highest point of a fixed rough sphere ; find the 
condition that the equilibrium may be stable. 

13. If a cylindrical shell without weight contain liquid and float in another 
liquid, shew that the equilibrium will be stable, unless the ratio of the density 
of the internal to the external liquid is less than unity, and greater than half 
the duplicate ratio of the radius of the cylinder to the depth of the internal 
liquid. 


14. A hemispherical shell, containing liquid, is placed on the vertex of a 
fixed rough sphere of twice its diameter; prove that the equilibrium will be 
stable or unstable, according as the weight of the shell is greater or less than 
twice the weight of the liquid. 

15. A solid of revolution floats with its vertex downwards, determine its 
form when the position of the metacentre is independent of the density of the 
liquid. 

Iff. A conical shell, vertex downwards, floats in unstable equilibrium ; how 
much water must be poured in to make the equilibrium stable ? 

17. A sohd cone is placed in a liquid with its axis vertical, and with its 
vertex downwards and resting on the base of the vessel containing the liquid. 
If the depth of the liquid be half the height of the cone, and its density four 
times the density of the cone, prove that the equilibrium will be stable if the 
vertical angle of the cone exceeds 120°. 

Replacing the solid cone by a thin conical shell of the same height, of 
vertical angle GO’, containing liquid, up to the level of the middle point of its 
axis, of half the density of the liquid outside, prove that the equilibrium will 
be stable if the weight of the shell be less than three-fourths of the weight of 
the liquid inside. 

18. A cylindrical vessel, the weight of which may be neglected, contains 
water, and the vessel is placed on the vertex of a fixed rough sphere with the 
centre of its base in contact with the sphere. Find the condition of stability 
for infinitesimal displacements, and prove that, if the equilibrium be neutra 
for such displacements, it will be unstable for small finite displacements. 

19. Find the form of a solid of revolution floating with its axis vertical, 
and such that the distances of the metacentre and the centre <>f buoyancy 
from the lowest end of the solid may be in a constant ratio whatever lie the 

density of the liquid. 

20. A semicircular cylinder rests with its axis vertical in a liquid of twice 
its own density ; if it be moveable about the line of intersection of its \eitua 
plane face with the surface, find the condition of stability. 

\A\. A right circular con e float s. with its ayis homontal in a liquid the 

density of which is double that of the cone, the vertex being “ the radical 
fixed point in the surface of the liquid ; prove that for stability the tcitacai 

angle must he less than 120’. 
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22. A cylindrical vessel is moveable about a horizontal axis parsing t hrough 
its centre of gravity, and is placed so as to have its axis vertical ; if water he 
poured in, shew that the equilibrium is at first unstable ; and find the con¬ 
dition which must be satisfied, in order that it may be possible to make the 
equilibrium stable by pouring in enough water. 

23. A thin conical vessel of given weight is moveable about a diameter of 
its base, which is horizontal, and is partly filled with a heavy fluid ; shew that 
the equilibrium is always stable if the semivertical angle of the cone is < 30 ; 
and if it be greater than this, determine when the equilibrium is stable or 
unstable. 

24. Water is contained in a vessel having a horizontal base, and a para- 
1».>loi«l whose specific gravity is four-ninths that of water, and the length of 
whose axis is to the l.atus rectum as nine to eight, is supported partly by the 
fluid and partly by the base on which the vertex rests ; find the least depth 
of the fluid for which the equilibrium is stable. 

2'). A paraboloidal cup, the weight of which is II’, standing on a horizontal 
table, contains a quantity of water, the weight of which is n II'; if /, be the 
height of the centre of gravity of the cup and the contained water, the equili¬ 
brium will lie stable provided the latus rectum of the parabola lie 

> 2{n +1 )h. 

26. A solid of revolution floats with its axis vertical, and is sunk to different 
depths by placing weights at a fixed point on its axis. Find the form of the 
solid that the equilibrium may always he neutral. 

27. A s plid _c one whose axis is vertical and vertex downwards is moveable 
ah£ut an axis coincident with a__generatingline; to what depth nT^TtT.e 
system he immersed in water, in order that the equilibrium of the cone may 


28 A solid of cork bounded by the surface generated by the revolution of 
a quadrant.of an ellipse about the axis major sinks in mercury up to the focus 
the equilibrium lie neutral for small angular displacements, prove that 

2e 4 + 4e 3 +2e s — e-2=0. 

29. A s oli L l _ dme ^whose vertical angle 2a is less than GO', is moveable 
a >out a smooth straight wire through its centre of gravity perpendicular to 
ts axis. If the wire ,s held in the surface of a liquid, prove that the cone w H 

at theViSi rin^(2ri!; a) eqUlh,,l ' ,U,n * i,ldined *" horizon 

l-oZd i" tuniins * H through * .small 

as SSSS5S5SS ^ 

31. A paraboloidal cup, whose latus 1 x 20111111 i* 1 

mass is at a distance from the vertex eou il t,> 9 , " <1 . w,10sc ^“tre of 

densities <r and p (<r>p) ; prove that the w n-b- ’ ^. oa V s ,n two liquids of 
through a small angle 6 about a horizontal axis is "**'""* t0 tum the l, ody 

jirugtf (/< 3 (o— p) + (A +A’)3 p}i 

where /« arc the lengths of the axis immersed in the fluids. 
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32. A right-angled isosceles triangle floats vertex downwards in a fluid 
with its base horizontal and £ of its area immersed, so that its centre of gravity 
and metacentre coincide. Determine whether the equilibrium is really stable 
or unstable. 

33. A solid in the form of a paraboloid of revolution floats with its axis 
vertical ; if the centre of inertia coincides with the metacentre, prove that the 
equilibrium is stable. 


34. The solid formed by a portion of ry-=z (a- — .r 2 ) cut off by a plane 
parallel to that of xy floats in a fluid of n times its density ; prove that, if it 
is in neutral equilibrium for small angular displacements in any vertical plane, 


2 5 o 2 

,l * = 1+ 87’- 


35. An isosceles triangular lamina ABC floats with its base AB horizontal, 
and above the surface, in a liquid, the density of which varies as the depth : 
if h be the depth of C below the surface, the height of the metacentre above 
C is 

i h sec- —. 


3(5. An elliptic lamina floats half immersed, with its transverse axis (2a) 
vertical, in a liquid, the density of which varies as the square of the depth ; 
prove that the depth of the metacentre is 32ac 2 /15*r, e being the eccentricity. 

37. A right circular cylinder of radius a rests in a liquid with its a.'fis 
vertical and a length c immersed. The density at a depth z being (f> (z ), shew 
that the depth of the metacentre is 


f z (f> (z) dz - (f> (c) 

I o 



38. A paraboloid of revolution floats with its axis vertical and vertex 
downwards in a liquid, the density of which varies as the depth ; the equili¬ 
brium will be stable or unstable, according as 4c is less or greater than 
3 (m +«), where c is the length of the axis, a the length immersed, and m the 
latus rectum of the generating parabola. 

39. An oblate spheroid floats half immersed, with its axis vertical, in a 
liquid, the density of which varies as the square of the depth ; prove that the 
height of the metacentre above the surface is 

5 a- - 6* 

8 b ~ * 


40. A solid paraboloid of revolution floats with its axis vertical, vertex 
downwards, and focus in the surface of a liquid, the density of which a ic 
depth 2 is u (a+z ), \a being the latus rectum of the generating parabola , 
prove that the distance of the metacentre from the vertex is tfa. 


41. A homogeneous cone floats with its vertex downwaids in a.liquid 

whose density varies as the square of the depth ; if the ? f , ‘^/“he 

he equal to that of tl.e liquid at a depth equal to a fifth of the height of fie 
cone, the vertical, angle, when the equilibrium is neutral, is gnen by th 

equation 

C0S 2 n = !(»)*. 
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42. A solid paraboloid of height // and latus rectum 4// is in equilibrium 
in a vertical position, with its vertex downwards, and is moveable about its 
vertex, which is fixed at a given depth c below the surface of a liquid, the 
density of which varies as the depth ; prove that the equilibrium is stable if 
the ratio of the density of the paraboloid to the density of tin* liquid at the 
depth of its vertex is less than the ratio of r ri + 4oc- to 4/< :i . 

43. A right circular solid cone of semi vertical angle « floats, wholly 
immersed, with its vertex upwards and axis vertical, in a liquid the density 
of which varies as the depth. If h is the height of the cone, and 6 the depth 
of its vertex helow the surface, the distance of the metacentre from the vertex 
is equal to 






C -»A • •/ # 


3 . r>& + 4 h - h tan- a 
5 '* 46 + 3/i 


44. A cylindrical tub of sheet iron of uniform thickness, of radius « feet 
aud weight »• pounds, floats upright in water ; shew that its centre of gravity 
cannot be higher above the lower end than 


}>• 

3J)3«- + 


49// 1 


Prove also that, whatever be its weight, its metacentre is always more 
than *ta feet above the lower end. 


4a. A cylindrical cup is made of thin uniform sheet-metal ; the cup has 
a circular section, a flat base and an open top ; its length is 4i times the 
radius of the base, and the weight of water which would All the cup is II'. 
Prove that the cup cannot float in water in stable equilibrium with its 
generators vertical, if its weight is between f-029) IP and (-871) IP. 

If the weight of the cup is j> IP, it can be steadied by pouring in water, so 
as to float with its generators vertical, provided that the weight of the water 
poured m lies between ] IP and : i IP. 


4f». A plate of density o-, in the form of a parabola, of latus rectum 4«, 
bounded by a double ordinate at a distance h from its vertex, floats in a liquid 
ot density p with its plane vertical ; shew that if 

3 /< (1 -*) > 10 //, 

and !• (1 ~ *c) + :>« > [5 k /, [3/, (1 - *) - 1 Do{]■-', 

there are two positions of stable equilibrium, in which the axis makes with 
the vertical an angle 

where K ^—a-jp-. J 


4f. A body floats freely in two liquids of densities p and P + a The areas 

and ' X ° f th f b * V the f,ee a ” d tl/common surface are a 

and n and their centres of gravity are C and C\ Prove that, for a slight dis¬ 
placement, the mass of the fluid displaced will be the same, if the axis of 
rata .on he in a vert'cal pkne dividing CC' in the ratio ofV/i:pA?oi 

CT (1 a 1 !-A ) , O (1 let — 1 • si Y nppnr^nirr ao tKo _ • r* •. ' . 


/i f i /V, / V uc V. LU 1,1 ™tio of (r/a :»/<,' or 

. ( l /a 1 Vll' pln ~~ l /A J' accord,n S as the liquids are infinite or enclosed 
m a \essel the areas of whose sections by the planes of a and a' are A and 1' 


■d, 1A ? T r - ,S S”™"? of , two °q«*l and similar ships united along¬ 
side one another and similarly loaded. Shew that, if d is the height of the 

metacentre above the centre of gravity in the case of the separate shim for 

lolling, the height m the twin ship is d+b 2 A/\\ where A is the area of tin- 

fte medwjlinc’s. tllC V ° IUmC inm,erscd of eitllCT . «» d 2/< the distance between 
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49. Prove that the equilibrium of a prismatic bodv with vertical sides 
near the water-line, which is so loaded that its centre” of gravity coincides 

with its metacentre for displacement by rotation about a line parallel to its 
edges, is stable. 

. i>0 - frus tum of a cone , semivertical angle a, floats in a liquid of twice 

its own density. Shew that it can float with its axis inclined to the vertical 
and the end of greater diameter outside the fluid, provided 

cos a >(R 3 + >-3)3/2* ( R* + 
where R, r are the radii of the ends. 

51. A closed frustum of a thin conical shell, whose weight may be neglected, 
floats in homogeneous fluid and contains another heavier homogeneous fluid. 
Shew that, whichever end of the frustum be immersed, the condition of 
stability when the axis is vertical is that 

h ~ fri + >•■>) (r{- + r.f) - r 3 r 3 ’ 

where h is the length of the axis immersed and l of the part of a generator 
immersed, r is the radius of the immersed end of the frustum and >-, and >- 2 
are the radii of the internal and external water-lines. 

52. A solid culje floats in liquid with a diagonal vertical. Shew that for 
all angular displacements the equilibrium will be stable or unstable, according 
as the section of the cube by the plane of flotation is a hexagon, or a triangle. 

53. An ellipsoid floats in a liquid of double its specific gravity. A small 
couple in a vertical plane acts upon it and keeps it in a slightly displaced 
position ; prove that the intersection of the plane of the couple with the 
surface of the fluid and the axis round which the ellipsoid has revolved, are 
conjugate with respect to the focal conic in the plane of flotation. 


54. Shew that, if the position of a floating body be unstable, the centre of 
gravity being over both metacentres, the fixing of a line in the body in the 
plane of the water surface gives a stable position for rotation about the line 
if the line lie outside a definite ellipse. 


b^T>5. If a solid homogeneous cone float in stable equilibrium with its axis 
vertical and base unimmersed in a fluid of which the density varies as the «th 
power of the depth, prove that the semivertical angle must l>e 


> cos 


2 fk 

:OS ViTTi V 


where // is the height of the cone and h is the length of the axis immersed. 


56. A heavy homogeneous cube is completely immersed with two faces 
horizontal in a fluid whose density =k times the cube of the depth. Prove 

that the metacentric height is where M is the mass and a the length 

& 120 M 

of an edge of the cube. 

57. A thin vessel in the form of a right circular cone, whose weight is 
negligible, floats with axis vertical in liquid whose density is n(<t + z), : being 
the depth below the surface and h the length of the axis immersed. Prove 

that, if it contain liquid of density /x' + , the equilibrium will be stable 

provided 

4 / n'\ •’ 4 a 4- h 




5« + h ’ 
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58. A long portion of a homogeneous heavy parabolic cylinder, bounded by 
two planes perpendicular to the generators and one perpendicular to the axis 
of the generating parabola, rests with its axial plane vertical, and lowest 
generator in contact with the horizontal rough base of a vessel, into which 
liquid is poured, which settles so that the density varies as the «th power of 
the depth. The depth of the liquid is h ; the height of the solid is *■, (>/<); 
and 4 a is the latus rectum of the generating parabola. Supposing that the 
condition of flotation is not reached, shew that for stability the ratio of the 
density of the solid to that of the lowest stratum of liquid must be less than 

45 r (« + l) //A * h 
8 ^ ^n+1^ V*- \j.J 34 .__ 10a ’ 

while 15 h > (2 n + 5) (3/- - 10a). 

51). A uniform solid right circular cone of density o- and vertical angle 2a 
floats with its vertex downwards and its base above the surface in a fluid 
whose density varies as the wth power of the depth, and is p at a depth equal 
to the height of the cone. Shew that in the vertical position the equilibrium 
is stable provided that 

(1 + a) (1 + £>i) (1 + &h) J>(1 + in)" + 3 cos-" +,i a ; 

also that there is equilibrium when 0 the inclination of the axis to the vertical 
is given by 

<i+«);i+M(h-a»)- 

P 

= (1 +i»)- +3 cos 3 a sec" + 3 0 (cos 2 0-sin- «)’*+ a. 


GO. A cube, whose edge is «, floats with two faces horizon til, a length l of 
the vertical edges being under water. Shew that the work done in turning the 
cube through a finite angle 0 about an axis parallel to one of the horizontal 
edges without altering the volume of water displaced or immersing any Dart 
of the upper face of the cube is 

N’ljjjjSin 0 tan d-(a-l) sin 2 
where IP is the weight of the cube. (See Art. 105.) 


GL A ship contains water in its hold and floats in the sea. A solid is held 

awei^ht ! n lf'u S ? d ,n . the M hold , , 0’ a machine on land, so as to displace 
a wei e nt «> of water ; it is then depressed so that a small extra length Sr is 

SEES w m that the * in in the 


f-^(s+D}^ 


thp C wJI 1S th r of , t !\ c shi P and the contained water, A is the area of 

Z font CiS that ° f thC 8hi * and * is the ™ of 


62. If a ship in the form of the paraboloid x*la + y-/b=2: floating with 

W ,?f It '; crt,ca1 ’ * di ¥ aced th ™'« h * finite igleVabout an Sn the 

It Lrk do“r S ° that ^ V ° 1Ume di3 P Wd re “ a '" s «'e same, prove thl? 

OP J r {/>sin0-rf(l-cos0)}, 

", ei * p is the Iterpeudicular distance of the axis of rotation from the axis oft 
tfwS&rfSr be ‘ We ” thC -d centre *£££& 
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63. Show how to determine the effect on the trim of a ship of the displace¬ 
ment of a weight small compared to the total weight: prove that, if the dis- 
placement l>e across the horizontal deck in a direction making an angle 6 with 
the medial line, the resulting slope of the deck is such that the line of greatest 
slope makes an angle tan -1 (m tan 0) with the medial line, where m is the ratio 
of the metacentric heights. 

64. A log of square section floats in water with the two square faces vertical 
and three of the edges perpendicular to them wholly immersed. Shew that 
there are three positions of equilibrium with a given edge not immersed, 
provided the specific gravity of the substance of the log lies between 23/32 
and 3 4; and that if this condition be satisfied the two unsymmetrical 
positions are stable for rolling displacement, and the symmetrical position is 
unstable. 


65. Shew that a log of square section, floating in water, will lie in an 
unsymmetrical position if its density is between -212 and -281, or between 
•719 and *788; that for intermediate densities an edge will be uppermost, for 
densities outside these limits a face will be uppermost. 

66. A homogeneous body is floating freely in stable equilibrium. Shew 
that, if the body be turned upside down, so as to float with the same plane of 
flotation in a liquid of suitable density, the equilibrium will be stable. 


67. Form an estimate of the effective increase in metacentric height when 
a ship is steadied by a rapidly spinning flywheel. 


68. A wall-sided ship of which any cross-section is a rectangle of breadth 
2 a, floats in the upright position immersed to a depth .v, and the centre of 
gravity of the ship is at a height i/< above the keel. The ship is heeled over 
through an angle 6 and maintained in equilibrium by a couple of moment L. 
Prove that 

L = 11' sin 6 (3 sec* 0 +1) - ^ (/* - x) j , 

where IT is the weight of the ship. 


69. A uniform solid body, in the form of the portion of the paraboloid 
+y 2 /b-=4z/l cut off by the plane z = l, is floating freely in a liquid with 
its vertex downwards. A small weight is placed at the point £, tj on its plane 
base, prove that those points in the plane base which suffer no vertical 
displacement lie on the line whose equation is 


a* — (1 - n) l * { /3 + ft* - (1 - n) 1°-/ 3 
where n- is the ratio of the density of the solid to that of the liquid. 


+ ?t = 0, 
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OSCILLATIONS OF FLOATING BODIES 

106. A heavy body which is floating in liquid in a position 
of stable equilibrium, will, if slightly displaced from that position, 
make small vertical and angular oscillations: it is evident that 
the problem of these oscillations is a hydrodynamic al one, and 
that if we neglect the motion of the liquid the results obtained 
for the periods of the oscillations of the body will only be inferior 
limits to the true periods. As far as the scope of this work 
permits, we can only proceed on the assumption that the inertia 
of the liquid is neglected , and we shall only consider a simple case. 
W.e shall suppose that the body is symmetri cal with regard to a 
vertical plane through its centre, and that the initial displacement 
is parallel to this plane: 

It is evident that the subsequent motions of all points of the 
body will be parallel to this plane , ancTif the equilibrium be 
stable, that the motion will consist of small vertical and angular 
oscillations. 

First let the vertical line through G and H ( CED ) pass 
through the centroid of the plane 
of flotation. When this is the 
case we can consider the vertical 
and angular displacements inde¬ 
pendently of each other. 

Suppose a small vertical dis¬ 
placement ; then the portion CE 
of the body which is raised out of 
the fluid may be considered as a 
thin cylinder. 

Let CE = z , then EG = CG- z, and the force downwards on 

the body = the weight of the body - the weight of the fluid 
displaced 



= 9p A . 
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if be the area of the plane of flotation ; 

dr -. EG 


m 


dt- 


= gpAz , 


m being the mass of the body. 

But vuj= the weight of fluid displaced 
= gp V, V being the volume CD ; 

d-z yA 


v 


z = 0 


is the equation which determines the motion. 

The time of a complete oscillation is therefore 

m- 


2tt 


107. Next suppose a small angular displacement (a) about C, 
then G is raised through a space which depends on a 2 , and there¬ 
fore may be neglected in comparison with quantities depending 
upon a, and if the body, supposed at rest, be then left to itself, it 
will (on the supposition that the equilibrium is stable) oscillate 
about a horizontal axis through G. 

It would in fact come to the same thing if the initial dis¬ 
placement were about G, as the point C would move sensibly 
(that is, considering small quantities of the first order only) in a 
horizontal direction, and the quantity of fluid displaced would, as 
before, remain unchanged. 

If M be the metacentre, the moment of the fluid pressure 
about G 

= gpV. MG. sin 6, 

and tends to diminish 6, the angle made by GH with the vertical 
at the time t. 

k-A 


But 


MG=^-a, if HG = a; 


therefore, since the horizontal axis through G is a principal axis, 
we have 

mIO C ^ = ~ffP (k'-A - a V) 8, 

neglecting higher powers of 0, where mK• is the moment of inertia 
of the body about the horizontal axis through G, or 

- d-d (k-A \ „ „ 
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an equation which, when k-A > a V, that is, when M is above G, 
indicates small oscillations taking place in the time 

If G is below H the sign of a will of course be changed. 

It will be seen that the criterion of stability is deducible from 
the result just obtained; it is an obvious condition for an oscillation 
that k-A — aV must be a positive quantity. 

108. Secondly when the line joining H and G does not pass 
through C y the two motions are not independent, but the law 
which defines these motions can be determined as follows. 



Suppose the body to be slightly displaced in the vertical plane 
of symmetry, and then left to itself; and at the time t let 0 be 

the angle made by HG with the vertical, and s = CE the depth 
of C below the surface. 

Let HG meet the plane of flotation in D, 


HG = a, CD = I), DG = c, 


and other symbols as before. 

Then the depth of G = z -f b sin 0 + c cos 0 

= z 4- b0 + c, to the order considered. 

The weight of tiie fluid displaced is the weight of a volume of 
fluid equal to 


and 


aFb + EC, or AFB + EC; 
this weight = gp V+ 9 pAz, 

.■.m d -(z + c + b$) = mg - (gpV + g p Az) 
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Another equation is to be obtained from the consideration of 
the angular motion about the horizontal axis through G, which is 
a principal axis, perpendicular to the plane of displacement. 

The moment of the fluid pressure about G may be divided 
into two parts, the one due to the portion aFb, and the other to 
the portion EC of the fluid displaced. 

The former part of the fluid pressure — gpV acting upwards 
through M the metacentre; and the latter = gpAz, and may be 
considered to act through C the centroid of the plane of flotation. 

The moment, in the direction tending to diminish 0, 

= gpV. GAf sin 0 —gpAz ( b cos 6 — c sin 6) 

— gp (k-A —aV)0— gpAz (b — cO) 

= gp (k^A — aV) 0 —gpAbz , 

neglecting the product of £ and 6 ; 

. •. mK- = — gp (kr. A -aV)6 + gp A bz. 


lz , d 2 9 A A- 2 A 

k 'di =- 9 


-a)0+g 


V "J y 


. bz 


From the equations (I) and (II) we obtain 


(Pz 

dt 2 


+ 


(jA (b- \ gb (k-A \ a 

-7V + K*) z -Kkv~ a ) 6 

gAb _ , g (h?A \„_ 

Ml r- a ) e - 


= 0, 


cP6 

dt- 


VK- 2 + K 


0. 


(II). 


which mav be written 


d 2 z , a A 

dt- + VZ ~ f)n9 = °’ 

( ™-P*+nd = 0 . 

dt- b 


(III). 


To integrate these equations, multiply the second by X, and 
add it to the first, then, 

Xn — bn __ X .(IV), 

assuming . 


rb -Xp b 


we have (z + + ( r — ( 2 + 


and, if A,,X> be the roots of (IV), 

z + Xi 0 = C\ cos 





_ “•} 

2 + X., $ = C 2 cos j/^/ r - \o fit + a. j 

from which 2 and 0 are completely determined. 


(V), 
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The depth of G is given by an expression of the form 

C +A cos (nt + a) + B cos (pt + ft), 
and its motion consists of two distinct oscillations, each following 
the pendulum laws, and compounded together in accordance with 
the principle of the coexistence of small oscillations. 

It may be observed that if two points be taken in the line 

. ’ whose distances from C in the direction CD are A,, \, y then 

at the time t, the vertical depths of these points are z + \6 and 
■2 + X»6, that is, are 


C\ cos 


r \ j t + a, , and G, cos j-y/ 


■ t t + a.. 


and their vertical motions are therefore simple oscillations following 

pendulu “ law - Thls remalk is quoted by Duhamel (Court de 
Mecamque, Art. 152) as due to M. Cauchy. 

Equations (V) represent the -normal modes' of vibration. 

Simplv bvt ^ t the oscillatio ' ls be obtained more 

simply by substituting * = A cos( qt + «), and 0 = B cos (nt + 6 ) in 

equations (III) and eliminating the ratio A/li from the result. 

EXAMPLES. 

only just immersed. 100 “' ld ftnd the condition that it may l,e 

contained iifacyiind'rfcal v^f 1 * If theradi" “ 'fTh'* ° f ‘"i *5° iteo ""' de «sity 
the cylinder, and the cyliXbe dll th ? VCSSel 1)6 do ' lllle «“» °f 

prove that the time of an osciHation^i-Tff ‘ Vmi “ 1 '“»• 

fluid - stw SUrfaC f, floats in „ heavy 

homogeneous fluid it floats. ‘ lgU M 0SC1 at,on 18 the in whatever 

filled' vrHhtSd dS5?aS STSSr f b0Kt a „ h0ri “? taI diameter is partly 
there were no fluid inV " tm ' e ° f a smal > »«cillatipn is the same 3 

its shortest axis vSJrtiml^fiJfdThe time of 1 ^mafl lts “"’ l, s l )e oifi c gi-avity with 
the times of small angular oscillations about the tSJhSbSS^S “ d “ 1SO 

centre of gmvity'at a dlpthl MoTt^surf^- if U°r3 S “ a fl,,id with its 

§ t 


B. H. 


2 - J&r) “ d *r 1 „ , 

V \ 9 J V (3c 8 - a 2 )/ * res P ect iveIy. 


8 
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7. A cylinder makes vertical oscillations in a liquid contained in another 
cylinder, the radius of which is n times that of the former; shew that the 
length of the axis immersed when in a position of rest is 

gt* m 2 ■— An- (« 2 — 1 ), 

where t is the time of a complete oscillation. 

8. A candle of density p floats vertically in still water of density <r. It is 
lighted and the flame is observed to descend towards the water with .uniform 
velocity m, and the velocity with which the candle burns is v : prove that 

v (<r — p) = <Tt>. 

Prove also, that if the flame be extinguished when a length / of candle 
remains, the candle will rise out of the water if v be >\'a-(g/p; but if r be 
< s'crlg/p the time of an oscillation will be 2?r s^pljag. 


9. A right cone is floating with its axis vertical and vertex downwards in 

o o 

a fluid, and -th part of the axis is immersed; a weight equal to the weight of 

the cone is placed on the base, upon which the cone sinks till its axis is totally 
immersed, before rising; shew that 

n 3 + n- + n = 7. 

10. A cone of vertical angle 2a floats in a cylinder of radius a with a length 0«~. 
a of its axis immersed. If it be pushed vertically downwards through a small 
space, shew that the time of an oscillation is 




2 — h- tan 2 a) /* 


11. A vessel, in the form of a paraboloid of revolution with its axis 
vertical, contains a quantity of liquid equal in volume to that of a segment of 
a paraboloid, of the same latus rectum, floating in it: if this be raised till its 
vertex is just on the surface, and if it then sink to a depth equal to 3/4 ot its 
axis before returning, prove that the density of the liquid : that ot the 
paraboloid :: 48 : 7. 

12. A solid cone, of given vertical angle, is supported on an axis, about 
which it is moveable, coincident with a diameter ot its base; if the 

held horizontally, and lowered until one-eighth of the f °' 

vertex downwards, is immersed m homogeneous liquid, find the lati 
densities of the liquid and cone, when the equilibrium is neutral 

If, in the previous case, the axis be not lowered so far as to■ make the 
equilibrium neutral, and the cone be then slightly displaced, find tl 
a small oscillation. 

13. An oblate spheroid is completely immersed in two fluid* the sjjecitic 
.rravity of the lower being twice that of the upper fluid, and floats «ith 
axis vertical, and its centre in the common surface of the fluids. 

' Supposing a small displacement to take place, 1st, in .» ™ l t <£[.'‘'Xf the 
2ndly about a horizontal line through its centle of 0 ia )> 
times of the small oscillations will be respectively 

where « and b are the semi-axes of the generating ellipse. 

14. A homogeneous solid floats completely a depth/<; 

density of which varies as the depth, with its centre of nuity I 

prove that the time of a small vertical oscillation is -rr n t/g. 
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J' 5 ; , A . ,ai ? in f of lulif «i‘‘« thickness, in the form of an isosceles ri-ht- 
and f- u*® acut °. an S 1?s fixed he,0 ' v the surface of a fluid- 

Of a "can" cilkL S :, d iVt' tn ptne”" h0,iZ0,,tal - P, °' e th "“ the 

■ 2ir ‘‘/a/y, 

where « is the length of each of the sides of the triangle. 

M 

16 A solid generated by the revolution of the curve ?/oc a- 2 about tl.o 
axis of a, floats with a portion h of the axis immersed; if the solid be depressed 

through (n H 1 — 1 )/i, it will, on its return, just emerge. 




tte"o°lidT Si '' e " fUnC ‘ i0n ’ 8heW that the to the meridian section of 


# ] >/ J \Anm) ’ 


gravity: it is then depressed throu<dTn^nfnN^ a , T *1 ° f t , wice its 8 l>ecific 

«...».«... 


CHAPTER VII 

PRESSURE OF THE ATMOSPHERE 


109. If a glass tube, about three feet in length, having one 
end closed, be filled with mercury, and then inverted in a vessel of 
mercury so as to immerse its open end, it will be found that the 
mercury will descend in the tube, and rest with its upper surface 
at a height of about 29 inches above the surface of the mercury in 
the vessel: this experiment, first made by Torricelli, has suggested 
the use of the Barometer , for the purpose of measuring the atmo¬ 
spheric pressure. 

The Barometer , in its simplest form, is a straight glass tube 
AB, containing mercury, and having its lower end 
immersed in a small cistern of mercury; the end A 
is hermetically sealed, and there is no air in the 
branch AB. 

It is found that the height of the surface P of the 
mercury above the surface C is about 29 inches, and, 
as there is no pressure on the surface P, it is clear 
that the pressure of the air on C is the force which 
sustains the column of mercury PQ. 

We have shewn that the pressure of a fluid at rest 
is the same at all points of the same horizontal plane; 
hence the pressure at C is equal to the pressure of the . 
mercury at Q. 

Let a be the density of mercury, and n the atmospheric 
pressure at C, then 

n = (J aPq , 

and the height PQ measures the atmospheric pressure. 

On account of its great density, mercury is the most con¬ 
venient fluid which can be employed in the construction of 
barometers, but the pressure of the air may be measured by 
using any kind of liquid. The density of mercury is about 
13*568 times that of water, and therefore the height of the 
column of water in the water-barometer would be about 33} 

feet. 
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The density of mercury changes with the temperature, and 

must therefore be expre sse d as a function of the temp e rature. 

Experiment shews that, for an increase of V centigrade, the 
expansion of mercury is^^th of its volume; hence if <r, be the 
density at a temperature t\ and <r 0 at a temperature 0°, 

<r 0 = o-,(l + = + -000180 180; 

<r, = Co (1 - 6t) if 6 = -00018018, 

and n = g(T 0 (i — 9t) pq. 

B}- means of the formula, IT =gcr li (1 — 6t)h, the atmospheric 
pressure at any place can be calculated, making due allowance 
for the change in the value of g consequent on a change of 
latitude. It is found that this pressure is variable at the sa me 
places with or without changes of temperature, and that in 
ascending mountains, or in any way rising above the level of 
the place, the pressure diminishes. This is in accordance with 
the theory of the equilibrium of fluids, for, in ascending, the 
height of the column of air above the barometer is diminished, 
and the pressure of the air upon C , which is equal to the weight 
of the superincumbent column of air, is therefore diminished, and 
the mercury must descend in the tube. 

If then a relation be found between the height of the mercury 

and the height through which an ascent has been made, it is 

clear that by observations, at the same time, of the barometric 

columns at two stations, we shall be able to determine the 
difference of their altitudes, " 

We shall investigate a formula for this purpose; but it is first 

necessary state the laws which regulate the pressures of theliF 

and gases at different temperatures, and also tfie laws of the 
mixture of gases. 

110. We have befote'stated the. relation 

p = l-p( l+ a «)„-£Z^ t 

between the pressure, density, and temperature of an elastic 
flu.d: .t is deduced from the two following results of ey W. 

(1) // the temperature be constant, the pressurTof 
inversely as its volume. (Boyles Law.) 
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(2) If the pressure remain constant, an increase of temperature 
, . produces in a mass of. air an expansion 003665^/' its 

y olun ie a t 0°0 _ (Daltons and Gay-Lussac's Law.) 

Hence, i ip be the pressure and p„ the density of air, at a 
temperature zero. ~~ 

P = kp 0 . 

Suppose now the temperature i ncreased to t , the pressure 
remaining the same : the conception of this may be assisted by 
considering the air to be contained in a cylinder in which a 
moveable piston fits closely, and has applied to it a constant force 
so that an increase of the elastic force of the air would have the 
etfect of pushing out the piston, until the equilibrium is restored 
by the diminution of density, and consequent diminution of 
pressure : we shall then have from the 2nd law, 

pt, = p(l + at), 

taking p as the new density and a = -003665 ; 

p = kp( 1 -f at). 

If p, p' be the pressure and density of the same fluid at a 
temperature t', 

P = kp (I + 

and p pl±at 

p p'l + at" 

The quantity a is very nearly the same f or gases of all kinds. 
but k has different values for different gases, and must of course 
be determ i ned experimentally in even- case. 


111. Absolute Temperature. If we imagine the tem¬ 
perature of a gas lowered until its pressur e vanis hes, without 
any change of volume, we arrive at what is called the absolute 
zero of temperature, and absolute temperature is measured from 
this point. 

Assuming t n to represent this temperature on the centigrade 
thermometer, we obtain, from the equation 1 +at () = 0, 

- 273°. 

a 

In Fahrenheit’s scale the reading for absolute zero is — 459 . 

The equations, p = kp (1 + at), 

0 = kp{ \ + at v ), 



I 
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* 

lead to p = kpa. (t —1„) 

= kpa T, 

• C|. Q 

if T be the absolute temperature. 

C< # T r • * K (f. lL&) * i. (l 

Since pi is constant, it follows that pVjT is constant, and <■ 

• this law expresses, in the absolute scale, the relation between 
pressure, volume, and temperature. 

112. Mixtures. Fhe pressure of a mixture of different elastic 
fluids. 

Consider two different gases, contained in vessels of which the 
volumes are V and V , and let their pressures and temperatures. 
p and t, be the same, " " ~ 

Let a communication be established between the two vessels, 
or transfer both the gases to a closed vessel, the volume of which 
is V+V': it is found in the case in which no chemical action 
takes place, that the two gases do not remain separate, but 
permeate each other until they are completely mixed, and that, 
when equilibrium is attained, the pressure and temperature are 
the same as before. From this important experimental fact we 
can deduce the following proposition. 

If two gases having t he same temperature be mixed together in a 

vessel, t^vglume^of which is V+and if the pressure of the two oases 

alone piling the volume V, he p and p', the p ressure of the 

will be p + p. -—— 

Suppose the two gases separated; let the gas, of which the 

pressure is p, have its volume changed, without any alteration of 

temperature, until its pressure becomes p; its volume will be, by 
-boyle s law, p Vjp. * y 

volume if tW ° 53568 b<i n ° W mixed in a vessel ’ of which the 

V+~ V, or P+f V■ 

P p ’ 

the pressure of the mixture will still be p\ and the temperature 
w, 1 be unaltered. If the mixture be then compressed into a 

Boyle’s law^” ' V1 " h" 0 " 16 ' * ^ app,iCati ° n ***> * 
reS,,lt “ ° bvi0Usl >' trae for a mixture of any number^ 


/ 
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113. Two volumes V, V' of different gases, at pressures p, p' 
respectively, are mixed together, so that the volume of the mixture is 
U; to find the pressure of the mixture. 

I he pressures of the two gases, reduced to the volume U, are 
respectively 

V V' , 

U P ' U P> 

and therefore, by the preceding article, the pressure of the 
mixture is 

V V' 

■ u p+ u p; 

and if w be this pressure, we have 

gy U — pV + pV\ 

If the absolute temperatures of the gases before mixture are 
7 T and T, and if after mixture the absolute temperature is r, and 
the volume U, the pressures of the gases will be respectively 

PlZ and P — T 

T U T IT 

Hence w, the pressure of the mixture, is the sum of these t wo 
quantities, and therefore 

vU_pV p V' 
r T + T • 

In the case of the mixture of any number of gases, we have 

vU _ s pV 

r ^ T ’ 


114. The laws and results of the preceding articles are equally 
true of vapours, the only difference between the mechanical 
qualities of vapours and gases, irrespective of their chemical 
characteristics, being that the former are easily condensed into 
liquid by lowering the temperature, while the latter can only be 
condensed by the application either of great pressure or extreme 
cold, or a combination of both*. 

* Professor Faraday succeeded iu condensing carbonic acid gas, and other gases 
requiring a considerable pressure for the purpose, and the result of hie experiments 
led to the conclusion that, in all probability, all gases are the vapo urs of liquids. 
This conclusion was remarkably supported iu 1877, when M. Pictet, in the early part 
of the year, liquefied oxygen by applying to it a pressure of 300 atmospheres, and, 
in December of the same year, M. Cailletet liquefied nitrogen .and atmospheric air . Iu 
1884 hydrogen was liquefied by Wroblewski, in 1899 Dewar obtained solid hj’drflj^D, 
and now liquid air and various other gases in liquid form are articles of commerce. 
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115. Vapour. If water be introduced into a space containing 
dry air, vapour is immediately formed, and it is found that the 
pressure, and density of the vapour are dependent only on the 
temperature, and are quite independent of the density of the air , 
and indeed are exactly the same if the air be removed. If the 
temperature be increased or the space enlarged, an additional 
quantity of vapour will be formed, but if the temperature be 
lowered or the space diminished, some portion of the vapour will 
be condensed. 

While a sufficient quantity of water remains , as a source from 
which vapour is supplied, the space will be always saturated with 
vapour, that is, there will be as much vapour as the temperature 
admits of; but if the temperature be so raised that all the water 
is turned into vapour, then for that, and all higher temperatures, 
the pressure of the vapour will follow the same law as the pressure 
of the air. 

In any case, whether the space be saturated or not, if p be the 
pressure of the air, and -a of the vapour, the pressure of the 
mixture is j) 4- 

116. The atmosphere always contains aqueous vapour, the 
quantity being greater or less at different times; if any portion 
of the space occupied by the atmosphere be saturated with 
vapour, that is, if the density of the vapour be as great as it can 
be for the temperature, then any reduction of temperature will 
produce condensation of some portion of the vapour, but if the 
density of the vapour be not at its maximum for that temperature, 
no condensation will take place until the temperature is lowered 
below the point corresponding to the saturation of the space. 

Formation of Dew. If a ny surface, in contact with the 
atmosphere, be cooled down below the temperature corresponding 
to the saturation of the space near it, condensation of the aqueous 
vapour will ensue, and the condensed vapour will be deposited in 
the form of dew upon the surface. The formation of dew on the 
grouncLdepends therefore on the cooling of its surface, and this^s~ 
in general greater and more quickly effected, when the sky is free 
from clouds, and when, consequently, the loss of heat by radiation 
is greater than under other circumstances. 

The Dew Point is the temperature at which dew first begins 
to be formed, and must be determined by actual observation. * 
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The pressure of vapour corresponding to its saturating densities 
for different temperatures must also be determined experimentally, 
and, it this be effected, an observation of the dew point at once 
determines the pressure of the vapour in the atmosphere. For 
if t be the dew point, and p the known corresponding pressure, 
then at any other temperature t above t' the pressure p is given 
by the equation 

p _ 1 + at 
p' ~ 1 +~at' * 


117. Effect of compression or dilatation on the pressure and 
temperature of a gas. 

It is found by experiment that if a quantity of air, enclosed 
in a vessel impervious to heat, be compressed, its temperature is 
raised; and that, if a quantity of air, enclosed in any kind of 
vessel, be suddenly compressed, so that there is no time for the 
heat to escape, the temperature is similarly raised. 


118. Thermal Capacity. The thermal capacity of a body is 
measured by the amount of heat required to raise the temperature 
one degree. 

The unit of heat which is actually employed is the quantity of 
heat required to raise by one degree the temperature of one unit 
of mass of water, supposed to be between 0 C. and 40° C. 

Specific Heat. The specific heat of a body is t he therma l 
capacity of one uni t of mass, or, which is the same thing, it is the 
ratio of the amount of heat required to increase by 1 the tem¬ 
perature of the body to the amount of heat required to increase 
by 1° the temperature of an equal weight of water. 

If an amount of heat dQ produce in the unit of mass a change 

of temperature dt, the measure of the specific heat is 


In gases it is necessary to consider two cases ; (1) when the 
pressure remains constant, the gas being allowed to expand, 
(2) when the v olume remains constant . 

We shall denote the specific heat in these two cases by the 


symbols c p and c 0 . 

It is easy to see that c v is greater than c„ , for in the first case 
the heat imparted does work in.expanding the gas as well as in 
raising its temperature. 
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119. Adiabatic expansion. To determine the effect of a 
compression or a dilatation of a given quantity of gas, it is clear 
to begin with that the heat required will be a function of v, p, and 
T, and since pv oc T, the heat required for any expansion will be a^ 
function of v and p. Therefore it follows that 

dQ = f u d»+f 

* # » -vn. » vp 

and, in general,^ = kpaT or, if the mass of the given quantity of 
gas be the unit of mass, 

pv = kaT= KT. 

If the pressure be constant, dQ = c p dT ; 


,.g 


and 


and 


dv K P ' 

If the volume b e constant, 

dQ _ c 0 
dp K 

Therefore, if no heat b e imparted, that is, if dQ = 0, 

dv dp . 

Cjj T + Cv p =0; 

p c °. v c,> i s constant, 

it we assume that the ratio of c v to c p is constant. 

o changed to p, v\ we obtain *■ fV ^ 


where y = c p /c„, and 


- 5 - G7 • 

t' = pv\ /vy- 1 
t pv ~ \v') 


The equation pv* - consent is, in thermodynamics, the equation r 
t 0f the a diabatic, oHs entr opic lines; and it represents the relation 
between the pressure and volume of a mass of gas, when, during 
a change of volume, no heat is lost or imparted. 

... rhe e 9™tion* ls true in the case of a sudden compres sion or 
cjil atation o f a mass of air, because there iT^time for any s^Ibl? 

“n f ^ at ’° r , for 8ny addition of heat external sources. It 
Wdl be found that this rela ‘i«n is of peat importance in the theory 
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120. c p — c v constant. It can be shewn by the aid of 

• 1 t* . « . .. .. * — i 


the 


. - - —J VI IliC 

pnnci ^ of energy that the difference between c v and c v , for any 
given gas, is constant. 


By a law of thermodynamics, the energy imparted to a system 
by the application of heat is proportional to the amount of heat. 

Hence, J being the mechanical equivalent of the unit of heat, 
the energy imparted to the unit mass of a gas by a rise of 
temperature dT when the pressure is constant is 


J. c p dT. 

But this energy is partly expended in elevating the temperature 
at a given volume, and partly in expanding the volume; 

.’. J.c p dT — pdv + J.c„dT 


and ])v = KT, 

.*. J.(c p — c v ) = A, 


shewing that c p - c„ is constant. 

We can employ this equation in obtaining the result 
Art. (119). 

For, if no heat be supplied, no energy is imparted, 


and 

But 


and 

whence 


.\ pdv + J . c v dT = 0. 

i 

pv = KT=J. (c Jt - c v ) T ; 

.-. pdv 4- vdp = J. ( c p -c v )dT\-(cyc„) : ~ 
pdv ( c p - c t ,) + c v (pdv + vdp) = 0, 

Cp . pdv + c v . vdp = 0, as before. 





121. The work done during an adiabatic compression of a gas. 

In Art. (14) we have assumed that the temperature is constant, 
or in other words that the compression is isothermal. 

This state of things can be secured by performing the opera¬ 
tion so slowly that any heat which may be generated is dissipated 
during the process. 

If the compression is adiabatic, that is, if the process is so 
arranged that no heat is lost or imparted, which is practically the 
case when the compression is very rapid, we have from Art. (119) 
the relation 


pv y = constant = C. 
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Hence it follows that the work done in compressing from 
volume V to volume JJ 

— — fpdv= — jcv~ r dv 

Whole mass of the earth’s atmosphere. 

122. Some idea may be formed of the mass of air and vapour 
surrounding the earth by means of the barometer . Supposing the 
earth to be a sphere of radius r, and that the height of the 
barometric column, h, is the same at all points of its surface, the 

mass of the atmosphere is approximately equivalent to the mass 
4-7 r<rr-h of mercury. 

Let p be the mean density of the earth; 
then, the mass of the atmosphere : the mass of the earth 

= 4tt<t r“/i: $TTpr 3 ju, i 
= 3 ah:pr. ****** 

But, taking water as the standard substance, a = 13-57, and 
p has been found to be about 5 5 ; and, if we take 29-9 inches 
as an approximate value of h, it will be found that the ratio of tHe 
masses is somewhat Jess than the ratio of one to a million* . 

The height of the homogeneous atmosphere. 

123. If the whole column of air had the same density through¬ 
out as at the surface, its height being l, and the height of the 
mercury being h, we should have 

<rh=pl, 

where p is the density of the air. It has been found that the ratio 
a . p is about 10462 :1, and therefore employing as before 29 9 as 
a value of h, it will be found that l is a little less than 5 miles. 

Necessary limit to the height of the atmosphere. 

It is clear that since at a distance from the earth's surface its 

*" d d «~ity «.d th , , ir 

obtained is 5-4934. C. V. Bovs Phil Tm„ a irq<; y ^ 893 » wlie »e the result 
7 "': na ‘ urw : KUu “ d - “W Akad. 1896-7 o resnh 

*•* * a 
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therefore diminished, the above result is very far from the truth. 
A limit to the height can however be found from the consideration 
that, b eyo _ nd _a c er tain di stance from the earth s centre, its attraction 
. be un,-ibI e _ to xetiiiii the particles of air in the circular paths, 
which they must describe about the earth, in order to remain in a 
state of relative equilibrium. 

At the equator the expression co-r, w being the earth’s angular 

velocity, is equal to <7/289, and therefore, at a height ?, the force 

necessary to retain a particle m of air in its circular motion is 

equal to mg (r + ^)/289r; the earth’s attraction at the same 
height 

mgr" 

~(r+ly ; 

and the extreme height is given by the equation 




r + z 


or 


(r+z)* 289/* 

<-r{y(289)-l), 


that is, z is a little greater than 5r . 

It is possible however that this height is considerably beyond 
the true height, for the temperature of the air has been found, 
by experiments made in balloons, to diminish with great rapidity 
during an ascent, and it is therefore quite possible, that, at a height 
less than or, the air may be liquefied by extreme cold, and its 
external surface would be, in that case, of the same kind as the 
surfaces of known inelastic fluids. 


The determination of heights by the barometer. 

124. In attempting to establish a relation between the height 
of the mercury column of a barometer and the height of the 
instrument above sea-level, we must make a hypothesis about the 
temperature of the atmosphere. First let us suppose th e tempera¬ 
ture to be constant and that p, p denote the pressure and density 
at a height and p, p their values at a height z ; then the 
equations of equilibrium are 

dp = —yp dz, : - t' r 

and J)fp = pip = h ; 

k log p = C — yz : 
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Also if h. It denote the heights of the barometer at two stations 
whose heights are z and z', then 


/ k. p /*’ , h 
z -z = -\og^ = -\og , 


( 1 ). 


4-131 


0 "P 9 

If the temperature be not constant , let r, t be the temperatures 

at the two stations; then if we proceed on the hypothesis of a ^ H ^ 

mean uniform temperature t=h (t + t) between the two levels, 

the relation between p and p is now p = kp (1 + at), and equation 

(1) becomes 

2 '- 2 = ^( 1 + i«(T + 'r')l log j. .(2), 

is 


and if we also allow for the difference in the temperature of the 
mercury in the barometer at the two stations, we have by 
Art. (109) 

y = ;7 (1 - 8 t \ ’ w ^ ere ^ = '00018018 ; 

and equation (2) becomes 


2 '-,= |!l + i a( r + T '))log 


(3). 


125. If however the heights above the earth’s surface be 
considerable, it is necessary to take account of the variation of 
gravity at different distances from the earth’s centre. We proceed 
then to an investigation of a more exact formula. 

Let be the measure of gravity at the level of the sea, and r 

the radius of the earth; then, at a height z , the attractive force is 
measured by 

r- 

V + zf ■ 

and the equation of equilibrium is 

ip ~~ 9 pdz J 

we have also p=kp (1 + at), and it is here important to observe 

that p is the sum of the pressures due to the air itself, and to the 

aqueous vapour which is mixed with it, so that, if p' be the density 

of the aqueous vapour, p is the sum of two quantities of the 
form 

k p a+at) + k‘p’(l + a t), 
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and therefore the quantity kp in the above equation is the sum of 

U * t "° kp ' kpi colTes pondmg respectively to the air and the 
aqueous vapour. 

From the two equations above we obtain iy 4 *v- 

/ C ( JP = __ 1 gr*dz 

p 1 + at (r + z ) 2 5 

a.ul, as before, we shall consider t constant , and equal to the mean 
oi the teniperatures at the two stations. 


By integration 


k\ogp = — 


or 


+ C, 


and 


+ at r + £ 

ip* (z - z) 


" k 1<>g P (1 + at) {r+z) (r+'z') 


( 1 ). 


Let h, h' be the observed heights of the mercury, and r, r 
the temperatures, as before; then, since the force of gravity at a 

height 2 is measured by the quantity —* , we havefA*.««*») 

(r + zy 


P = 


_ fP' 


{r + z} 


ah (1 — Ot ), 


w ,** \U*/— = 

' p \r + z 


r + zV 1 - Or' h' 

7 1 - 0T h •” 


( 2 ), 


and therefore, observing that 6 is a very small quantify, 


z — z = 


k( \ + at)(r + z) (r + z) 
pgr 


l°gio | + 2 log ,,- p.6 (r' - r)j , 

where p = log, 0 e = •4342945. 

From this formula, if z be known, the value of 2 can be 
calculated. 

If the lower station be nearly at the level of the sea, z = 0, and 

2 =+r) { lo s4 +2 lo ^ ( :1+ 3 ■- (t ' -7 ■ ■■ - (3) - 

126. In the preceding investigation we have taken no account 
of the variation of gravity at different parts of the earth’s surface. 
On account of the spheroidal shape of the. earth and its rotation 
about its axis the value of the force of gravity differs in different 
latitudes, and in consequence of the constitution of the earths 




PRESSURE OF THE ATMOSPHERE 


129 


ciust the value differs on land and sea and has been found to be 
greater on small oceanic islands t han on continents. 

A recent formula for the mean value of g is 

<j = 978-046 (1 + -005302 sin 2 <j> - -000007 sin 2 2 <f>) cm./sec. 2 , 

or g = 980-632 (1 - *002644 cos 2 <j> + -000007 cos 2 2<j>) cm./sec. 2 , 

where <£ is the latitude, the numbers 978-046 and 980-632 giving 
the values of g at the equator and in latitude 45°* 

If we take g = 980-6 (1 - -002644 cos 20). then the last ex- 
pression for z becomes . N 

h(l+at)( l+ 2 /r) L h‘ , / ^"N 

lo gl0 + 2 log, 0 ^ 1 + - 

- g.0 (t'-t)1..|(4). 't+if 


z = 


080 V (1--002644 cos 20) 




In these formulae the value of k. as we have seen, depends on 
the amount of aqueous vapour in the air; but for dry air, taking U) 
■p-kp(l + at), if the air is at 0° C. and a pressure of 760 irJm. of 
mercury the value of k is got from kp = p = 760 go-, where <r Is the 
density of mercury. And taking a/p = 10462. this makes / 

k = 760 x 10462^ mm. 

= 7951-12<7 metres. 

This would make the coefficient k/ 980% = 18308 metres, but this 
neglects entirely tiie. aqueo u^yapour, and a value for i-that gives 

making" 101 ^ 6 “ aCCOrdance with °tsei-ved facts is 79)33% metres, @ 

k/980’Qfi =. 18336 metres. 

In order to obtain a from the formula (4) an approxima te value 
must be ob^medfiret_by neglecting z/r in the right-haiidl^b^' 
of the equation; if this approximate value be then employed in the 
eX *™ n ’ a m °re accurate value will result, and the same ' 

piocess may be repeated if necessary. 


127. Qther_eorrections. are however necessary in order to 
render the determination of heights by the baronmter very exact 
n practice; the value of k for instance is modified by the fact that f ) 
Je deil^ty of aqueous vapo ur at a given temperature and pressure ' 
18 '- ess the dens il $ _oldr iL air under the same ci—ZT 


9 

*, Ua " dbuch ieT A. Winkelmann, Leipzig 1908 a 47<i a , , 

^ A ' * 01 ^ “<• *• H e. m «M ££*£ 


B. H. 
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and the proportion of aqueous vapour to dry air may be, and in 
general will be, different at the two stations. 

Moreover, if the upper station be on the s urface of the ground, 
the attraction ofthe jjprtion of the earth which is above its mean 
!eve]_must be taken account of. The effect of this attraction is to 
increase the quantity gr*/(r + zf by Sgz^r so that, at a height 
the force of gravity is measured by 


gf- 


(r + zf 
&z 


+ 


4 ?• 


or, approximately , g j 1 - (Routh, Analytical Statics, ri. p. 12); 
the equation for/) will be in this case 


dp = -g 


i-£ 

4r 


pdz, 


*4 (0 

and therefore, if the lower station be at the level of the sea, 

*(i + «oiogj 

or ,/ 

g \ Hr) ° p 

In place ofthe equation (2) of Art. (125) we shall have 


£ /l , 5 1 — dr fi 

p V ' 4 r) 1 — Or 7/ ’ 

and the final equation for z will be obtained by substituting in 
(4) of Art. (126) 1 4- $z/r for 1 + z/r, observing that log (1 + }s/r) 
is approximately equal to 2 log (1 -f §z/r). 

We may note however that when z and r are measured in 
metres, z/r = '000000157^ approximately, so that the error arising 
from neglecting zjr w ill generally be small. 

A formula of this kind appears to have been given first by 
Laplace *. 


128. It must also be noticed that we have assumed the tem¬ 
perature of the mercury in the barometer to be the same as that 
ofthe air surrounding it; but in some cases, as for instance when 

* Mecanique Celeste, Livre x. chap. iv. Laplac e’s formula differing only in 
numerical coefficients from (4) Art. (126) remains the fundamental formula in this 
connection. It is quoted in Sir John Moore’s Meteorology (1910), p. 149. Io r 
working formula* for barometric corrections see any modern text-book on Physics, 
such as Chwolson, Lehrbuch der Physik, 1902, i. p. 443, and for numerical tables see 
The Observer's Handbook published by the Meteorological Office, 1908. 
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observations are made in a balloon, the barometer may not remain 
long enough in the same place to acquire the temperature of the 
an lound it. The temperature of the mercury can, however, be 
o bserve d by a thermometer, the bulb of which is placed in the 
cistern of the barometer, and the temperatures so obtained must 
be employed in the equation (2) of Art. (125). 

128 a. Convective Equilibrium. An alternative hypothesis ^ 
is that of the convective equilibrium of temperature in the 
atmosphere. As explained by Lord Kelvin* “when all the parts * 
of a fluid are freely interchang ed and not sensibly influenced by 
rad j ati on. and conduction , the temperature of the fluid is said to 
in a state of convective equilibrium. ” This state implies that 
if equal masses of air at different levels were interchanged withomb 
gain or loss of heat, i.e. adiabatically, they would merely inter¬ 
change pressure, density and temperature so that on the whole ~ 

there would be no change. In this case therefore the equations r , 
are 

.( 1 ). 

P ~ frp Y and p = KpT, 

where T denotes absolute temperature at the height z: 

. ' kypy~- dp = — gdz, 

and by integration i.n,c., 2 a , 

~1 P'-' = C-gz; 


(b.-J 


• • 


«-c- 


9*\ 


7-1 P 

~iK(T-T,) = -gz t 

where T 0 denotes the absolute temperature at sea-level; 

9 Z 


— = 1 _7~ 1 

T o 7 XT' 


And if if is the height of the homogeneous atmosphere 

Kp° To — po = gp 9 H ; # 

z 


H _1 7-1 

n / y H 


( 2 ) 


If in equation (1) we take ^/(r + s? instead of g, as* before w , 
get on integration and substitution as above 


rz 


L =l _ 7^1 _ 

To 7 ‘ H(r + Z )*’ 

* Collected Papers, Vol. hi. p. 255. 


(3). 


9—2 
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129. The two following problems are illustrative of the prin¬ 
ciples of this chapter. 

1) A pjston without weight fits into a vertical cylind er . closed at its base and 
/died icith atmospheric air , and is initially at the top of the cylinder; water being 

poured slowly oajhe top of the piston, find how much can be poured in before it 
null run over. 

J • 

Let a be the height of the cylinder, and 3 the depth to which the piston 

will sink; then in the position of equilibrium the pressure of the air in the 

cylinder is U+gpz , where n is the atmospheric pressure, and p the density of 
water : but 

this pressure : n = « : a — z ; 
na 

■'* = n +W- 

Let h be the height of the water-barometer, 

n =gph, 

ha = (a-z) (h + z), 

anc l 3=0 or a — h. 

I nless then the height of the cylinder is greater than h, no water can lie 
poured in, for, even if the piston be forced down and water then poured on it, 
the pressure of the air beneath will raise the piston. 

The negative solution, when a < h, can however be explained as the 
solution of a different problem l eading to the same algebraic equation. Suppose 
the cylinder to be continued above the piston, and let it be required to raise 
the piston through a space z by a force which shall be equal to the weight of 
the cylindrical space z of water. 

This leads to the equation 

n —<]pz « 

n h+s* 

or z = h — a. 

(2) To determine the 'motion of a balloon on the supposition that the mass of 
air displaced by it in any position is homogeneous , and that the temperature 
throughout is constant. 

Let 3 be the height of the centre of mass of the balloon, in its mass, V its 
volume, and p the density of the air at the height 3; then the equation which 
determines the motion is 

d-z • , 


where 




But from the equations dp= -g'pdz and p = kp, we obtain 


f/rz 


and therefore 


p—Ue Mr-rz)^ 


dAz n Vq r - r - 

dt* k (/* + zf y V+z) 


-\-z * 


1 
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from which, putting m=(r\\ multiplying by2~ , and integrating, 


fdz\ 2 „ „ 2<rqr- 

<r( — ) =C— 2nek(r+s)+ ; 

\4*J r + s 

initially 0=£7-2n + 2oY/r f 

" cty =2n - 7“ • 

The g reatest height of the balloon is given by putting 


-=0 
(It U> 


and, if the mean density of the balloon differ very little from that of the air, 
z\r will be small, and an approximate value may be found. 


EXAMPLES 

1. If the specific gravity of air he -0013, that of mercury 13*59, and if the 
height of the barometer be 30 inches, prove that the numerical value of k is 
about 8.36300, a foot and a second being units of space and time. 

2. The ."'eight of 1 litre of dry air at 15 5° C. when the height of the 

barometer is /60 mm. is 1*23 grammes. The pressure of aqueous vapour at 

this temperature is 12*6 mm. of mercury, and its densitv is to that of dry air 

at the same temperature and pressure as 5 to 8. Find the weight of a litre of 

an when saturated with aqueous vapour at the above temperature and 
pressure. 

3. A faulty barometer indicated 29*2 and 30 inches when the indications 

"foment were 29*4 and 30*3 inches respectively ; find the len-tli 
of tube which the air in the tube would fill under the pressure of 30 inches. 

is tCr Stan ? ing at3 ° ^hes, a cubic yard of atmospheric air 

is compressed into a vessel containing a cubic foot; find approximately the 
numerical measure of the energy stored up, the specific gmWU of me^ury 
being 13 596 referred to water, of which a cubic inch weighs 252*77 grains. * 

The readings of a perfect mercurial barometer are a and 8 while the 

rZtft ° f . a fa f y , °“ e ’ 1 ? "* hich th«. i. some air « J and 

barometer is corrcctlon to be »M>hed to any reading c of the faulty 

._( q-a)(/3-6) (q-&) 

(« “ c) (a - a) - (b - c) (/3 - b)' 

is reU%™at^ 

immerse being m dcgreeaf'p.nve thkfthe ,,0t 

m(t-r) 

6840-fr — mi* 

1/6840 being the expansion of mercury in glass for 1° of t/.mn.r.*.™ 

stixsstr - - ttes's 

VS jaws# aii-iri arts j/-. 

supposed the same at the end and beginning of the proce^. ’ bein ? 
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k»k')k‘ 

s(K-*k fc tkJk 


• , S ‘ ^ vertical barometer tube is constructed, of which the upper portion ' 

is closed at the top, and lias a sectional area a 2 , the middle portion is a bulb 
o volume />-, and the lower portion has a section c 2 , and is open at the bottom ; 
the mercury fills the bulb and part of the upper and lower portions of the 
tube, and is prevented from running out below by means of a float against 
which the air presses; the upper part of the tube is a vacuum: find the change 
ot position of the upper and lower ends of the mercurial column, due to a 
given alteration of the pressure of the atmosphere. 

^hew a ^ so ^at, if the "’hole volume of the mercury in the instrument be 
C 'V» "he™ H is the height of the barometer, the upper surface will be un- 
^ = (jwK,-*-Mk attectec * ky changes of temperature. 

ik = ,Himk'jk' 0 . ........ •/«* *r*, . w** l *"i 

z lu -ik ,) k . , cylindrical diving-belljsinks m water until a certain portion V remains 

' H.iK occupied by air, and in this position a quantity of air, whose volume under 
the atmospheric pressure was 2 \\ is forced into it. Shew how far the bell 
. must sink in order that the air may occupy the same space as in the first 

tkjk l’ osltlon - 

!• ind also the condition that when the air is forced in at the first position 
no air may escape from beneath the bell. * u -'. 

u ^ . *0; A vessel, in the form of the surface generated by the revolution about 

its axis of an arc of a parabola terminated by the vertex, is immersed, mouth 
downwards, in a trough of mercury ; shew that the pressure of the air con¬ 
tained in the vessel varies inversely as the square of the distance*of the vertex 
the vessel from the surface of the mercury within it. Supposing the length* 1 - 
T cf the axis of^tlie vessel to be to the height of the barometer as 45 is to (54, 

find the depth K ofrthesurface of the mercury within the vessel, when the whole 
vessel is just immersed. 

• 

11. A piston without weight fits into a vertical cylinder, closed at its base 
and filled with air, and is initially at the top of the cylinder; if water be slowly 
poured on the top of the piston, shew that the upper surface of the water will 
be lowest when the depth of the water is N /(a/<) — /<, where h is the height of 
the water-barometer, and a the height of the cylinder. 

12. The barometer stands at 29‘88 inches, and the thermometer is at the 
Dew Point: a barometer and a cup of water are placed under a receiver, from 
which the air is removed, and the barometer then stands at -36 of an inch ; 
find the space which would be occupied by a given volume of the atmosphere, 
if it were deprived of its vapour without changing its pressure or temperature. 

13. A straight tube, closed at one end and open at the other, revolves with 
a constant angular velocity about an axis meeting the tube at right angles ; 
neglecting the action of gravity, find the density of the air within the tube at 
any point. 

14. A bent tube of uniform bore, the arms of which are at right angles, 
revolves with constant angular velocity a> about the axis of one of its arms, 
which is vertical and has its extremity immersed in water. Prove that the 
height to which the water will rise in the vertical arm is 


n / - \ 

— ( 1 - e * ), 

9P\ / , . 

a being the length of the horizontal arm, n the atmospheric pressure, ana j 
the density of water, and k the ratio of the pressure of the atmosphere to i 

density. 

15. A thin uniform circular tube of radius a contains air and rotates with 
angular velocity <*> about an axis in its plane, distant c from the centre , 


cu-Vl- 
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the pressure at any point neglecting the weight of the air. If c is less than «, 
and if p and p' are the greatest and least pressures, prove that 

lo v = fz* (a+c )"' 

16. Prove that for rough purposes the difference of the logarithms of the 
heights of the barometer multiplied by 10000 gives the difference of the heights 
of two stations in fathoms. 

17. Two non-conducting vessels, of volumes v and v\ contain atmospheric 
air at pressures p and p\ at the temperatures Tand T ‘; if these masses of air 
be mixed together in a non-conducting vessel of volume P, find the pressure 
of the mixture. 


18. Two bulbs containing air are connected by a horizontal glass tube of 
uniform bore, and a bubble of liquid in this tube separates the air into two 
equal quantities. The bubble is then displaced by heating the bulbs to tem¬ 
peratures t degrees.and t degrees: prove that, if the temperature of each bulb 
be decreased r degrees, the bubble will receive an additional displacement 
which bears to the original displacement the ratio of 

2<ir : 2 ■+■ a (t +1' — 2r), 
where a is the coefficient of expansion. 


19. An elastic spherical envelope is surrounded by air saturated with 
vapour; when the air within it is at a pressure of two atmospheres it is found 
that its radius is twice its natural length, and again the radius is three times 
its natural length when the envelope contains 77 times as much air as it would 
if open to the air ; assuming that the tension at any point varies as the 
extension of the surface, prove that : ,b of the pressure of the air is due to the 
vapour it contains. 


20. A conical shell, vertical angle tt/ 2, and height H, can hold double its 
own weight of water. It is inverted and immersed, axis vertical, in a mass of 

water. The water is now made to route with angular velocity (7q 3 /2IP)x and 
' the cone sinks till its vertex lies in the surface : prove that the height of the 
water-barometer is to that of the cone as 3 : $28. 


, , 21 * A small balloon containing air is immersed in water and lias 100 grains 
of lead attached to it, the envelope of the balloon being of the same density as 
the water. If at the temperature of the water and the pressure of the atmo¬ 
sphere the balloon contain 1 cub. inch of air, find the depth to which it must 
be immersed in the water to be in a position of unstable equilibrium when the 
htnght of the water-barometer is 33 feet; it being given that the density of 
air : that of water : .that of lead = 1 : 800 : 9120. y 

22. A cup is formed out of a uniform solid paraboloid, by -removing half 
the volume so that the inner boundary is an equal coaxal paraboloid with its 
vortex at thefocus of the former one. The cup is immersed in vacuo in a fluid 
vertex upwards and axis vertical, and gas is forced in from below till the ver¬ 
tex rises to the surface : if the water be now halfway up the inner boundarv 
of the cup, prove that the density of the fluid is i that of the paraboloid. 

23 If the pressure of the air varied as the (1 +1 jmY h power of rW ;*,. 

shew that, neglecting variations of temperature and gravity, the height ofTh^ 

SS^. W ° Uld e<1Ual t0 (W+1) ^ thG he * ht ^ the h^S 
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24. A piston of weight w rests in a v ertical cyl inder of transverse section 
k being supported by a depth « of air. The p iston rd eceives a vertical blow 
which forces the piston down through a distance h i prove that 

(«> + !«') {/.+ alog(l -|)} + £?= 0 , 

n being the atmospheric pressure. 


2o. If a spherical balloon of radius r, containing a quantity of gas of density 
o- at the pressure of the atmosphere on the surface of the earth, be just able 
to sustain a tension T, shew that it will burst when its velocity is given by 


2 <rr V pa?/ 

where the resistance to the motion of the balloon is neglected. 


26. Supposing the atmo sphere to fill t he whole of snace and to be of uni¬ 
form temperature throughout, prove that the ratio of the density of the 
atmosphere at the surface of Mars to that at the Earth will be nearly; it 
being given that the density of Mars is the same as that of the Earth, that 
his radius is one-half the Earth’s radius, which is 6366800 metres, and that 
the atmospheric pressure on the Earth is 1033 grams per sq. cm., while the 
mass of a cubic cm. of air is -001247 grams. 


27. If after graduation a s mall volu me v of air is allowed into the vacuum 
above the mercury in a baro meter, shew that the necessary correction of any 
observed reading /-, the temperature remaining unaltered, is 

h v 

C r —(1 — n) 

where a is the area of the section of the tube, - that of the basin, and C is the 

H 

length of the apparent vacuum corresponding to another observed reading // 
of t lie faulty barometer. 


28. Prove that, if the temperature in the atmosphere fall uniformly with 
the height ascended, the height of a station above sea lev el is given by 

2 =a{l-(/*//*„)»'}, 

where h } // 0 are the readings of the barometer at the station and at sea level 
respectively, and a , in are constants. 

29. Shew that in an atmosphere in “convective equilibrium ” the tempera¬ 
ture would diminish upwards with a uniform gradient ; and calculate this 
gradient in degrees centigrade per 100 metres, assuming the following data 


(in c.g.s. units): 

height of barometer 

= 760, 


temperature (absolute) 

= 272-0. 


density of air 

= •00129. 


density of mercury 

= 13-60, 


ratio of specific heats (y) 

= 1 -42. 


CHAPTER VIII 

THE TENSION OF FLEXIBLE SURFACES 

4 

130. The general problem of the equilibrium of flexible surfaces 
was considered by Lagrange, Mecanique Analytique , Tom. i., and 
also more fully by Poisson, Memoires de Vlnstitut , 1812; it is pro¬ 
posed in this chapter to discuss one class of the questions which 
arise out of the general case, those namely which have reference 
t° the action_o f fluids upon flexible surfaces. ' 

The pressure of a fluid at rest being normal to any surface 
with which it is in contact, we have, in fact, to consider the equi¬ 
librium of flexible surfaces at rest under the action of normal 
pres sures, and of the tensions at their bounding lines . 

For the sake of generality the terra ‘flexible surface’ is em¬ 
ir oyed as the representative of substances, such as cloth and thin 
paper, which do not offer any s ensible resistance to hen dimr and 
which, when bent or twisted, donot tend to return totheirwiginal 

form Perfectly flexible surfaces, whether extensible or inextensible 
are therefore to be looked upon as inelastic. 

In the following articles we shall suppose that the stress 

toTeTuSe P ° rtl0nS ° f “ fl6Xible SUrfaCe " Wh0l 'y ^«entia! 

Measure of Tension. 



Conceive a flexible and inelastic surface, extensible Lr in- 
extensible, in a state of tension, and let QPQ' be a smallfarc of 
the section through P made by a normal plane; then if t. 00' be 
Uie resu L tan laction, pe rpendicular to QQ' in the tangeVTVTarie 

" een the P ortlHns of surfaceTrjunded by the line QQ' t is the 
measure of Hie tension at P; in other words, t is Se „f 

tenaon_^P, or the force which would be exerted onT^i^ 

of the substance, the length of which is unity, in the same state of 
tension throughout as the surface at P. 

lASSaSSl ^e stress between the portions of surface separated 
b} 7 lU not be perpendicular to QQ', and will therefore^ the 

T “'' w ““ 1 ,,f * 
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131. A vessel in the form of a right circular cylinder , the 
curved surface of which is flexible , contains fluid; the axis of the 
cylinder being vertical, it is required to find the relation between 
the pressure and tension at any point. 

Let PQ' be a small portion of the surface contained between 
two planes perpendicular to the axis - 

and two generating lines of the 
cylinder. 

Let t be the horizontal tension 
and p the pressure, at any point of 
PQ; then the equilibrium of the 
element PQ' of the surface will be maintained by the normal 
pressure of the fluid, pPP '. PQ, the tangential forces tPP' and 
tQQ', and by the vertical tensions on PQ and P'Q', if there be • 

(TV--. <». L‘l«» c* -t*v p-HV- pr.V 

any tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal OE, 
drawn to the middle point E, 

p. PP'. PQ = 2 tPP' sin (i POQ), 

1 PQ 



= 2tPP / ", if r be the radius, 
2 r 


or 


t = pr. 

132. If fluid at rest be contained in a flexible ^cylindrical 
surface of any form, the tension at any point of a section pfi'- 
pendicular to the axis of the cylinder is the same. 

X Let PQ ' (figure, Art. 131), be an element of the surface/D the 
centre of curvature at A, t the tension at A, t + bt at B, and b<f> 
the angle between the tangents at A and B. 

Also, let Syp- be the Jncl ina t i o n _to ( 0A^of ( the ..direction of the 
fluid pressure on PQ', which’must fie between OA and OB. 

Then, resolving along the tangent a t A, 

(t + bt) cos b<f> — t = pAB sin by\r 

= prb(j> sin byfr, 

if /• be the radius of curvature at A. / 

Hence, ultimately, when b(f> vanishes, 

dt 





d(b 


= 0 , f*- 


and. as this is the case at every point of the section, it follows that 
t is constant. 
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By resolving the forces in the direction OE, we shall obtain, as 
in the previous article, the relation 

t = pr, 

between the tension perpendicular to the generating line, the 

pressure, and the curvature, at any point of the surface. 

Taking t constant, the equation pr = t determines the pressure 

at any point if the surface is given. 

If the forces acting on the fluid are given, so that p is a known 

function of the co-ordinates of a point in the fluid, the same 

equation determines the form assumed by the flexible surface. 

. «MC3 

The Lintearia and the Elastica. 

133. The Lintearia is the curve formed by pouring water 
upon a rectangular piece of thin cloth , the ends of which are 
supported horizontally, while 
the water is prevented from 
escaping at the sides. 

Thus, if the ends AB, CD , 

of the cloth or membrane be s' 

fastened to the sides of j^Jdox, ' - 

and if the sides AD, !bC fiT*' 
the box closely and water be 

poured in, the cross section of the cloth by a vertical plane 
parallel to AD or BC is the Lintearia. 

The pressure being normal, the tension of the cloth is constant, 
and therefore, if r be the radius of curvature at P, and BC the 
surface of the water (see figure, next page), 

j y>PL.r is constant. 

Assuming gpc-^to represent* the tension, and taking PN = y, 
we obtain 

t-PL-h-* 

... ci dr _ d <J ^ , 


y A* 


Hence,c* or ay 

dd> * ln 


and - <-.<* ** .\ = cos <£ - cos a, 

if a be the deflection at B } 

or y/2~= C 

...... . Vcos^-coset’ 

the intrinsic equation. 






e-o 
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T<r ‘ ‘ _ " 


Putting 


n/<o<4> - V> V 

■ a 7 1 • 0 , 

Sm 9 — anC ^ Sm 9 ~ ^ Sn W , « *»»* f*. *f «-. W«u/^jj| 


this becomes 



.*. 6* = + constant, 

or if we measure 5 from the lowest point 

s — cu . 


Then the depth 


( 1 ). 


PL = h — y = c*lr, 

= c V 2Vcos (f> — cos a, 
= 2ck Vl — sn 2 ?/. 


C*. 





( 2 )- 


we hi 


ive 


dx 

ds 


= cos 0 = 1 — 2£ 2 sn 2 m. 


x = c j (1 — 2/j 2 sn 2 u)du z c£?• - 


or 


# = c {22? (am w) — it) 


22H3 


z A t A—*--)*-— 


(3), 


2Z-3 
5* K* < 


where E is the elliptic integral of the second kind. 

The terminal conditions are that x, y, s all vanish together 
when u = 0, and using these values in equation (2) we get h = 2ck;p‘*'° : 1 
also if x =1T and s= Avhen y = h, then substituting in equation 
(2) we get 0 = cn u , so that the corresponding value of u is K the 
* r k.* *>' real quarter period of the elliptic function, and therefore from (1) 
and (3) we have 

l = cK, 

and a = c [2E (am K) — K\. 

The curve is therefore given by equations (1), (2), (3), subject 
to the foregoing relations between the constants. 
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134. The Elastica is the curve formed by an elastic rod when 
bent, and is identical with the Lintearia. 

Taking BOCf 1 as the rod, suppose the equilibrium maintained 
by forces at B and C in opposite directions. ^ 

The bending moment at P is proportional to the curvature* 
and therefore, considering the equilibrium of the portion BP, and 
taking moments about P, it follows that the curvature at P varies 
as PL, so that *-l /E ^ - 

r . PL = c 2 , l 

and the Elastica is therefore identical with the Lintearia. 


135. The Elasticaf may have any number of convol utions, as 
in the appended figures, ?ift©**.'* 



and the Lintearia can be made to have convolutions by a proper 
adjustment of the water level and the water pressure. 

Thus, if we imagine BC to be the water surface, and if 
arrangements be made to let the water fill the space OE and 

press upwards on the portions BE, CE , we have a Lintearia 
identical ^ftith an Elastica of one convolution. 


§ 59*i. EOUtl> ' Amhjtical SU,t<a ' “■ »• 260 ' or Tait, Natural Philosophy, 

• ^ 

t For a full discussion of the Elastica, see Kelvin and Tait v A » MM y pi •, 

is* ! ^\ Th : * “<rp T 3“l; StM 

EUmenUnre de la TMorie des Fonctions Elliptiques, p. 112. 7 ’ * 
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If we imagine that BG touches the bent rod at B and C, 

necessitating, as will be seen, an infinite length of rod, and if, 

as before, we measure the deflection from the tangent at 0, 

% 

r = cc, when </> = tt, 

and therefore (\. m; 


^ «* - «/»•*«- = -1 
c- _ . ds 


c- , . , as c 

* 2 ^= 1 +eosor ^=-- 

2 cos v 

V 


Measuring s from 0, this leads to 


s = c log tan (f+ !)■ 


It will be seen hereafter that this is the Capillary curve. 

136. We may also obtain the equations of the Lintearia* in 
terms of Weierstrass’s Elliptic Functions. Thus, from Art. (133) 
we have 

d?y dp 

h — y 1 _ da? _ ^ dy 

c 2 ” r_ | 1+ ^dyj\$ ' (1 + ' 


uc* 


* ~2c- 


. 2/iy - y 2 ^ 1 1 


so that 


and 


di 


:c 


Vi +p- 

df_ 2 h y-y- 
ds 2c 2 ’ 

2c 2 + y- - 2 hy 


-■— 1 — cos <f> 


( 1 ). 


if a« i 


Put. 


«* 





and let 
so that 
dx 


dy \f\{2hy - y-) (4c 2 - 2 hy + if) j 
2hy — y- = z so that 2 (/< — y)dy = dz. 

_ 2 c : z i _ 

‘ dz >d\^z{z — 4c 2 ) (z — /t*)J ’ * * ’ 1 

2 = V + (4c 2 + A"), 

i(2c 2 -A 2 )-i' ___ 


dv " V[4 {« + i (4c 2 + /#*)} |i>- i (8c 2 — /< 2 )) (c + J (4c 2 - 2/r)]] 

f dv 

Now let l/ = 
where 


V(4 (v - e,) (v - e 2 ) (v - e :l )j ’ 


c, = J (Sc 2 - /r), c, = - -J (4c 2 - 2/r), c 3 = - i (4c 2 + /P), 

* The investigation of the equation of the Lintearia was first effected by James 
Bernoulli. 



THE TENSION OF FLEXIBLE SURFACES 


143 


-jL. ^ oC 


} ' a 

so that since from (1) h = 2csin - , h-< 4c-, 


and 


• • tj ^ ^ 


OO 


* s® c \ 

Hence «/ = g>(n-f e) where e is a constant. l4 >. a j_ 

Now 0 ^ y ^ h so that 0 ^ z $ /<-, <. A** 


and . 1 '. - J (4c 2 + /* a ) ^ v ^ - J (4c 2 - 2/r), 

that is Cs^v^c.j. 

Hence taking u to be real, the imaginary par t of e must bVtfie 


imaginary half period and its real p art may be taken as zero bv 
suitable choice of the lower limit for u. 


v ~ & ( u + w a)> 


so that since 


dx = -(Je, + v) 

dv ^{^{v-e^tv-eJiv-es)]' 

•*• dx = — (£ e £ + p (u -f o» 3 )j du, 

and tf=C-£e 2W + ?( M + a> 3 ), 

where £ is Weierstrass’s Zeta-Function. ww 2 .© <* 


Also when * = 0 then * = b V and v = e'= p («,) so that » = 0 
and C = — ^(o) 3 ), hence 


+ Jeo?t ... 

and since 2/ty — y 2 = z — v — e 3 , therefore we have 

2hy - y* = p (w + o 3 ) - . 

Again 


( 2 ), 


(3). 


ds fdx *}- 

— u + (s 


2c°- 


f % ' (tt** 44*1*1 


so that with the same substitutions 


s L«‘.U V . 


ds 9 ° 


z<r 


ds 


dz Vl**(* — 4 c 2 ) (z - 42 )| * 


2c 2 


and , 4«. ™ ^ . 

dv V|4 (v - ej {v - &>) (v I e s )} ’ 

Hence 


ds = 2c* du. 


• *. s = 2c 2 w 


provided we measure . from 0 where, as above, „ vanishes. 


(*)> 
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137. If x a, and s — l when y — h, then for this value we have 
2 = hr and v = - i (4c- - 2h 2 ) = e,. Therefore (u + a> 3 ) = e 2 , so that 
the corresponding value of u must be o>,, and the constants and 
periods are connected by the relations 

a = t ("2) - £(&>:«) - J O), , 
l = 2c- G>,. 

We have drawn the figures for the case in which the water is 

filled up to the level BC, but, if a smaller quantity of water is 

poured in, the portions of cloth not in contact with the water will 

be plane, and the value of h will be the depth of the vertex below 

the surface of the water. 

% 

138. Tensions and Tangential actions. Considering the 
equilibrium of a plane flexible membrane, the stress along any 
line, that is, the action between the contiguous portions of the 
surface bounded by that line, is in general oblique to the line, and 
is therefore represented by a tension t and a tangential action t ; 
we shall now shew that for any, two directions, at right angles to 
each other, t is the same, and Uhat there are two directions for 
which t vanishes. 



■'I Taking any small square element of the surface, the tangential 
etions rSs and (t + St) 8s on a pair of opposite sides form 
Itimately a couple rSs*, if Ss be a side of the element; and, since 
bis must be balanced by the other couple, t'Ss 2 , if t be the 
mgential action in the direction at right angles, it follows that 

and t are equal. 

r) Now take a small triangular element , OAB, ri ght-angled at 0, 
nd represent the stresses as in the figuie. 
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Resolving parallel to BA, we obtain 

t'AB + tOA cos 0 4- t'OA sin 0 = tOB cos 0+tOB sin 0, 

2t' = (t - t') sin 20 - 2t cos 20, 
and t vanishes when 

{t - t') tan 20 = 2t, 

giving two directions at right angles. 

139. If in the figure we assume that OA anil OB are the 

directions of zero tangen tial action , and if we resolve in the 

directions perpendicular and parallel to BA, we shall obtain the 
equations 

T = ts\n 2 0 +1’ cos 2 0, 
t' = (t-t') sin 0 cos 0. 

The quantities t and f are now the greatest and least, or the 

least and greatest tensions, and we shall therefore call them the 
Principal Tensions. --- 

p it 0 ' If * i" the inclination t0 0A «*' ‘he resultant stress 
K.AB, upon AB, 

f . t'.OA t' * 
t % 0B = l COte ’ 


t' 


tan <f> tan 0 — — . 


Also 


&.AB*=:t\OB> + t'*.OA a -, 

• *• & = t 2 sin 3 0 + t' 2 cos 2 0, 
and, eliminating 0, we obtain the relation 

_1_cos 3 <£ sin 2 0 

^ 3 ** 

If then t and t' are the principal tensions at'the point 0 in 
he directions OA and 05, and if * is the inclination^ OB to 

equation ' ° f ** ^ “ 0E is g^en by the 

*' 

tan <f> tan 0 = - 

t ’ 

and the magnitude of the stress per unit of Ion<rfk * 

">: t—»*»* 

which are represented by the principal ^^nT 

B. H. 


10 
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141. Conjugate stresses. If the stress across OE is in the 
direction OF, the stress across OF is in the direction OE. 



For, if we consider the equilibrium of an element in the form 
of a parallelogram PQRS, the sides of which are parallel to OE 
and OF, the stresses on PS and QR equilibrate, and therefore it 
follows that the stresses on PQ and RS equilibrate, and are there¬ 
fore in the directions OE and EO. 


142. If R and R' are the conjugate stresses across OE and 
OF, and if 6 and </> are the inclinations of OE and OF to the 
direction of the principal tension t, we have from Art. (140), the 
equations 

1 cos'- <f> sin" (f) 

W = + t' r ’ 

1 _ cos 2 0 t sin 2 6 

R 77 - IT + ~ t' 2 ~ ’ 


where 0 and <f> are connected by the relation 

tan tan 6 = —. 

L 

Eliminating 6 and <p, we find that 

RR' = tt', 

so that, at any point, the product of two conjugate stresses is 
constant, and equal to the product of the principal tensions. 


143. The same results can be obtained by writing ( * 0 '' n ^ 
conditions of equilibrium of two elemental triangles OAR, UA is 
where All and A'B' are parallel to OE and OF. 
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We should thus obtain the equations 

R cos <f> = t sin 6, R sin <£ = t' cos 0, 

R' cos 0 = t sin <j>, R' sin«0 = f' cos <#>, 

from which we can obtain the relations already gi\en. 



144. If now we take the case of a flexible membrane 
exposed to fluid pressure, and consider the equilibrium of a 
small element of the membrane, the results of the three preceding 
articles are at once applicable to the case, for in the limit the 
components of normal pressure disappear in comparison with the 
tangential action. 

145. Principal tensions. A flexible surface of any form is 
exposed to the action of fluid; required to find the relation between 
the pressure, principal tensions, and the curvatures in the directions 
of these tensions, at any point*. 

Let Q, Q', be points contiguous to P, on the lines of principal 
tension PQ, PQ\ through P; draw normal planes through Q and Q\ 

* The student must be guarded against the idea that there is any connection 
between principal tensions and principal curvatures. 

For instance, imagine a membrane folded round a cylinder, and draw a number 
of helical lines of the same pitch on the membrane. 

The membrane can be tightened in the directions of these lines, which will 
become the directions of greatest tension, the perpendicular tension being zero, and 
the stress along a generating line being oblique to that line. 
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perpendicular to the lines PQ, and PQ', cutting the surface in the 
arcs AB, AD, and let BC, CD, be 
the arcs of sections made by normal 
planes through contiguous points 
in Q'P, QP, produced. 

The element BD is kept at rest 
by the tangential forces tAB, tCD, 
t'AD, t'BC, and the normal fo rce, 

p.AB.BC. 

Let r, v , be the radii of curvature at P of the curves PQ, PQ '; 
then, resolving along the normal at P, we have ultimately 

p.AB.BC = 2 tAB ^ + Zt'BC ^-, 

l r r 

t , f ' 

and + - 7- 

If the nature of the surface be such that t = t, the above 
equation is 

fO+I-l + l 

T —-■ ' — * t > 

t r r p p 

if p and p are the principal radii of curvature. 

Hence if z=f(x,y) is the equation to the surface, it follows 

that 


V \ 

r ( 


i + 


?zV 


. fdzV )» 
dx) + \dy) . 


= 1 


fdz 
l 0y 



d-z 9 dz dz d-z 

A ^ 1 

dx 5 • 


1 + 

ox 


d*z 

drf' 


dxdydxdy 

which is the equation obtained by Lagrange and Poisson. 

146 Tensions in any directions. It the directions of t 
and f are not those of principal tensions the tangential action will 

appear in the equation. 

Taking any point 0 on the 
surface, two directions OA, OB 
at right angles to each other, let 
t t' be the tensions in these 
directions, and T, T the tan¬ 
gential actions in the same 
directions. 

Oz being the normal at 0, 
draw four planes parallel to, and 
very near to, the normal planes 
AOz, BOz, cutting the surface in CD, DE, EF, FC. 
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Then, ultimately, the tangential actions, T . CD and T. EF on 
CD and EF, are equal and opposite, as are also those on ED and CF. 

Hence, by taking moments about Oz, it appears that T = 1 , 
as in Art. (138). 

If 0 be the inclination to the plane xy of the tangent at A to 
the curve CD, 

b-z 


tan 6 — 


and similarly at the point a, 


bxdy 


. OA 


Hence the sum of the actions T . CD and T . EF in the 
direction Oz 

= T.CD~OA-T.EF^-(-Oa) = T.CD.DE.£* , 

oxoy oxby oxoy 

and a similar term arises from the action T'. 

Resolving along Oz, we now obtain 

p.CD.DE = 2tCD — + 2tDE^+2T.CD.DE S ' z 


V 


V 


and 


p=- + -, + 2T^*-t. 
r r bxdy 


bxdy ’ 


147. The same result may be deduced from the formulae of 
Arts. (139) and (145), and though this method is a much longer one, 
it emphasizes the importance of distinguishing between directions 
of principal tension and directions of principal curvature. 



If t x , t y are the tensions in any two directions Ox, Oy at right 
angles to each other, and T the tangential action in either of these 

* For we may write 

tan 6 =/(0 A) =/(0) + OA . f (0) +... 

where /(0)=value of tan* at 0, i.e. value of at 0, and /'(0)=value of 
9 /dz\ d*z a 
dx \dy) ° r dxdy at °* 

t The general question of the equilibrium of flexible surfaces is discussed in a 
paper by W. H. Besant, in the Quarterly Journal of Mathematics, Vol. iv. 1860. 
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directions, and t, t' the principal tensions in directions OP, OP' and 
the angle POx = 0 ; then by Art. (139), 

t x = t cos 2 6 + i! sin 2 6 , 
t y = t sin 2 0 + 1 ' cos' 2 6 , 
and T ={t — t') sin 6 cos 6. 

Again, if OC, OC' are the directions of principal curvature and 
the angle COx = (f>, and p, p' are the principal radii of curvature and 
r Xy r, J} r, r' those of the normal sections through Ox , Oij, OP, OP '; 
then 


cos'- 6 sin 2 6 

-- +- yZ- 


r 


x P 9 

1 cos -(d-<p) sin 2 (0—6) 

— — ” " I / 

r p p 


1 _ sin 2 <p ^ cos 2 6 
r y P p’ 


1- sin -(0 — 6) t cos 2 (# — <£) 

- 7 —— I — J 1 


r 


ft „ . . / cos 2 <t> sin 2 (b 

. •. — + tjL = (t cos 2 6 + t sm 2 6) (-- H- —r~ 

r» r y V P P 

+ (t sin 2 6 + t' cos 2 6) ^ 


sin 2 6 cos 2 <p 

4* 7 




(cos 2 (0 — 6) sin 20 sin 2cp ( sin 2 (#—<£) , sin ’29 sin '2<f> \ 

-— _ ' t 


v 


p -p p 

( sin 2 (0 — 6) sin 20 sin 2 <f> cos - (0 - 6) sin20sin2<£| 

+ *'|-p- + -2 p + 7 2/ } 

= - + -(t - t') sin 6 cos 6 sin 26 . 

r r 'P P ' 

= < -+-,-Z’s in 2 

r r \P P ' 

ft /II \ t t' 

But the equation to the surface in the neighbourhood of 0 may be 

written 2* = - + ^ referred to OC', OC , and the normdl 0* as axes; 

2 ^ = aiV 2 + P 2hxy + by* referred to Ox, Oy, O 2 , and since </> is the 
angle between the two systems of axes, 

2h 

sin 2p = 


or 


and 


\/(a - 6) 2 + 4/* 2 
(a - fc) ! + 4/i- = (a + i) : - 4 (ai - h?) 

(\ IV ±_ 

= { P + P') PP 


\P P / 
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d-z 


and h is clearly the value of at 0, 





148. We observe that if the chosen directions Ox, 0y coincide 
with the directions of principal curvature, then <f> = 0 and the 
formula reduces to 

tx t„ 

r x r y 

so that this formula holds good when the chosen directions arc 
either directions of principal tension or directions ot principal 
curvature. 


149. If we imagine a surface of such a nature that the tension 
at any point is always perpendicular to a line of division through 
that point, it can be shewn that the tension at any point is the 
same in every direction. 

Considering a small triangular portion of the surface the 
equilibrium in the tangent plane is entirely determined by the 
tensions of the sides of the triangle, for the tangential impressed 
forces, if there be any, will ultimately vanish in comparison with 
the tensions; and since these tensions are perpendicular to the 
sides, they must be in the ratio Qf their lengths, and therefore the 
measures of tension in all directions are the same. 

Further, the tension will be the same over the surface, for, if 
a small rectangular element be considered, the tensions on the 
opposite sides must be equal. 

The conception of such a surface is of the same nature as the 
.conception of a perfectly rigid body or of a perfect fluid; never¬ 
theless we obtain approximate specimens in the case of liquid films, 
such as soap-bubbles, or the films which may be seen in a clear 
glass bottle containing liquid which has been shaken about. 

The corfsideration of the equilibrium of liquid films we defer to 
a subsequent chapter. 


150. A vessel, formed of flexible and inextensible material , is 
in the form of a surface of revolution , and is held with its axis 
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vertical , and filled with homogeneous liquid: it is required to 
determine the principal tensions at any point. 

Let 0 be the lowest point of the vessel, and take 0 for the 
origin. 

Measure a vertically upwards, 
and let PEQ be any horizontal 
section, the upper rim being 
ACB, which is supposed to be 
fixed. 

At all points of the horizontal 
* section PQ, the tensions are 
evidently the same. 

Let t be the meridional tension, i.e. the tension at P, in 
direction of the tangent at P to the curve AP, and t' the 
horizontal tension at P ; these are the principal tensions. 

The vertical resultant of the tension t along the section PQ 
counterbalances the resultant vertical pressure on the surface 
POQ ; hence, if 

OE = x, EP = g, and angle PTO = 0, 



pZ 

2t ryt cos 0 = I gpTry-dx + gpmf (c - x), if OC 


= c. 


This equation determines t, and t' is given by the equation 


- + Art. (145)*. 

r r 


where p — gp(c- x). 

It will be observed that r is the radius of curvature of the 
curve AP at P, and that r', the radius of curvature of the 
perpendicular normal section, is the normal PG. 


151. A more general proposition is the following: 

A flexible vessel, in the form of a surface of revolution, is 
subject to fluid pressure, such that it-is the same at all points ot 
the same circular section ; it is required to determine the principal 

tensions at any j)oint. 


* This equation may also be obtained, for this case, by taking a small elemen 
bounded by lines of curvature, that is by meridians and horizontal circles; it wi 
be necessary to employ Meunier’s theorem, and to observe that the osculating planes 
of lines of curvature are not generally normal planes. 
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Let PEQ, P'E'Q' be two consecutive circular sections, and 

let t be the meridional tension at P. 
jf Qp _ the resultant tension, 

parallel to the axis, on the circle PQ, 

d<c 

- 2?r y 1 t 8 ; 

.*. the resultant tension, parallel to Ox, 
on P'Q\ 

= + dsfo di) Ss 



if PP' = 8s. 


t+ht 


The difference of these two counterbalances the resultant 
pressure, parallel to Ox, on the strip of surface between the circles 
PQ } P'Qf, which is equal to 

V ■ j J s • 

if p be the pressure at any point of the circle PQ ; 

d ( . dx\ dy 
--ds\ yt ter lpy ds' 

and p being a given function of *, and therefore of s, this equation 
determines the tension t, and, as before, t' is given by the equation 

t , t' 
r + ?= p - 

152. By eliminating p we obtain a relation between t and t, 
but it is better to obtain the relation directly. 

Taking a small element PP'R'R 
bounded by meridian arcs, PP\ RR\ and 
by circular arcs PR, P'R’, let B(f > t be the 
angle between the meridian planes and 
28-vfr the angle between the tangent lines, 
at P and R, to the meridians. 

Then PR = yB$, and PP' = Bs. 

Resolving parallel to the direction of 
the meridian bisecting PR and P'R', 

(ty B<f>) By = 2 t'Bs sin Sy/r, 

= t'Ss. g = t'Ss ***, 

and, since 

sin 6 «= ^, fig. Art. (150), 


ds 



154 


THE TENSION OF FLEXIBLE SURFACES 


we obtain the equation 



Observing that r = y sec 0, we also have 


t t' cos 6 

- 1 - 

r y 



and therefore t and t' are determined by these two equations. 

From the first of these equations, we observe that, if at any 
horizontal section t is a maximum or a minimum, so that dtjdy 
vanishes, then 

t' = t. 


But if y is also a maximum or a minimum this relation does not 
follow, for we cannot infer that dtjdy vanishes. Again if t'=t at 
every point, it follows that dtjdy = 0, and therefore that t is 
constant. 


153. Examples. (1) A conical perfectly flexible and elastic bay attached, 
mouth downwards , by the rim to a horizontal plane, and filled with liquid by 
a small hole at the apex, has, when at rest, the figure of a right circular cone; 
find the equation to the figure it will assume when detached and the liquid let 
out, neglecting its weight. 

Let l be the tension at P in the direction perpendicular to the generating 
line VP, t‘ the tension in the direction VP, and 2 a ^ 

the vertical angle of the cone. 


Then 


P’= t - + t p gives, if r A=.r, 


!JP X = ,,75 = 


,« 



PG x tan a sec a 

or t =gpx 1 tan a sec a. 

But 27r PJM cos a =the resultant vertical pres¬ 
sure on VPQ 

= r^gp 7 T.v 3 tan- a ; 

. •. i = \gpx- tan a sec a. 

Let VP (/ be the generating curve of the surface of revolution into which 
the surface forms itself after the liquid has been let out, V’N= £, v , 

P'jY = tj, P corresponding to the point P. 

If p(f = 8s, a small arc of the .curve, 


and 


8x sec a = 8s (1 + r-,), 

-On)- 


x tan 


taking the modulus of elasticity different in the two directions. 
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Takill „ accoullt of the values of ( and (' obtained above, a- can be eliminated 
LtlXtwo equations, and the relation between | and , w,H result. 


qp tan a sec a _ I 
From the first equation, putting 1 


a- ’ 


ds 

dx 


cos a = 


1 


•I > 


_ 

1+ a* 


s 

- cos a 
a 


tan -1 *-, measuring s from V, 
a ' 


or 


- = tan (- cos a) . 
a \a ) 


Substituting this expression for .r in the second equation, we obtain 

«tan « tan (f cos , {l + ^ ^ “ ^ " *•"* (« ~ «)} ’ 
as the differential equation to the curve. 

If X = V, a tan a = r) jcot 0 ( cos « ^ + 3 tan ^ cos a) j . 

(2) JL yterifcfe mem&ranc in the form of a cateiioijL that is, of the surface j 
generated by the revolution of a catenary about its directrix, has its ends fastened | 
to two equal circular boards of radius a, and the excess p of the air pressure 
i/iside over the air pressure outside is given. 

In this case the curvatures are in opposite directions, and if PO be the 
normal at P , each radius of curvature is equal to PG, and the equations of 
equilibrium are 


aud since 


t’-t=p.PG, and 


2c (i — r)=/> (y- —c 2 ), 

being the meridian tension at the vertex; 


and 




The first of these equations may at once be obtained by considering the 
equilibrium of the portion AP, A denoting the vertex of the catenary, and 
then the value of t! follows from the equation, t’ —t—pr. 

Neglecting the weights of the boards, and supposing the form of equilibrium 
to be maintained by the inside air pressure, we obtain 


2 *« { T+ is (a2 ” 5 “ pna *' 


which gives 2 r=pc, 

and the tensions then become 

t-Pf alld ,>=?&£ 

*- 2 C » ana 1 2c * 
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154. We have hitherto considered only laminae of uniform 
thickness, but, in order to include cases in which the lamina 
is of variable thickness, a more general measure of the tension 
can be given. 

Suppose a bar AB of any homogeneous material to support 
a weight ]l r , and let k be the area of the section of the 
bar: then the tension at the section through P supports 
TF and the weight of the bar* PB ; and if tk is equal 
to the sum of these weights, r is the measure of the 
tension at P per unit of area. 

It will be seen that t is one dimension lower than t. 

In fact, if e be the thickness of a flexible lamina at any 
point, the tension at which, measured in the usual way per 
unit of length of section, is t, we have 

t&s = t e8s, 

or t = er. 

155. The investigations of this chapter will not in general 
be applicable to surfaces which are inflexible, or of imperfect- 
flexibility, but, if in any particular case the action between 
adjacent portions of a surface be wholly in the tangent plane, the 
relations obtained between the tension and the normal pressure 
will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be filled with fluid, the action at any point- 
will be wholly tangential and of the nature of tension. 

EXAMPLES 

1. Supposing the cylinders of a Bramah’s Press made of the same material 
and the stress to be the same in each, what should be the ratio of the thick¬ 
nesses of the cylinders? 

2. A cylindrical vessel is formed of metal a inches thick, and a bar of this 
metal, of which the section is A square inches, will just bear a weight H 
without breaking. If the cylinder be placed with its axis vertical, find how 
much fluid can be poured into it without bursting it. 

3. The tensile strength of cast iron being 16000 lb.-weight per square 
inch of section, find the thickness of a cast iron water-pipe whose internal 
diameter is 12 inches, that the stress upon it may be only one-eighth of its 
ultimate strength when the head of water is 384 feet. 

4. A hollow cone, the vertex of which is downwards, is filled with water; 

find where the horizontal tension is greatest. . . . . 

Also find where the tension in the direction of a generating line is greatest. 



EXAMPLES 


157 


. * 

^SHstSSsSBi^SftS 

ggHSjoa: as 26 ssantfs tea 

that is curved. 

7 A vessel, formed of a thin substance in the shape of a cj»ncswith its axis 
vertical and vertex downwards, is just tilled with liquid and closed *t te lop. 
If it be made to rotate uniformly about its axis, hnd the pimupa <- 
any point. 

8. A spherical clitic envelop is surrounded by and full of, n«' *» 
atmospheric pressure (n),when an equal amount is forced into ‘-l’'™* 
the tension at any point of the envelope then becomes 11 ( 2 * - > )/-' > W,1C1 
r, r' denote the initial and final radii. 

9 An elastic spherical envelope, whose natural radius is a, has air forced 
into ‘it so that its radius becomes b ■ it is then placed under an exhausted 
receiver, and its radius increases to c\ find the quantity of air foiced in, 
assuming that the tension is proportional to the increase of surface. 


10. An elastic spherical envelope of radius a is filled with air at the same 
pressure and temperature T <is the surrounding air. Assuming that the 
tension varies as the increase of surface, and that if the quantity of air inside 
be doubled, the radius becomes ma, and that if the temperature inside be then 
raised to 7*, the radius becomes «a, prove that 

„ T , . »*(»*-l)(2-m»), 

2 rp~ n + Wl 2(, n 2_l) ‘ 


11. A hemispherical bag of radius a, supported at its rim, is filled with 
water; shew that the principal tensions at a depth .r are ill the ratio 

a- 2 +<xx + a 2 : 2a- 2 + 2aa* — a 2 . 

Find also where the horizontal tension vanishes, and explain the circum¬ 
stance of its being negative for a portion of the bag. 

12. If the hemispherical bag be closed at the top by a rigid plane to which 
its rim is tied, and then inverted, shew that the principal tensions at a depth 
a- are in the ratio 

3a - 2a-: 9a - 4.c. 


13. A spherical envelope of radius a is just filled with liquid of density p, 
which rotates about a diameter with uniform angular velocity to ; neglecting 
gravity, prove that the principal tensions at an angular distance <f> from the 
axis of rotation are 

Jfpco 2 a : ’ sin 2 <j> and gpco 2 a 3 sin 2 <f>. 


14. A cylindrical shell of finite thickness is formed of a material such that 
a bar, one square inch in section, can sustain a tension r without giving way. 
If this shell be subjected to an internal fluid pressure u7, which is only just 

not sufficient to burst the cylinder, prove that 3r=Tlog^, where a and b are 

the external and internal radii of the shell. 
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15. A cone contains heavy liquid; if the tension of the cone in the direction 
of the generating lines is the same at all points, prove that the density of the 
liquid varies inversely as the square of its height above the vertex. 

16. A convex inextensible pliable envelope in the form of a surface of 
revolution with its axis vertical is exposed to water pressure from within. 
Prove that at the widest part the tension along the meridians is a maximum 
or a minimum according as it is less or greater than the tension across the 
meridians. 


17. A flexible bag, in the form of a right circular cone, just filled with 
liquid, has the rim of its base fastened to a rigid plane, and the liquid is acted 
upon by repulsive forces from the centre of the base, varying as the distance; 
find the principal tensions at any point. 

If an aperture be made in the rigid plane, fitted with a piston, and a blow 
be struck on the piston, find the principal impulsive tension at any point. 


18. If, in Art. (151), the vessel be a paraboloid, and if the principal 
tensions be equal at any point of the horizontal section through the focus, 
shew that the length of the axis is f ths of the latus rectum. 

19. A quantity of liquid within a thin spherical shell rotates about the 
vertical diameter with uniform angular velocity : find the principal tensions at 
any point, and examine the effects of an increase in the velocity of rotation. 

• 

20. A flexible surface, such that the tension at any point is the same in 
every direction, .and whose form is given by the equation z = <f) (.r, y), is exposed 
to the action of fluid ; find the ratio of the pressure to the tension at any point. 

Shew that this ratio is 1 : 3 at the points of the surface 4x-=lh 2 (.i-+y-), 
where x=y = z. 

21. A right circular cylinder is made of elastic material attached to rigid 
fixed plane ^ends. It is 'distended by fluid pressure. Supposing that the 
tensions in the meridian and circular sections are regulated by Hookes law, 
obtain equations sufficient to determine completely the shape it will assume. 
If the pressure p be constant, prove that the meridian curve is 




where a is the original radius, X one of the moduli of elasticity, and A, B , C 


constants of integration. 

22. If an elastic membrane when unstretched forms the curved surface of 
a cylinder of radius </, shew that if its ends be fixed and air be forced into t 
and its ends closed, the bounding curve of any section through the axis w ill 

given by 

(/-'+/) (y sec (f,-\J=2a (c-//), 

where 0 is the angle made by the tangent with the axis, y the 
on the axis, p the difterence of the external and internal pre^ure^and^ the 
coefficient of elasticity. Explain how the constants c,/ and a third 
on integrating the equation must be found. 

23. A vessel is constructed of thin flexible and inesteusible materia m 
the shape of the surface formed by the revolution of a catena >, 

the parameter, about its axis. If t, t' are the principal tensions at the cu 

x from the axis, prove that 

2t-t' :2(=x/c : sinh 2 x/c, 

the difference of the pressures inside and outside being suppose cons a 
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24. If a flexible vessel, generated by the revolution of a cycloid about its 
base, is lust full of liquid which rotates uniformly about the axis under the 
action of no external forces, prove that the ratio of the tensions along and 
perpendicular to the meridian curves is as 2 : 7 ; the pressure being assumed 
to vanish at the axis. 


25 The shape of a perfectly flexible vessel is that produced by rotating 
a cycloid about its axis, which is vertical. Shew that if the vessel is nearly 
full of water the horizontal tension at a point where the tangent plane is 

inclined at 45° to the horizon is \ /2 (gjj ~ j|g) tinies the tension at the 

lowest point. Why may not the vessel be quite full? 


26. A receptacle for liquid is formed of a weightless disc to which is 
attached a flexible piece of cloth in the shape of a zone of a sphere radius «, 
of which one plane section just fits the disc, and the other pisses through the 
centre of the sphere. This is supported by the rim of the larger section and 

filled with a heterogeneous liquid whose density varies as s (a* - z-) ~ *, where 
z is the depth : find the ratio of the principal tensions. 


27. An inextensihle flexible envelope in the form of a paraboloid of 
revolution (latus rectum 4a) hangs from a fixed horizontal circle of radius c ; 
and contains fluid of density a- which is rotating round the vertical axis of the 

paraboloidal envelope with angular velocity (g/2 6)i. Prove that at any point 
of the envelope, at distance r from the axis, the horizontal tension is 



c- (2a 2 -f - r- ( 3a 2 + r-) 
(4 a*+r*)4 


28. A flexible membrane is in the form of a surface of revolution, the 
meridian curve being such that the normal at any point is n times the radius 
of curvature. The membrane is just filled with liquid, and the whole revolves 
about the axis as if solid, with uniform angular velocity; shew that, if the 
liquid is under the action of no external forces and the pressure is zero along 
the axis, the ratio of the principal tensions at any point is 4 - a : 1. 


CHAFTER IX 


RIGID OR ELASTIC LAMINA SUBJECTED TO 

FLUID PRESSURE 

156. We shall now consider the case of a cylindrical lamina, 
subjected to fluid pressure, such that it is the same along any 
generating fine. 

If APQ is a cross-section perpendicular to the generating 
lines, the stress between the two portions separated by the 
generating line through P y perpendicular to the plane of the 
paper, will consist of a tangential force, a shearing force, and a 

couple. 



Taking unit length of the generating line, we shall denote 
these quantities by T, N, and G, observing that T, N, and G 
represent the stresses exerted at P upon the element PQ, and 
that T+ ST, N + 8iV, G + SG, in the contrary directions, are the 

actions at Q upon PQ. 

Let pBs be the fluid pressure upon PQ on the concave side, 
and let d, be the deflection of the tangent at P from the tangent 
•\t A Then by resolving parallel to the tangent and normal .at 
P. and by taking moments about P, we obtain the equations 

ST + (N + SIP) B<f) + pBs. ^ = 0, 

BN - (T + ST) B<f> + p*s = 0, 

BG-(N + SN)Ss + (T+ST)j.8<f>-pSs.j = 0; 
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or, ultimately, 

£ + *-o. 

d<p 

^u~ T+ Pn = °> 

d<f> 1 d<p 

<IG_ N <!± = 0 

d(j> d<f> 

If the form of the lamina is given, that is, if the intrinsic 
equation of the curve AP is given, and if p is a known function 
of <f>, these equations determine the stress along any generating 
line. 


157. Plane lamina. If the lamina be elastic and naturally 
plane, we have the additional condition that G is proportional to 
the curvature, or that G — E/r, where ?• is the radius of curva¬ 
ture at P. 

In this c;ise the third equation becomes 

r- dcf>' 

and therefore, from the first equation, 

dT^Edr 

d<f> r 1 d<f> ’ 

E 


so that 


r=c- 


2r 2 ‘ 


Substituting these values in the second equation, we obtain 
the equation 

Ed*r HE (dr\ 2 E 

r* d<j>- r* \d<t>) + ° 2^ ~ pr ' 

This equation determines the form assumed by the lamina 

for a given law of pressure, or, if the form be assigned, it deter¬ 
mines the law of pressure. 

• 

In the case in which p is constant, or a given function of ?•, 
inte g ral of the equation can be obtained by putting 

= Z ’ ant ^ we thus find in terms of r. 

158. If the lamina is naturally of a given cylindrical form, 
and is bent from its natural form, the couple G y the flexural 


B. H. 


11 
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couple, is proportional to the change of curvature, so that if r 
is the original radius of curvature at P, 

g = e(-~- 

\r ?v 

The truth of this equation depends upon the assumption that 
the length of the mean fibre, across the generating lines, remains 
unchanged. We also assume that no effect is produced upon the 
equation by the existence of external fluid pressure. 

159. Elliptic cylinder. To illustrate the use of these equa¬ 
tions, consider the case of an elliptic cylinder, formed of some thin 
rigid’substance, closed at its ends and filled with air, the pressure 
of which exceeds by p the pressure of the external air. 

Eliminating iV, we obtain 

PT , 

dv +T=pr - 

Measuring s and 4> from one end of the conjugate axis, 

CD' ct-lP 


r = 


:\ > 


“b (a 2 sin 2 <p + 6 2 cos 2 (p) 
and, by the method of the variation of parameters, it will be 
found that 

T=p. (a 2 sin 2 <p + b- cos- </>)- + A cos <p + B sin <p, 

and therefore , „ • , . 

(a 2 — 6-) sin (p cos <p 

N — A sin <p-Bcos<p-p. . , A * 

(a- sin- (p + o- cos- (p) 

Employing the consideration of symmetry, and also the law 
of the equality of action and reaction, it follows that N vanishes 

at the apses, i.e. when <f> = 0, and when <t>= ^ ■ 

Hence it appears that A= 0, and B = 0, and therefore 

T= P ~ and N = - p VD sin <f> cos </>. 


CD 


Also 


(IQ p (a- - b-) <rb- sin 0 cosj> . 

__ = A /• = sin 2 <p + b- cos 2 <p ) 2 


• @ — \ P 


a-b- 


+ const. 


so 


that 


cr sin- <p + b- cos 2 (p 
= $p (CD-+ const.), 

G' — G = \p (CD'- — CD-). 
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160. The Lintearia. 

We have shewn, in Art. (134), that the Lintearia and the 
Elastica are identically the same curves. 

IF two opposite sides of a thin elastic plate are d rawn togeth er, 
and connected by a tightened sheet, the curve formed is the 
Lintearia of Art. (133). 



In this case p = 0, and, as an exercise, it may be useful to 
observe that the integration of the equation of Art. (157) will lead 
to the intrinsic equation of the Lintearia. 

If Q is the tension of the connecting sheet, and if T and N are 
the tension and shearing force at P, we obtain, by considering 
the equilibrium of the portion PB of the lamina, the equations 

T= -Q cos</>, N = — Qsin<j>. 

161. We now propose to determine the l aw of pressure which 
will deform a thin elastic lamina, resting on two parallel fixed 
bars, in the same horizontal plane, into a Lintearia. 

The quantities T and G will both vanish along the lines in 
contact with the bars, and therefore the radius of curvature at 
these lines will be infinite. 

Hence in the equation, 

T—C ^ 

1 0 2 ?^ ’ 

we find that 0 = 0, and therefore 



The intrinsic equation of the Lintearia is 

r \/ 2 = c (cos <j> — cos a)^, 
and p is given by the equation 

• ffcfrr 3ff /dry E 

' V r*d<f>' 7* 1 \d<j)) “2r=- 


1G4 
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Making the substitutions it will be found that 

jE'cos a 
P ' = c 5 ■ 

Now, in the Lintearia, Art. (133), 


r = 


so that 


p — PL. 


PL * 

E cos a 


and therefore the requisite pressure can be obtained by pouring in 
liquid of density p, such that 

E cos a =gpc 4 . 

Hence it appears that the Lintearia form can be maintained 
by pouring in liquid, of the density given by the preceding 
equation, to the level of the bars. 

Further, 

__ E dr E . . 

^y = ___ = -- sin </ > , 
r 3 d(p c- 

% 

N = — gp& sin <j> sec or, 

N being the shearing force, at P, of the left-hand portion on the 
right-hand portion, inwards, so that -N is the action on the 

left-hand portion. 

Hence at B and C 

— iV = gpc- tan a. 

This last result can be tested by the fact that the reactions 
of the bars support the weight of the liquid. 

Thus we have 

- 2iV cos a = 2 J gpPL dx 

= 2 />p pi -S|^ =2 /> pc:cos< ^ # 

= Zgpc 2 sin a. 

162. If we have an elastica formed by bending a given plate 
and fixing the ending generating lines in the same horizontal 
plane <? = 0, at B and C, and the stress at each end contains 
tangential and normal components. If we now pour in liquid 
of the density suitable to the particular elastica the shape wil 
unaltered, but the value of T at B and 0 will be increased, while 

the value of iV at B and G will remain unchanged. 
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EXAMPLES 


1. A vessel of thin rigid material, in the form of half a circular cylinder, 
is filled with water and supported by vertical forces at its bounding generating 
lines, which are horizontal; prove that the stresses at any point distant 0 from 
the lowest point are such that 

2 T=gpa i (<\> sin 0 + cos0), 2X = —gpa- 0 cos 0, 


2G=gpa 




2. A lamina in the form of a rigid parabolic cylinder bounded by planes 
perpendicular to the generating lines, forms a vessel which, being closed in by 
a band of thin cloth joining the generating lines through the ends of the latera 
recta, is filled with air, the pressure of which exceeds by p the pressure of the 
external air. If the breadth of the band of cloth l>e to the latus rectum, (4«), 
in the ratio tt n /2 : 4, prove that, measuring 0 from the tangent at the vertex, 
T=p<c (sec <f> — v /2cos<^>), calculate the values of A r and 6-', and prove that at 
the vertex 

2G=pa- (3 + 2 N /2). 


3. A rigid cylindrical vessel, the cross-section of which is formed of two 
cycloidal arcs with the ends fitting together, has an excess of air pressure 
inside; investigate the stresses along any generating line. 


4. A rigid thin lamina in the form of a cylinder, the cross-section of which 
is the catenary, s=ctan0, is subjected to an excess p of air pressure on the 
concave side, and supported by two equal forces parallel to the axis of the 
catenary, at the angular distance a from the vertex; prove that, in this case, 

= cos 0 sec a- 1-f si lining tan ^ ’ 

A r 


— =sin0sec« — tan 0 - cos 0 log tan + 
~=sec<f>seca-b sec-0-i jlog tan^ 4 - ^ j + A', 


where 


A'= h | log tan (j + “ j J - £ sec 2 «. 

Prove also that each of the supporting forces 

=pc log tan + 

5. A plane elastic lamina rests on two parallel horizontal bars, aud is bent 
downwards between the bars by a constant air pressure above; prove that the 
radius of curvature and the deflection are connected by the equation 

6. Find the law of fluid pressure which will bend the same lamina into the 
form of a catenary? - 

7. If the same lamina is bent into the form of a p arabolic cylin der^ resting 

on the parallel bars, prove that the fluid pressure at the angular deflection <f> 
from the vertex varies as ^ 

cos 7 $ (7 cos 2 (f> — 6). 


w * 0 w 
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_. ... ... ££ "■•^Capillarity 

•• 1 •* " [ 4 f* AA4*-^ 

I vl63. It is a well-known fact that if a glass tube of small bore 
be dipped in water, the water inside the tube rises to a higher 
level than that of the water outside. 

It is equally well known that if the tube be dipped in mercury, 
the mercury inside is depressed to a lower level than that of the 
mercury outside. 

If a glass tumbler contain water it will be seen that at the 
line of contact the surface is curved upwards and appears to cling 
to the glass at a definite angle. 

If the tumbler be carefully filled, the level of the water will 
rise above the plane of the top of the tumbler, the water bulging 

over the round edge of the top. 

If water be spilt on a table, it has a definite boundaiy, and 

the curved edges cling to the table. 

These facts, and many others, are explained by the existence 
of forces between the molecules of the fluids, and of the solids 
and fluids, in contact; the field"of action of the force exerted by 
any particular molecule being infinitely small *. And since these 
molecular forces are only exerted at very small distances, it follows 
that as far as molecular forces are concerned, every element of a 
homogeneous body, not near its bounding surface, is under the 
‘same conditions; but that at the surf ace itself the sphere of action 
of a particular molecule is incomplete, and the molecule also falls 
within the field of action of molecules of whatever matter is on the 

other side of the bounding surface. 

Also if we assume that the linear dimensions of the held 

of action are infinitely small as 
compared with the radii of curva¬ 
ture of the surface, then all parts 
of the surface of separation of 
two homogeneous substances are 



o 


* The field through which capillary forces are exerted is extremely small. In 
Quincke’s experiments the same phenomena were observed with water in a g£*s tube 
silvered with a coating 0000542 mm. thick, as in a silver tube of the same dia 

Pogg. Ann. cxxxix. (1870), p. 1. 
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under similar conditions as for as molecular forces are concerned, 
and the surfa ce potential energy due to molecular forces must be 
in a constant ratio to the area o f the surface, the constant 
depending on the nature of the substances in contact. 

164. Application of the principle of energy to the case of a 
homo geneous li quid at res t i n a vesse l under the action of 

gravity*. 

In equilibrium the value of the po tential ene rgy must be 
stationary, and it is composed of f our parts : the gr avitationa l 

'z, where 2 is the height of an element dxdy dz; 



energy gp 

I 

and the energy of the 3 surface s separating (a) liquid and air, (/9) liquid 
and vessel, ( 7 ) air and vessel. 

Hence we require that 


gp jJJ zdxdydz + A l S', + BS* 4* CVsT 


should be stationary ! where S lf S. it S 3 denote the surfaces (a), (£), ( 7 ) 
and A , B, C their energies per unit area respectively; subject to 

the condition that the volume JJJ dxdydz is constant. 

For a sl ight displacemen t of the surface S i , between the liquid 
and air, if Bn denote the element of the normal to the surface S x 
between corresponding elements of £, in the old and new positions, 

the variation of the first term is clearly gpjJ zSndSif. 

Suppose, in the first place, that the line of contact of the liquid 
with the vessel does not vary, then S t and S 3 are constant and S, 
changes to Sf Consider an element ds t ds. 2 of £, bounded by lines 
of curvature; the normals through the boundaries of this element 
cut the surface S x in an element ds x ds.,\ and if p,, p 2 are the 
principal radii of curvature, 


ds 


■ - ( 


an W 


pJ 


ds -2 = (1 — —^ ds .,; 

Pi / 


This discussion of the theory of capillarity is taken from Mathieu, Tlxtorie dc 
hi Capillarite, 1888. 

t It is p robable that the dexxs itf of the liquid infinitely near the surface varies 
owing to the molecular action, but as the t hickness of the laye r of variable density 
i nfinitely small compared with Sn, we may neglect this variation without affecting 
the argument. 
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• dSj'—dS 1 =ds l 'd$»—ds 1 ds 2 = — (- + ~^\8ndSids.,, 

\pi pJ 


or 


8dS,= -(~ + -)&n.dS,. 

\P 1 PJ 


But we require that 


ii 


r/p 11 z8ndS 1 + A8 dS t = 0, 


8?i dS, = 0, 


or, that fffa-jfl + l) 

subject to the condition of constant volume, viz. 
j'J 8ndS t = 0; and this is equivalent to 




I 9P ( z-h)-A + i 

(. 'pi pi) t 


I- 8ndS 1 = 0, 


where h is a constant and 8n is arbitrary. 

+~)=0P( g - h )’ 

\p 1 Pi) 


i.e. 


A 


(l + i)=- 

\pi pi) 

I +I) = n- 

pi Pi) 


p 4- constant, 


( 1 )*, 


where Id is the atmospheric pressure and p the pressure just within 
the surface of the liquid, so that the effect is the same as it the 
surface was in a state of tension, the tension art any point being 
constant and equal to A the energy per unit area. 

Secondly, suppose that the line of contact of the liquid with 
the vessel is displaced from s to s'. 

If we draw normals to the surface <r - 
S x at all points of the line s, the}' 
will meet the surface Sf in a line 
cr, and the surface <SV may be con¬ 
sidered as composed of two parts, 
the one 2 enclosed by the line <r, 
and the other S' between the lines 
(T and s'. As before, we get 

V—s. = _ [ I'fl + i) sws,; 





\ P 


v 

% 

</> 





P 1 


* That the constant is equal to n is evident from the consideration that if the 
surface energy A were zero, then the pressure in the liquid close to its surface o 
separation from the air would have to be equal to the atmospheric pressure. 
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and, if S\ denote the distance between the elements ds, ds, 2' may 
be considered as the projection of the elements 8\ds of the surface 
of the vessel on the surface so that it i is the angle between 
the normals to the surfaces 5, and &, then 

= [ cos i 8\ds. 




Also SS 2 = — SS s — j 8\ds. 

Now since the potential energy is stationary we have 

= 0 


s{<?pjff zdxdt/d 


z + A*Si, 4- BS -2 + CS :l 


subject to the condition that the mass is constant; or 


9P 


IJ zSndS x + A (5 + S' - S.) + BBS, + CSS, = 0 ; 


or 



gpz - A ( i + bids, +j (A cosi + B - C) S\ds = 0 


subject to the condition 


is 


8nd$t = 0 * 


and, since S\ is arbitrary, this gives equation (1) as before, and also 

A cosx + B — C= 0 .(2), 

or the angle between the surfaces of the liquid and the vessel is 
constant along the line of their intersection. 


165. From the foregoing considerations combined with the 
results of experiment we are led to two laws which may be stated 
as follows: 

(1) At the bounding surface separating air from a liquid , or 
between two liquids , thei'e is a surface tension which is the same at 
every point and in every direction. 

(2) At the line of junction of the bounding surface of a gas and 
a hquid with a solid body, or of the bounding surface of two liquids 
with a solxd body , the surface is inclined to the surface of the body 
at a definite angle, depending upon the nature of the solid and of 
the liquids. 

* In the figure, PQ is an element ds of the line of contact s of the liquid with 
the vessel, and PQ', pq are corresponding elements of the lines s', <r respectively: 
P'pqQ' is an element of the surface 2'. The variation in the mass represented by 
the wedge-shaped elements PPq round the line of contact of the liquid and the 
vessel is of a higher order of small quantities than the rest and may be neglected. 




170 


CAPILLARITY 


In the case of water in a glass vessel the angle is acute ; in the 
case of mercury it is obtuse. 

Assuming these laws we can account for many of the pheno¬ 
mena of capillarity and of liquid films. 


166. Rise of liquid bet ween two plates. 

If t be the surface tension , a the constant angle at which, the 
surface meets either plate, called the angle of capillarity, h the 
mean rise, and d the distance between the plates, we have, for the 
equilibrium of the unit breadth of the liquid, 

2tcosa = gphd, 3 * ~ 


- 


so that the rise increases with the diminution of the distance 
between the plates. 



It will be seen that the pressure at any point Q is less than 
the pressure at N by <jp . QN, 

and .*. = II — gpQN. 

The atmospheric pressure at P being sensibly equal to the 
pressure at the water level outside, it follows that the weight PN 
is supported by the resultant of the surface tensions on its upper 
boundary. 

167. Rise of a liquid in a circular tube. 

In this case the column of liquid is supported by the tension 
round the periphery of its upper boundary, and therefore, if / be 
the internal radius, 

2irrt cos a = gpirrh, 

2t cos <x — gprh. 


■ or 
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The pressure at any point of the suspended column being less 
than the atmospheric pressure, it follows that if the column were 
high enough, the pressure would merge into a state of tension, 
which would still follow the law of fluid pressure of being the same 
in every direction. 

It may be observed that the potential energy, due to the ascent 
of the column, is independent of the radius. 


168. The Capillary Curve. The capillary curve is the form 
assumed by a liquid in contact with a vertical wall. 

We shall take the case in which the angle of contact of the 


liquid with the wall is acute, such for instance as when water is 
in contact with a vertical plate of glass. 



If OF is the vertical wall, and OA the natural surface of the 
liquid, r the radius of curvature of the section through P perpendi¬ 
cular to the wall, and t the surface tension, then equation (1) of 
Art. (164) gives 

t n 

- = n-p= m . 

Hence, putting 4 1 = gpc 3 . 


c J 



and, inverting the figure of Art. (135), we see that the capillary 
curve is a particular case of the elastiea. 

The particularity consists in the fact that OA is a tangent to 

the curve, so that dy/dx = 0 when y = 0, and enables us to obtain 
the Cartesian equation. 


172 


CAPILLARITY 


Observing from the figure that dyjdx, which is the tangent of 
7t/ 2 *f <f >, is negative, and decreasing numerically, it follows that 
d-y/d'a? is positive, and that the equation, 4 ry = c 2 , becomes 


Putting for 

dy 




and integrating, we obtain 


- 1 

(i + P 4 




Observing that the tangent is vertical when y\/2 = c, and that, 
the curve should meet the vertical plane at an acute angle, we 
have y \/2 less than c at all points under consideration, and 


dx _ 2 y- — c- 

' ’ dy~2y J c - - y- ' 

Integrating this equation, and taking the origin in a new position 
such that x = 0 when y = c, we obtain 


or 



- = sech - 
c 


'9 


- (x + •Jc 2 — y-) 


If y— 0, x is infinite, and, taking the figure of Art. (135), the 
elastica is identical with the capillary curve when BC is the 
tangent at B and C, but this is only possible when the length is 
very great. 

If o is the angle at which the liquid meets the wall, we obtain 
the height OF by putting — cot a for dy/dx, so that 


c- 


and 


2? -" c! =- c ° seca ' 
••• °^= csin (f-i) • 


In the case of a liquid, such as mercury, for which the angle 
of contact is obtuse, it will be convenient to measure y downwards. 


169. To find the intrinsic equation, measure the arc from 
and the deflection <f> from FO; then 



c- dr _ dy 

4 r-d(f> d(f> 


= — r cos <f>, 
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If we measure the arc a and the deflection ^ from A and the 
tangent at A, 



then, when 
and when 

and we shall obtain 


<#> = -1. —-FA, 

0 = ^-^ > = - {FA - a), 




which is the equation obtained in Art. (135). 


170. Parallel Plates. Form of the surface of a liquid 
between two parallel vertical plates , of the same substance, which 
are partially immersed in the liquid. 

In this case it will be convenient to take the axis Oij halfway 
between the plates, and the origin 0 in the natural surface of the 
liquid, and further, to measure the deflection <£ from the tangent 

Sit Am 
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As in the previous case, 


c- 

r y = 4 * 


and 


£? j 1 + /^yr f 3 

dar'i +{dx)\ ~V 


Hence Jwe obtain 


C- 


= C- - 


1 + W 

\clxJ 


-A 


— C — cos 0, 


so that (7 —cos<£ must be positive, and therefore C must be* > 1 . 


Again 


ds 


c- 


<J d<f> 4' 

2\/2 tfs 1 

• * _ - . __ 

' ■ c d^>~ -Jo — COS (f) 



Put 


cos (p = z and V 2 s/c = w, 

— dz 


2da = 


and substituting 
this becomes 

du = —- 


V((l-*■)((?-*»’ 

z = v + C/3 
-dv 


i\/[4 (y — 2 (7/3) (v — 1 + (7/3) (v + 1 + (7/3) J 

f r/y 


or 


2 / = 


V |4 (y - e,) (y - e,) (y - e 3 ) ( 
where e, = 2 (7/3, e> = 1 — (7/3, e 3 = — 1 — (7/3, 

so that Ci > e 2 > e 3 . 

Hence v = p (22 + e), where e is a constant. 
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Now ^ or cos <f> lies between 1 and sin a, where a is the angle 
of capillarity, 

1 - C/3 > v >sin a— C/3, 

% 

or . e*>v> es, 

and hence it follows that as jp(w + e) lies between e> and e 3 , the 
imaginary part of e must be the imaginary half-period a> 3 . Also 
v = e 2 when <f> = 0 or z=l, and if we measure s from A then u = 0 
when <f> = 0, and so we must have p€ —e 2 — <po) 2 , and therefore 
e = = w j + (o 3 ; and v = fp (m 4- <o.>). 


Again 


(he 


ds 

s /2 da 
c dit 


= COS <f) = V + \e x . 


= p(w 4- a> 2 )4- \e u 


\/2x/c 4- constant = — f (w 4- eo.,) 4- 
and x — 0 when u = 0, so that 

\/2 x/c = \e x u — £ (a 4- o)o) 4- .(1). 


We have also 2i/ 2 /c 2 = C — z = % e l — v, 

that is 2 \fj& = — g) (m + o> 8 ) .(2). 

To complete the solution, we have that if 2a be the distance 
between the plates, then the u corresponding to x = a is given by 


sin a = z = p (tt 4- co^) + C/3, 


and since 


that i 


is 


(e 2 - e x ) ( e a - e 3 ) 
%>u - e, 

sq-C) 

— 1 + C/3 ’ 

+ sin a)/8 - (1 4 - sin a) 

Vvl( - ----—-—- 

3 (1 — sin a) 


p 4- a> 2 ) = e, 4- 


sin a = 1 4 - 


(3), 


We may further remark that the relation (3) enables (2) to be 
written 2y 2 /c 2 = (C—1) — 63 ; also that the elevations of the 

pa — 63 

points A s B are given by 2y s /c= = C-1, and C - sin a, respectively. 


171. Circular Tube. Differential equation for the form of 
the surface of a liquid inside a vertical circular tube, which is 
‘partly immersed in the liquid. 






176 


CAPILLARITY 


Employing the figure of Art. (170) to represent a meridian 
section of the surface, we have,- from Art. (164) (1), 

1 . 1 _ opy . 4 /7 

r r t 


c- 


ypt) being the excess of the atmospheric pressure over the pressure 
of the liquid just beneath its surface. 

Hence, since r = x cosec <j>, we obtain the equation 

dry dij 

da? 1 dx 


! 1 + ( 1)1 , 
which may be written in the form 

dx 


1 + 


&\ 


21 i Cr 


d 

dx 


1 + 


©1 


2 C 


We have also the boundary condition, that, if a is the internal 
radius of the tube, and if a is the acute angle of contact of the 
liquid with the surface of the tube, 


dy_ 


dx 


= cot a, when x = a. 


If the angle of contact is obtuse, the liquid will be depressed 
in the tube, and, if we measure y downwards, ypy will be the 
excess of the pressure of the liquid just beneath its surface over 
the atmospheric pressure. 

As the case under consideration includes that of the free surface 
of the mercury in a barometer tube, it has been the subject of much 
discussion. A solution of the differential equation for the meridian 
curve has been obtained bv Lohnstein* in the form of a series 
which converges so long as the tangent to the curve does not 
become vertical. The equation was also .considered, as an example, 
in an article on a numerical method of solving differential equations 
by C. Rungef; and a geometrical method of approximating to 
capillary curves suggested by Lord Kelvin in Nature + has been 

* Dissert. Berlin, 1891. 

+ Math. Annalen, 46 (1895), p. 167. 

* Nature, July and August, 1886. 
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discussed at length by C. V. Boys*. A method of approximation 
has also been given by F.^ Neumann f. 

172. Drop of Liquid. If a drop of liquid be placed on a 
horizontal plane, the equation of equilibrium will be 

K*c~r«- in.- 1 *** 

1 1 

r + r t ’ 

where t is the surface tension, and zj is the difference between the 
internal pressure and the atmospheric pressure. 

In general the drop will assume the form of a surface of 
revolution . " * * ' 

Taking this case, let II' be the pressure inside the liquid at the 
highest point, and II the atmospheric pressure; then, measuring x 
vertically downwards from the highest point, 

ot = IT + gpx — IT, 

i i _rr-n +f, P x 

• • r / — " t 


O TT 



Hence, if a is the radius of curvature at the highest point, 

2 it - n 

a t ’ 


and 



Taking the case of a drop of mercury upon glass, or of a drop 
of water upon steel, we observe that dyjdx is decreasing from the 


* Phil. Mag. Series 5, Vol. 36, p. 75, 1893. 
t VorUsungen iiber die Theorie dcr Capillarity. 
B. H. 


Leipzig, 1894. 


12 
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vertex downwards, and we obtain the differential equation of the 
meridian curve, 





d V + _ 1 _ = 2 + x 

dx (1 + y(l + « c ' 2 ' 


Hence, if </> is the inclination of the tangent at any point of the 
meridian curve to the axis of#, p = tan <£, and 



If the drop be large so that we may consider the top flat, and 
if we neglect the curvature of horizontal sections, the equation (1) 
becomes 



or 

so that 


d }) _x 
dx Vl-fp ~~ c- ’ 



x- 

2 ? 


, since j) = oc 


when x = 0, 


dy _ 2c 2 — #- 

or *:- _ V|4^(2c= -a?)-}' 

To integrate this equation put x = 2c sin 6, 
so that dy = c (cosec 0— 2 sin 0) dd\ 

0 

y + b = c log tan ~ + 2c cos 6, 


or 


y + b = c log - 


2c — V 4c 2 — # 2 


+ \4c 2 - 


# 2 


# 


where b is a constant. 

At the point where the tangent is vertical, p = 0, and 

# = C\/2. 

If a is the acute angle between the meridian curve and the 
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horizontal plane, i.e. if 7 r — a is the angle of contact of the mercury 
with the plane, and if h is the height of the drop, 


<f> = — ^ — a) , when .r = //, 


and 


a 


h = 2c cos ^ . 


173. Drop between parallel plates. If a drop of mercury 
be placed between two parallel horizontal plates of glass, so near 
to each other that the action of gravity may be neglected, the 
pressure inside the drop will be constant, and, if the surface be a 
surface of revolution, we shall have the equation 

1 1 ST 

r + v 7 ’ 

where zr is the excess of the inside pressure over the atmospheric 
pressure. 



In this case it will be convenient to measure x downwards from 
the plane which is midway between the two surfaces of glass, and 
we then have the equation 


dp 


I + 


zs 2 

1 = t " i > sa y 


(l+p 2 )- y(l +J)-)- 1 

Integrating, and taking l as the value of y when x 


= 0 , 


so that 


(1 +i> a ) 

dx_ _ y 2 + lb- l- 

dy~ ~ 


J{by - {y* + lb- i*y\' 


12—2 
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Put y- = z, then we have 

j (z -}• lb — l 2 ) dz 

(A ~“ x /{4 z(z-l-) (TH)-- z) j' 


Whence if we write 2 = — y 4- J / 2 + J (l — b)'\ we get 

\-v+\{b- + lb-l-))dv 

- VFF W -6)1 l»-JP + | (<- 6)1 }» + fP- 


Now let 


“ = /v7i 


cZy 


V}4(»-e 1 ) (y-e.) (v — e 3 )} * 
where e x = Ji 8 + J (/ - b)\ e, = Jf* - § (J - 6 ) 2 , e ;{ = - f * 2 + J (i - 6 )*. 


so that 6 , 1 >eo>e 3 ; 

then it follows that v = tf(u + e), 

where e is a constant. 

Now dyfdx — 0 when y = /, so we may assume that y and 
r rj> l -, and for dxjdz to be real we must therefore also have 
z< j; (l — b)-. Hence we have 

iH- v +y 2 +ui-t>y<(i- b y> 

or - §/ 2 + £ (f - 6) 2 * y * J / 2 - 1(1 - by, 

that is, y lies between e« and e 3 \ so if we take u to be real it follows 
that the imaginary part of e must be the imaginary halt period o) 3 , 
and its real part may be taken to be zero by suitable choice of the 
lower limit for a; 

V — \p (U + 0) 3 ). 

Hence dx = ( — (u + co :l ) + £ (b~ + lb — / J )l 
and by integration 

x + const. — £(« 4- ® 3 ) + £m (b : + lb — 1-). 

But x = 0 when z = l~, 

or when y = — §/ 2 + J (l — b)- =e 3 = tf {(o.,)', 

so that, for this value of x, tt must be zero. 

X = £( u + W 3 ) — £((0 3 ) + Jm (&' + lb — l 2 ) 

and y 2 = - fr? (w + (o 3 ) 4- -J (2/ 2 - 2lb + b-) 

gives the values of the Cartesian co-ordinates in terms ol the 

parameter u. ^ 

If the drop is so large that we can neglect 1/r', then r= -» b ° 

that the meridian curve is circular. 
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In this case, if 2// is the distance between the plates, it is seen 
from the figure that 

r = h sec a, 

a being the acute angle between the mercury and the surface of 
each plate outside. 

174. If a drop of water between two parallel horizontal plates 
of glass takes the form of a surface of revolution, the surface will 
be anticlastic, since the angle of contact of water and glass is acute. 

In this case, if II is the atmospheric pressure, and IT the 
pressure of the water inside the drop, and if r is the radius of 
curvatfUre of the meridian curve, and r the radius of curvature 
of the perpendicular normal section, that is, the length of the 
normal intercepted by the axis of the surface, the equation of 
equilibrium is 

1 1 II — IT Tjy 

r r t ~ t ' 

for, in resolving along the normal, the resultant of two of the 
tensions will be outwards, and the resultant of the other two will 
be inwards in direction. 



Measuring x downwards, as before, from the plane which is 
midway between the plates, the equation becomes 

dp 
V i 

dy 1 _ -sr _ 2 

(1 +/>*)- y(\+^n~b' Sily ' 

leading to the equation 

= + 


(i + 
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from which we may deduce, as in the last article, 

a- = ?(©•>) — £ (it + a> 3 ) + ^ (w — «,) ( l 2 + Z6 — 6 2 ), 
and y- = - p (u + o> 3 ) + £ (2^ + 2lb + b 2 ). 

For a large drop, we obtain, as before, 

r = h sec a, 

a being the acute angle between the surface of the water and the 
surface of each plate. 


175. Floating needle. The well-known experiment of 
floating a needle on the surface of water can be explained by 
aid of the laws of surface. • 

The figure representing a section of the needle and the surface 
of the water at right angles to the axis of the needle, the forces in 
action on the needle are the tensions on P and Q, and the water 
pressure on PAQ, which is equal to the weight of the volume 
NPAQM of water; these forces counterbalance the weight of the 
needle. 



Further the horizontal component of the tension at P, together 
with the horizontal water pressure on BD , is equal to the tension 
at By PD being horizontal and BD vertical. 

These conditions determine the equilibrium, and lead to the 
equations 

2 1 sin (0 — a) + gpc ( c0 -f c sin 0 cos 6 - 2 h sin 6) = w, 

U sin 2 b(0-a) = 9P (c cos 0 - h ) 2 , 

where a is the angle of capillarity, w the weight of unit length of 
the neerlle, li the height of its axis above the natural level of the 

water, and 20 the angle POQ. 


176. Liquid films. Liquid films are produced in various 
ways: a soap bubble is a familiar instance, and liquid films may 
be formed, and their characteristics observed, by shaking a clear 
glass bottle containing some viscous fluid, or by dipping a wire 
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frame into a solution of soap and water, or glycerine, and slowly 
drawing it out. 

The fact that films apparently plane can be obtained, shews 
that the action of gravity may be neglected in comparison with 
the tension of the film. 


It is found that a very small tangential action will tear the 
film, and it is therefore inferred that the stress across any line is 
entirely normal to that line. From this it follows, as in Art. (14-9), 
that the tension is the same in every direction. 


177. Energy of a plane film. If a plane film be drawn 
out fitmi a reservoir of viscous liquid, a certain amount of work is 
expended, and the work thus expended represents the potential 
energy of the film. 

Imagine a rectangular film A BCD, bounded by straight wires 
AD, BC\ AB being in the surface of the liquid, and CD a moveable 
wire. 

The work done in pulling out the film is equal to t . AB . AD, 
and therefore, if S be the vsuperficial energy, per unit of area, it 
follows that p. 

S=T. 

It should be observed that what we have here called the tension 
of the film is equal to twice the surface tension of either side of 
the film. 


178. A wire in a vertical plane of any shape has a piece 
of thread , of given length and weight , fastened at two points , 
and the wire and the thread form the boundary of a plane 
liquid film. 

To find the form assumed by the thread, we shall express the 
condition that the potential energy of the system is a minimum. 

If A be the area OABC , the energy of the film 

= <8A — / Sydx, 

ami therefore if w be the weight of unit length of thread, the 
potential energy of the system is a minimum when 

j Sydx+w f yds 

is a maximum, with the condition 

jds = 1. 


i.ri 
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We have then to find the condition that the variation of the 
expression 

/ [Sy + (ivy + X) Vl + p 2 j dx 

shall be evanescent. 



By the aid of the Calcu lus of Variati ons this leads to the 
equation 

* vr+7> 2 = ^ l + x • 

+ 1 C- Sy’ 

■ dx - r.u f a + b v 

. . j-isot the form - » 

dy \'a + {3 y + yy 2 

an expression which is easily integrated. 

This equation may represent, for certain values of the constants, 
a circle or a catenary, as is obvious d priori. 


179. The question can be otherwise treated by writing down 
the conditions of equilibrium of an element of the thread. 

Measuring the arc from 0, let <f> be the inclination to OA of 
the tangent at P. 

Then, if t is the tension of the thread at P, and r the tension 
of the film, we obtain the equations 

St + wSs . sin (p = 0, 



tSs + iuSs . cos <f), 


r being the radius of curvature of the thread at P. 


% 

Hence 



t = w (a - y), 
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and 

Hence 
so that 


-p 


dp 

dy 


(1 +1>-) 


i± = _L ( 

'•v> w(a-y)\ 


w 


(«-») ^ T+ (i+^> 






a-JL _ r, 

VI + p 2 w 


which is the form obtained in the preceding article. 

In fact, if we assume that <j> = a , when y = 0, and that <f> — /3, 
when y = AB = i\ the two unknown constants in each of the 
equations will be determined, and, observing that t = *8, the same 
value of p , as a function of y, will result from each equation. 


180. Energy of a spherical soap bubble. The* energy of 
a soap bubble is the work done in producing it. This consists of 
two parts, viz. the work done in p ulling out, the film and the work 
done in compressing the air in the bubble. 

If t be the surface tension, the former part is tS , where 

denotes the surface, for the energy of a small plane element 

is tSS. For the latter part, let p denote the pressure of the air 

inside when the radius is ?*, and n the atmospheric pressure', then 
2 1 

P ~ H — —; and, if the bubble contains a mass of air which at 
pressure II would occupy a volume V, then 

ITF= Ti*p =pV, say, 

and by Art. (14) the work done in compressing the air from volume 
• V to volume ] r 

= nnogp-n(K-T") 



If we assume that the difference between the pressures inside 
and outside the bubble is small compared with the atmospheric 

. P ressure ’ we ma y fcake /n as small > and the lasfc expression becomes 
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so that the work done in compressing the air is to that done in 
pulling out the film as 2£:3?TI. 


181. The forms of liquid films. If the air pressure be 
the same on both sides of a film, the condition of equilibrium is 
that 



or that the mean curvature is zero. 

This condition is satisfied in the cases of the catenoid and the 
helicoid, which are therefore possible forms of liquid films. 

In Cartesian co-ordinates the equation becomes 

/3f\ 2 ) &£ _ n df dz d°-z ( /ttey] d-z _ 

\dy) dx- " dxdydxdy + ( \3-zv } dy- 

as in ArtT(145). 

The discussion of this equation is the subject of many memoirs 
by eminent mathematicians, and several very remarkable special 
solutions have been obtained. 

For instance, the surfaces 




cos y 
cos x 


and sin 2 = sinh #sinh y 


will be each found to possess the property that its mean curvature 
is zero*. 

In Plateau ’s work, Sur les liquides soumis dux seules forces 
moleculaires (2 vols. 1873), will be found an elaborate account of 
the labours of mathematicians on this subject, and of his own 
extensive series of experiments; and, in Darboux ’s Thdone Generale 
des Surfaces, Tome I., Livre in., there is a full discussion ot 
minima surfaces, that is, of surfaces which satisfy the condition 
given above. 

182. If the form of the film be that of a surface of revolution, 
then, taking the axis of the surface as the axis of £, 

r- = jr+y- =/(*)• 

The vanishing of the mean curvature in this case gives 



* Catalan, Journal de VKcole Polytechnique, 185G. 
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or 


. d ' r _ l a. ('tX 1 

1 dz l \«ky 


Integrating, 


dz 


7 = -— , and g +6 = a log(r+>//•* —«-), 

dr s/ r - - or . 


or 


r+ & b 

2r — e a + a-e a . 


Assuming 
the result is 


b h 

e n = ae a , 

z-\-h _ z+h 

’2r — a (e n + e a ), 


shewing that a catenoid is the only possible form of revolution of 
a film when the pressure is the same on both sides. 


183. The same result is obtained by the principle of energy , 
for the surface 

/ 2 * 770 / ds 

is .then a maximum or a minimum, and, by the Calculus of 
Variations, this leads to a catenary as the generating curve, the 
axis of revolution being the directrix of the catenary. 

In Todhunter’s Researches in the Calculus of Variations it is 
shewn that it is not always possible, when a straight line and two 
points in the same plane are given, to draw a catenary which shall 
pass through the two points and have the straight line for its 
directrix. 


It is also shewn that, under certain conditions, two such 
catenaries can be drawn, and that, in a particular case, only one 
such catenary can be drawn. The two catenaries, when they 
exist, correspond to the figure formed by a uniform endless string 
hanging over two smooth pegs. 

When there are two catenaries the surface generated by the 
revolution of the upper one about the directrix is a minimum, but 
the surface generated by the lower one is not a minimum. When 
there is only one catenary, it is not a minimum. 

Hence it appears that if a framework be formed of two 
circular wires, the planes of which are parallel to each other and 
perpendicular to the line joining their centres, it is not always 
possible to connect the wires by a liquid film. In certain cases 
it is possible to connect the wires by one of two catenoids, but, in . 

the case of the catenoid formed by the revolution of the upper f 

♦ 
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catenary, 

unstable. 


the equilibrium is stable, while the other catenoid is 


When there is only one catenoid it is unstable. 

There is also a discontinuous solution of the problem, consisting 
of the two circles formed by the revolution of the ordinates of the 
points, and an infinitesimally slender cylinder connecting their 
centres. 


In the article on Capillarity in the Encyclopaedia Britannica* 
by Clerk Maxwell, the question is discussed in the following 
manner. 

When two catenaries, having the same directrix, can be drawn 
through two given points, and the catenoids are formed by 
revolution about the directrix, the mean curvature of each catenoid 


is zero. 

If another catenary be drawn between the two catenaries, 
passing through the same two points, its directrix will be above 
the directrix of the other two, and therefore its radius of curvature 
at any point will be less than the distance, along the normal, of 
the point from the first directrix. 

The mean curvature of the surface of revolution is therefore 
convex to the axis, and it follows that if either catenoid is 
displaced into another catenoid between the two, the film will 
move away from the axis. 

Again, if a catenoid be taken outside the two, its mean 
curvature will be concave to the axis, and therefore if the upper 
catenoid be displaced upwards and the lower one downwards the 
film will, in each case, move towards the axis. 

Hence it follows that the outer of the two catenoids is stable, 

and that the inner one is unstable. 

This argument however does not apply to any other form of 
displacement, and therefore, for a complete proof of the case of 
stability, it is necessary to have recourse to the methods of the 

Calculus of Variations. 


184. 

and if p 


If the pressures on the two sides of a film be different, 
>e the difference, the condition of equilibrium is 


1 1 

r r 



or that the mean curvature is constant. 

* This article has been revised by Lord Rayleigh in the eleventh edition of the 

Encyclopaedia. 
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We shall apply the principle of energy to prove this relation 
for the case of surfaces of revolution. 

The fact that p is constant may be expressed by closing the 
ends and assuming that the volume of air inside is constant. 

The variation of the expression 

\ ('2tt yds -f Xiry-d.v) 

is therefore zero. 

This leads to 


dx_c_ \y . / e \\dy 

ds y 2 * anr| ' * ds> ~ { f 2 ) ds ‘ 

Hence, if PG be the normal, 



= —X, since 


d ~x _ _ 1 d y 
ds- * r ds' 


according as the curve is convex or concave to the axis of .r; that 

is the mean curvature is constant. And, in the general case, we 

have to express the condition that the surface is a maximum or 

a minimum with a given volume, leading to the same general 
result*. 


185. If the film be in the form of a surface of revolution, we 
can shew that the meridian curve is the path of the focus of a 
conic rolling on a straight line. 

If p be the radius of curvature of the conic, and r the radius of 
curvature of the path of S, 

1= 1 cos SPG 

r SP SP- ' ( see figure on next page) 

1 PG 2 , 

SP PLTSP-' being perpendicular to SP, 

1 _ PL 
SP SY- * 


• A. _L- 2 PL 

r SP SP Sp¬ 


in the case of the parabola, this vanishes, and r = — SP. 

I f 6 J R ell f’ S CalcU } XlS ° f rations, or Todhunter's Integral Calculus. 
t See Roulettes and Glisscttes. 
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v „• sr* bc- , i 

For the ellipse, ^ = and - 

and for the hyperbola, ~ + ^p = ~^Q- 



1 __ 1 
SP~ AC' 



The first is the Catenoid; the second and third are called by 
Plateau the Unduloid, and the Nodoid, the former being a sinuous 
curve, and the latter presenting a succession of nodes. 



To obtain a clear view of the generation of the nodoid, it must 
be considered that, as one branch of the hyperbola rolls, the point 
of contact moves off to an infinite distance ; the line then becomes 
asymptotic to both branches, and the other branch begins to roll, 
thereby producing a perfect continuity of the figure* 

Of the numerous works and papers on the subject of liquid 
films the student will find full accounts in Plateau’s work, and in 
Professor Clerk Maxwell’s article in the Encyclopaedia Bidtannica; 

* Plateau, Vol. i. p. 136. See also an article by Delaunay, Liouville’s Journal, 
1841, and an article by Lainarle, Bulletin* de VAeademie Belgique, 1857. 
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and on the subject of Capillarity generally the following works 
and references may be useful: 

Mathieu, Thtorie de la Capillai'ite, 1883. 

F. Neumann, Vorlesungen iiber die Theorie dev Capillar it at, 
1894. 

Poincar£, Capillai'ite , 1895. 

The articles Kapillaritdt by H. Minkowski in Encyklop. dev 
Math. Wissensch. Bd. v. 1907, and by F. Pockels in Winkelmann’s 
Handbuch dev Physik, Bd. I. 1908, both of which contain a full 
bibliography of the subject. 

MUivbtA ’2ft; 

Example. .1 soap bubble extends from fixed boundaries^ so as with them to 
form a dosed space whose volume is <•„, and contains a gas at pressure p, t and 
absolute temperature 6 n . The temperature of the gas is gradually raised. If 
A be the area of the film when the temperature is 6, and pressure p, shew that 




where t is the surface tension supposed constant , and the external pressure is 
■neglected. Deduce the relation between p and 6 when the bubble is spherical. 
The change of energy = f 6.1 

= p8r. 
pv ~ k-6 ; 
p8v = lbd - vbp ; 
dA . dp 


But 


t 


de~ k ~ v de 


-*(«-») 

= Pofo(l 

«u \ pd$J- 


For a sphere 


Hence from above 


2 / 


but 


A = 4rrr*, and p = — ; 

‘ r 

■ A = Mint-jp' 1 . 

pi'—k6 ; 

\prA=k-6 or =1$ ; 
. 3 I d dp hd dp 

p de~ p de' 

2$ dp 

•• *J +1 =°= 

p-d = constant. 
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EXAMPLES 

1. T\yo spherical soap bubbles are blown, one from water, and the other 
from a mixture ol water and alcohol : if the tensions per linear inch are equal 
to the weights of one grain and T 7 5 grain respectively, and if the radii bciv inch 
and l i inch respectively, compare the excess, in the two cases, of the total 
internal over the total external pressure. 

2. If two soap bubbles of radii r and >*', arc blown from the same liquid, 
and it the two coalesce into a single bubble of radius R , prove that, if n be the 
atmospheric pressure, the tension is equal to 

n 7/3 - ;-3 - /3 
2 V+/2-/2C 

3. The superficial tensions of the surfaces separating water and air being 
8-25, water and mercury 42 6, mercury and air 55, what will be the effect of 
placing a drop of water upon a surface of mercury ? 

4. A drop of oil, placed on the surface of water, at once spreads itself out 
into a layer of extreme tenuity; explain the cause of this expansion of the oil, 
and prove, from observation of an attendant phenomenon, that the thickness 
of the layer may become less than '00001 of an inch. 

What will take place if another drop of oil is placed on the surface? 

5. Shew that if a light thread with its ends tied together form part of the 
internal boundary of a liquid film, the curvature of the thread at every point 
will be constant. 

If the thread have weight, and if the film be a surface of revolution about 
a vertical axis, prove that, in the position of equilibrium, the tension of the 
thread is 

k 

l being its length, w its weight per unit length, and r the tension of the film. 

6. A plane liquid film is drawn out from a soap-sud reservoir ; prove that 
the numerical value of the energy per unit of area ( e ) is equal to that of the 
tension ( T) per unit of length. 

If the film be removed from the reservoir, and if o- denote subsequently 
the mass of unit of area, prove that 

T= e - a --r • (Clerk Maxwell .) 

da 

7. Any number of soap bubbles are blown from the same liquid and then 

allowed to combine with one another. Find an equation for determining the 
radius of the resulting bubble, and prove that the decrease of surface l>cars a 
constant ratio to the increase of volume. ^ 

8. The surface tension of water exposed to air is such that the stress across 
mi inch is equal to the weight of about 3*3 grains. If 1,000,000,000 spherical 
drops combine to form a single spherical rain drop A inch m diameter, shew 
that the work done by the surface tensions is equal to about '00012,, toot- 

pounds. 

<) if a film under unequal internal and external pressure form a surface of 
revolution, prove that the inclination <f> of the tangent plane at /’to the axis 
is given by the equation 

X , b 

cos <£ = - + - : 

^ a x 

.<■ being the perpendicular from P on the axis and a, b constants. 


EXAMPLES 


193 


10.. A drop of liquid with uniform surface tension is made to revolve about 
an axis. Prove that the meridian curve of the surface will be the roulette of 
l he pole of the curve 


11. Two soap bubbles are in contact; if /*,, r., be the radii of the outer sur- 
faces, and /• the radius of the circle in which the three surfaces intersect, 


_3__ 1 1 _1 

-Jr* r,* + r.r r,r 2 ‘ 


12. If a frame of fine st raight wire in the form of a tetrahedron be lowered 
into a solution of soap and water and drawn up again, there are found in 
certain cases plane films starting from the edges and meeting in a point. Shew 
that this is not a possible form of equilibrium for every tetrahedron, and that 
it is so if one face be an equilateral triangle and the others isosceles triangles, 
whose vertical angles are each less than sec -1 ( -3). , 


*•— 13. If water be introduced l»etween two parallel plates of glass, at a very 

small distance d from each other, prove that the plates are pulled together 
with a force equal to * 

2 d f cos a n . 

--- \-Bl sin a, 


A being the area of the film and D its peripherv. 


14. A hollow right circular cone of glass is placed with its axis vertical and 
vertex upwards in homogeneous liquid. Find the height to which the liquid 
will be raised in the cone, and write down the differential equation of the sur¬ 
face inside. Deduce results for a cylinder. 


15. A needle floats on water with its axis in the natural level of the surface • 
it (t be the specific gravity of steel referred to water, £ the angle of capillaritv* 

witb the^vate^ prove that^ aUb ° 8X19 ^ the arC ° f a Cr “ tio " eontaii 

(rrer — a) sill i (a - /3) = cos a COS A (a+/9). 


ofr c * 1 




“ s thc tension of the film is greater or less than - — . 

8 rra- 


lS. Prove that the equation 

y=o;tau (az+b) 

STS® “ 1,099iblC f °™ ° f a Uquid fiIm ’ th0 l' 1 ' ess " re on both sides being 




B. H. 
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20. A small cube floats with its upper face horizontal, in a liquid such that 
its angle of contact with the surface of the cube is obtuse and equal to tt-o. 
If p is the density of the liquid, and a that of the cube, and if gpc- is the sur¬ 
face tension, prove that the cube will float if 


<r c- 

- < 1 + 4 cos 
p a- 


a+ iU\n 


If the film he 
in order that 
lessened to 2z, 


pei 

by a soap film which encloses a mass of air that would be just 
.same atmosphere to fill a spherical soap bubble of radius c. u 
cylindrical when the distance between the discs is />, prove thRt ii 
it may become spherical the distance between the discs must be lei 
where 

z (3rt- + 2:-) jsc- — liub + ^l = fiabc- (2 a — c). 

1 Ja z +z-) 

22. A framework of wires forms a prism of height b , the bases being equi¬ 
lateral triangles of side a. If the framework is dipped into soapy water, describe 
the arrangement of plane films in the state of equilibrium. Prove that for 
equilibrium to be possible with plane films b must be greater than «/>/6. 

23. A film of fluid adheres to two wires each of which forms one turn of a 
helix, the axes of the two helices being coincident, and their steps equal. Shew 
that the condition of equilibrium of the film will be satisfied if the differential 
equation to any section of the film through the axis is of the form 

dx= dfS' /«!+£ 

y V f-A- 

when 2 ^ 0 =step of either helix (i.e. distance between consecutive threads). 

24. To the extremities of the axis of a wire helix of pitch b whose length 
is very great compared with its diameter, an clastic string (modulus of elasticity 
E) is fastened, the wire being bent over radially at each end so as to meet the 
axis. The string when straight is tight but unstretched. If the helix and sti * 
be dipped into a solution of soap and then removed with a h!m adhering h, the 
wire and string, shew that, except near the ends, the string will be drawn into 
a helix of radius r where r is given by the equation 

ClG-nWT 1 - 04 7T 6 E 2 ) r 4 + 32 ir*/i 2 TEr 3 + 8 ir 2 h*T 2 r 2 +&ir 2 h.*TEr+k T- = 0, 

7 representing the whole tension per unit of length (of both surfaces) of a soap 
film. 

25. A plane plate is partly immersed in a liquid °f density P a " d Xc'h 
tension t ! l'he angle of capillarity 

SkSSir. IT,SSt .>"• 

undisturbed surface level is 

) h n-Zfi . -n -2a 

;} co * 4 s,n "4" 

26 A framework A BCD is formed of three straight wires .1/1, DC, Cl> 

joined by an arc- of a helix DA of angle BC being the axis and AD, CD rad.. 

Of length a. Prove that, if the frame 1* dipped into a soap soh.t.on, a him 
will be formed whose surface energy is 

—{ N /2 4- log (\/2 +1)}. 

where 7 is the surface tension and a the small inclination of AB to CD. 
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27. A Huid of density p and surface tension T is drawn up within a fine 
capillary tube of radius «, with which the angle of contact is «. Shew that, if 

T=gpc\ the height to which the Huid rises at the circumference of the tube 
is 

2^*2 ff 

— cos a + ,-j (2 sec 3 a - 2 tan 3 a - 3 tan «), 
where the third and higher powers of a/c are neglected. 

28 ‘ f /P lmne ***** (,f o rav ihating liquid of astronomical density p is 
8uri*ounded by an atmosphere at pressure n and contains a concentric cavity 
hlled with air v whose volume at this atmospheric pressure is At uvK The surface 
tension of the liquid is /. Prove that the radius ar of the cavity in the con- 
figuration of equilibrium is given by the equation 

n & ~ 1 ) =2 ' £ + * v+4 + 3 •<* {~ a, "j ■ 

2!). If a mass of liquid of density p is in equilibrium under the action of a 
conservat!ve system ot forces whose potential at any point is p/r, where /• is 
the distance from a faxed point a ancf if two parallel plates of glass are placed 
in the hquui with their nearer faces at very small distances Ac on opposite 
A es of 0 , and have small apertures opposite 0 through which the liquid can 

nlatewotilf K 1 H V h * <>f th ° ins i d ? a,ld ° ,lt;sidc circular ureas of either 
plate wetted by the liquid, are connected by the equation 

pcp(\/a-\ll>) = S cosa, 

cipUkryUnsU, 1 ,!' 6 “* ai, '- Ii,luid su,facc "> akM »*«. the gin®, and $ is the 

""" “ M " r 4 

1 (1 — cos 3 i0)/(/i 2 - b- sin 2 A/3), 

where V-Vrfop, T being the surface tension, and',, the density of the liquid. 

^ V J';, A ‘ i , l l uid film “>e form of a surface of revolution with its avis 

wtaa&sssj tans* £& ssaaafr 

(X 2 - a-t-) r 2 - 2X 2 ar + (X 2 + ws'a 2 ) a 2 = 0. 

neeSa^y S tLe fo™ o( atlmmlnS mldlfon^i,; 1 ***? ri f id ""e, »«* 

endless flexible thread. Prove that the ' *\ mter, “ 1 ^‘"talary an 

anv point is c,a, S tan“and”hat tbe rtli.m of toiion''™ 111 '' 1 of . th ,® thread at 
eitLr of the radii of principal curvature of the film ut IhatTobT ? ° q ' Ml *° 

raised gfn^o^'toSivIf^rTt^ water and 
the meridian section of the film is a catenarv ne S lcetlI ‘g its weight, 

which the film meets the undisturbed surfac^of the wltar^A? a " sle , at 
the parameter of the meridian catenarv when tiLlf 4 80 P rove that 

"■a 2 , is a/z t where * is given by 3 ’ * h6n the are ? of the is equal to 

cosh~ l 2+«( ? 2_i)i =2 2 % 
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34. When the end of a capillary tube is dipped into water, the water is 
observed to rise to a height h ; the tube is withdrawn from the water, and a 
drop of radius r is formed at its extremity. If h' be the height of the suspended 
water, measured from the bottom of the drop to the top of the column in the 
tube, prove that the surface tension is given by the formula 

2Tlgp = r(h'-k)-}/*, 

p denoting the density, and it being assumed that the drop is of spherical 
form. 


35. Two circular rings with a common axis at right angles to their planes 
support a closed liquid film containing air at a greater pressure than the ex¬ 
ternal air: shew that the ends of the film are spheres of radius </ = -— and 

that the surface between the rings is a surface of revolution of which the 

v b • • 

meridian curve has an intrinsic equation sin <£ = ^±-, where <£ is the in¬ 
clination of the normal to the axis and .r is the distance from the axis. 

36. Prove that, if fluid be drawn up by capillary action between two 
parallel vertical plates, the elevation at any point of the free surface above the 
undisturbed level is A/dn (2$/X*c), where A is the elevation ot the vertex, 5 the 
arc of the free surface measured from the vertex, the surface tension, /, is 

and the modulus l-=c/(h’ + c-)-. 

37. A long circular cylinder of radius r entirely immersed in liquid, whose 
acute angle of contact with it is a, is gradually made to emerge, its axis being 
kept horizontal. Shew that contact with the liquid finally ceases when the axis 
reaches a height A above the original and ultimate level of the liquid given 
the equations 

A = r cos ( <p-a) + c cos ^ , 

-sin (<£-«) + 2 sin | - tanh"' sin | = 2 sin^ - tanh~ 1 sin ^, 

,v * 

the ratio of the surface tension to the density of the liquid being 

38. A drop of water hangs from the lower surface of a horizontal plate of 

glass ; if u be the ratio of the surface tension to the specific weight of water, 
and Where s is the arc of the meridian curve of the drop and 

0 is the angle the tangent to the meridian curve makes with the horizontal, 

prove that 

(sin 0 + u') (2 sin <f)+3u') 2 =2u tan $ (sec 0 + tan <p. u' + u") 

/2+sec 2 <£ + 2 + sec-4> u > + u >'\ 

\ see (j) tan <p / 

where u'=du/d^ u" = dhild<f>~. If the square of p be neglected, prove that the 
square of the curvature of the meridian cur\e is 

4 n fz, e ~ x dx 

p e * x 1 "] X (1 + 16a-)- x™ ’ 

where ,v= A tan 2 and jr, is the value of x at the point of inflexion. 

30 A long wedge of vertical angle 2a, floats in water with its base hori- 
zontaf and its top edge in the natural level of the surface. Prove that, ,f the 
capillary action at the ends be neglected, 

tr - w' = 2 Tscc a (sin a + cos y), 

where w is the weight of the wedge per unit length, w that of an equal \o ume 
of wate,-, r the See tension and y the supplement of the angle of capillar,tj. 
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40. A drop of mercury of volume V under no external forces .is pressed 
between two parallel glass plates at distance /*, t being the surface tension, and 
i the angle of contact for glass and mercury. Shew that the magnitude of the 
pressure required is 

2-ntak'j{\-k'\ 

where 


and 


h = 2a (dn 2 ?«-£') du , I’=2rrn 3 f M (dn 3 u-k') dn 3 udu, 

Jo J o 

X'=_\ = cotam fi cot (j+am /i). 


Shew that when the plates are very close together, the value of the pressure 
is, to a first approximation, 

2 Vt cos i 

l 3 ~ * 


41. A drop of fluid under no forces except uniform external pressure and 
surface tension rotates as a rigid body about an axis; shew that on the surface 
3/A, -1 /Ri is constant, where Aj, A, are the principal radii of curvature of the 
surface. 

• 

42. Prove that, when the axis of z is along a downward vertical, and the 
origin suitably chosen, the surface of separation of two fluids of densities p,, 
fi 2 satisfies the relation 

where p, p are the principal radii of curvature taken positive when the con¬ 
cavity is downwards, a 2 =2T/{g(m -/*.,)}, and T is the capillary constant of 
the interface. 

If the surface is one of revolution about the z axis, shew that the approxi¬ 
mate equation (in cylindrical coordinates) of the part near the axis is of the 
form 

2(z-z 0 )=z it a~ 2 r- + £ (2 0 a 2 +2* 0 3 ) a ~ 0 r*, 

and indicate how, in the case of liquid in a tube, z v can l>e expressed in terms 
of the angle of contact. 


CHAPTER XI 


THE EQUILIBRIUM OF REVOLVING LIQUID, THE 
PARTICLES OF WHICH ARE MUTUALLY ATTRACTIVE 

186. If a liquid mass, the p articles of which attrac t each other 
according to a definite law, revolve uniformly about a fixed axis, it 
is conceivable that, for a certain form of the free surface, the liquid 
particles may be in a state of relative equilibrium; since, however, 
the resu ltant attract ion of the mass upon any particle d epends in 
general upon its form , which is unknown, a complete solution of the 
problem cannot be obtained. 

For any arbitrarily assigned law of attraction, the question is 
one of purely abstract interest, and it is only when the law is that 
of g ravitation that it becomes of importance, from its relation to one 
of the problems of physical astronomy. 

We shall consider the fluid h omogeneous, and confine our atten¬ 
tion to two cases; in the first of these the attractive forces are sup¬ 
posed to vary directly as the distance, and, in the second, to follow 
the Newtonian law. 

187. A ho mogeneou s liquid mass, the particles of which attract 
each other with a force varying directly as the distance , rotates uni¬ 
formly about an axis through its centre of mass; required to deter¬ 
mine the form of the free surface. 

The resultant attraction on any particle is in the direction of, 
and proportional to, the distance of the particle from the centre of 
mass; and if p be a measure of the whole mass of fluid, p.r, py, pz . 
may represent the components of the attraction, parallel to the axis, 
on a particle of fluid about the point x , y, z. 

Taking the origin at the centre of gravity, and axis of rotation 
as the axis of the equation of equilibrium is 

dp = p {((o‘x — px) dx + (ary — py) dy — pzdz j; 
and therefore 

p = C + bp K&r - p) (or + y~) - pz- j. 
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At the free surface p is zero or constant, and the equation to 
the free surface is 

(1 - —) (*' + y 1 ) + z- = A 

the constant D depending upon to, and upon the mass of the fluid. 

• 

When to is very small, the free surface is nearly spherical, and 
as to- increases from 0 to p, the spheroidal surface becomes more 
oblate. 

When to- — p, the free surface consists of two planes; to render 
this possible we may conceive the fluid enclosed within a cylindri¬ 
cal surface, the axis of which coincides with the axis of rotation. 

When or > p, the free surface is a hyperboloid of two sheets, 
which for a certain value (ft/) of to becomes a cone, the fluid Ailing 
the space between the cone and the cylinder. Taking account of the 
volume of the fluid, the value of to' can be determined by putting 
D = 0, since the pressure in this case vanishes at the origin. 

If to > &)', the surface is a hyperboloid of one sheet, which, as <o 
increases, approximates to the form of a cylinder, and it is therefore 
necessary, for large values of o>, to conceive the containing cylinder 
closed at its ends. 

lhe results ot this article, it may be observed, are equally true of 
heterogeneous fluid, whatever be the law of variation of density in 
the successive strata. 

188. A mass of h omogeneous liquid, the particles of which attract 
each other according to the N ewtonian law , rotates uniformly, in a 
state of relative equilibrium, about an axis through its centre of mass; 
required to determine a possible form of the surface. 

For the reason previously mentioned a direct solution of this 
problem cannot be obtained, but it can be shewn that an oblate 
spheroid i s a possible form of equilibrium. 

Let the equation to the spheroid be- 

* 2 , ^ + f , 

c- c-(l + A 2 ) ~ A ’ 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a particle 
at the point {x, y, z) will be represented by 

* = 1 (1 + *0 tan-'\ - Xj, 
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}(1 + X 2 ) tan" 1 X - X}, 



(X - tan" 1 Xj (1 + X 2 ), 


parallel, respectively, to the axes*. 

The equation of equilibrium is 

dp = p ((a rx — X) d.c + (w-y — Y)dy — Zdz). 

But from the equation to the spheroid, 

xdx 4- ydy + (1 + X 2 ) zdz — 0, 

and as this must be a surface of equipressure, we must have 

tor — X/x = cor — Y/y K = — Z/(l + X 2 ) z. 

Hence we get 


w~ _ (1 + X 2 )tan -1 X - X 2 (X - tan" 1 X) 
2 tt rp~ X J X s 


or 


_<oj_ _ (3 + X 2 ) tan' 1 X - 3X 
27 rp X :l 



If w and p are given, this equation determines X and thence the 
ratio of the semiaxes of the spheroid is known. 

To investigate the real solutions, let 



(3 + a?) tan -1 x — 3 x 
x* 



Substituting the series for tan -1 x, which is known to be 
convergent when x< 1> we get 

y = 2(-)» ' 


Also 


i—i 


! (2n + l)(2» + 3) 

dy = <^±9) _ (* + 9) tan _, , e 

dx x* (a? -t- 1) x* 

a?+ 9 


X 


zn 


X* 

x°- + 9 

X 4 


+ 9-' _ tan _. J 

;(«* + l)(& + 9) J 


/(*)» 


(?)• 


.(3) 


* These expressions will be found in Laplace’s Mieanique Celeste , Poisson s 
Micanique , Duhamel’s Mecanique, and Todhunter’s Statics. In the last named, 
the equation to the spheroid is (x- + y-) a- +z 2 /a- ( l-e 2 ) = l, but the expressions 
used in the text will result from the expressions there given by putting 

l-e- = l/(l + X 2 ). 

By the use of X, irrational quantities are avoided. Equivalent forms are given 
in Kelvin and Tait’s Natural Philosophy, § 527, and Booth’s Analytical Statics , 
Vol. 11 . § 219. 
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where 


/(*') = 


7 a? + 9x 


— tan" 1 x. 


(a» + l)(a» + 9) 

The forms (7) and (/ 3 ) shew that y vanishes for x — 0 , and 
x = 00 , respectively; we shall shew that as x increases from zero y 
has one maximum value and only one. 

The sign of ^ depends only on that of/(&•), 
also when x= 0, f (x) = 0, 

*TT 

and when x — oc , f ( x ) = — 

Again, we find that 


r w= 


8a: 4 (3 - a.’ 2 ) 


(a 3 + l) 2 (x- + 9) 2 ’ 

and this is positive from x = 0 to x— V3, and negative for all greater 
values of x, so that f(x) begins by being positive and increases as x 
increases to V3 and then decreases continuously; f (x) therefore 

vanishes for a value of x greater than V3. By the help of tables 
we can easily shew that/(2) is positive and /(3) negative, so that, 
the value lies between 2 and 3. Also /(2*5) = *0025 approxi¬ 
mately, and Newton’s method of approximation gives for the 

root 2-5 - ^2-5) = 2 5 + 0293 = 2*5293.... 



maximum and its value is *2247, 

The graph of equation (£) is therefore as in the figure, in which 
however the ordinate is drawn on a larger scale than the abscissa. 

We conclude that if ^lirp > -2247 the oblate spheroid is not 
a possible form of equilibrium, but if a-jlnp < -2247 there are two 
spheroidal forms possible, for there are two real values X„ iu of the 
abscissa corresponding to every value of the ordinate less than -2247. 
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189. The ellipticity of the spheroidal forms. When there 
are two real values X 1( Xo of X-, one is greater and the other less than 
2*5293. Let X, be > X,, then as arfewp is diminished we see from 
the graph that \ decreases and X., increases, and since X> > 2*5293 

therefore Vl + X.>- > 2*72; but the ratio of the semiaxes is Vl +X 2 :1, 
so that the larger value of X always represents a much flattened 
spheroid, and the smaller we take co-l^np the flatter does the sphe¬ 
roid become that corresponds to the root X.,. On the other hand for 
small values of cor/2irp the root Xj will be small, and if € denote the 
ellipticity of the spheroid, we have 

c (1 + 6 ) = c Vl + X , 2 so that € = ^Xj 2 approximately, 
and therefore fi-om ( 7 ) 


«V2wp = 2 (- r 1 

1 


4a 


(2/i+ 1) (2a + 3) 


X, 


2H 


8 e 

15’ 


as far as the first power of e; or 

e = 15 oyj 107rp approximately*. 

Maclaurin was the first to prove that an oblate spheroid is a 
possible form of equilibrium of a rotating mass of homogeneous fluid, 
and the spheroids are therefore commonly called * Maclaurin's 
Spheroids. 


190. Application to the case of a fluid, the density of which is 
equal to the earth*s mean density. 

Assuming for the moment that the earth is a sphere of radius 
r and mean density p , the attraction at the surface, which also mea¬ 
sures the force of gravity ( g ) at the pole, is farpr. In v c.G.s. units 
(j= 980 approximately and 27rr = 4 x 10" cm. * j 

Therefore in astronomical units 

p = 3 ^/ 47 rr = 367*5 x lO”".. 

If we make g> 2 /2t rp equal to its limiting value *2247 for the 
spheroidal form, and use the value just found for p, we obtain lor 
the time of rotation 2 tt/o> = 2 hrs. 25 mins. This is therefore the 
smallest time in which a homogeneous mass, of density equal to the 
earth’s mean density, could rotate uniformly in the form ot an 

oblate spheroid. 

* For a discussion in which the value of w 2 /2t rp is obtained correct to the third 
power of the ellipticity, see Darwin’s Scientific Paperg, Vol. 111 . p. 423. 
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2tt 


Again, if we take for co the earth’s angular velocity ^ x gQ 8 
we obtain 


< o- 


27 r X 10 !l 


- = *0023 approximately, 


2t rp 24- x GO 4 x 367*5 

which is less than the critical value *2247, so that tor this density 
and angular velocity two spheroidal forms are possible, there being 
two real values for X as explained in Art. (188). The larger value 
corresponds to a very flat spheroid, and the smaller gives a spheroid 
whose ellipticity is by Art. (189) 

1 C 2 1 •* 1 

, 7 ,-— = - x *0023 = 0043 or nearly. 

167773 8 232 

The earth, as is known by geodetic measurements, differs very 

slightly in its form from a sphere, its ellipticity being * that 

^ y y 10 

is the axes of the spheroid are in the ratio 300*15 : 29915. The 
fact that the axes of the homogeneous fluid spheroid, of the same 
mean density as the earth and rotating in the same time, are, as 
we have just seen, in the ratio 233 : 232 shews that it is extremely 
unlikely that the earth was at any period of its history a homo¬ 
geneous fluid mass. 


191. The prolate spheroid not a possible form. It must 
be observed that we have not solved the general problem of the 
form of a mass of rotating fluid in relative equilibrium, but merely 
shewn that if a> 2 / 27 rp < -2247 an oblate spheroid is a possible form. 
And we notice that this result is independent of the mass of the 
fluid and depends only on the density and angular velocity. If 
w/2 7773 > *2247, it does not follow that equilibrium is impossible but 
only that there is no oblate spheroidal form possible in this case. 

To examine whether a prolate spheroid is a possible form we 
may write - V 2 instead of X 2 in Art. (188), where V is to be < 1 . 
Equations (a) and ( 7 ) of that Article then give 




4/i 

(2a+ 1) (2n+ 3) 



which is impossible because the opposite sides of the equation are 

of unlike signs. Hence a prolate spheroid is not a possible form of 
equilibrium. 


* See Encyc. Brit. Art. Figure of the Earth, by A. R. Clarke and F. R. Helmert. 
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192. An important distinction has been pointed out by Poisson 
(Tome II. p. 547) between the surfaces of equal pressure in a fluid 
at rest under the action of extraneous forces, and in a fluid at rest, 
or revolving uniformly about a fixed axis, under the action of the 
mutually attractive forces of its particles. 

Let ABC be the free surface, and DEF any surface of equal 
pressure; then, in the former case, the resultant force at any point 
of DEF is perpendicular to the surface at that point, and is un¬ 
affected by the existence of the fluid between ABC and DEF ; this 
fluid could therefore be removed without affecting the equilibrium 
of the fluid mass bounded by DEF. In the latter case, the force at 
any point of DEF , although perpendicular to the surface at that 
point, is the resultant of the attractions of the mass of fluid con¬ 
tained by DEF, and of the mass contained between DEF and ABC) 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external to DEF cannot 
in general be removed without affecting the equilibrium of the 
remainder. 


If, however, the fluid be homogeneous, and the particles attract 
each other according to the Newtonian law, so that the free surface 
may be spheroidal, the surfaces of equal pressure will be similar 
spheroids; and in this case, since the resultant attraction of an ellip¬ 
soidal shell, bounded by two concentric, similar, and similarly situ¬ 
ated ellipsoids, on an internal particle is zero, the portion.of fluid 
between ABC and DEF may be removed, provided the rate of rota¬ 
tion remain unaltered. 


Moreover we have shewn, Art. (188), that for a given value of 
o) not exceeding a determined limit, there are two possible spheroi¬ 
dal forms:.let ABC, the free surface, have one of these forms, and 
describe within the fluid mass a concentric spheroid, GHK, similar 
to the other spheroid; then the fluid between ABC and GHK may 
be removed without affecting the fluid mass GHK. 


The action of the shell upon a particle at a point P of the sur¬ 
face GHK is not perpendicular to the surface at P, but this action, 
combined with the attraction of the mass GHK, and the hypothe¬ 
tical force measured by a rv, is perpendicular to the surface, at P, of 
the spheroid passing through P, which is concentric with, and 

similar to, the surface ABC. 


In other words, the direction of sensible gravity, that is, of the 
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weight, of a particle on the surface is normal to the surface, and of 
a particle inside, normal to the surface of equal pressure which 
passes through the particle. 

In the same manner if the free surface, ABC, have one of the 
possible forms, we can imagine a concentric shell of liquid added to 
the mass, and having its outer surface of the same form, or of the 
other possible form. 

In the former case, ABC will still be a surface of equal pressure, 
but, in the latter case, ABC will cease to be a surface of equal 
pressure, since the new surfaces of equal pressure will be similar 
and similarly situated to the outer surface. 

193. If a fluid mass be set in motion, about an axis through its 
centre of mass, with an angular velocity such as to make the value 
of (tyj^TTp greater than the limit obtained in Art. (188), it does not 
follow that the fluid cannot be in equilibrium in the form of a sphe¬ 
roid, for it may be conceived that the mass will expand laterally 
with reference to the axis, taking a more flattened shape, until its 

angular velocity is so far diminished as to render the spheroidal 
form possible. 

If the mass consist of perfect fluid, its form will oscillate through 
the spheroid of equilibrium, but if, as is the case in all known fluids, 
friction be called into play by the relative displacement of the par¬ 
ticles, the oscillations will gradually diminish and at length a posi¬ 
tion of equilibrium will be attained. Employing the principle that 
the angular momentum of the system, relative to the axis, will 
remain constant, we can determine the final angular velocity, and 
the form ultimately assumed. 

Considering the question generally, suppose the mass of fiuid 
set in motion in any way, and then left to itself; the centre of mass 
will be either at rest or moving uniformly in a straight line, and all 
we have to consider is the motion relative to the centre of mass. 

Draw through the centre of mass the plane, in the direction of 

which the angular momentum is a maximum; then, however during 

the subsequent motion the fluid particles act on each other this 

plane which may be called the ‘momenta plane, will remain fixed 

and when the motion of the particles relative to each other has been 

destroyed by their mutual friction, the axis perpendicular to this 

plane will be the axis of rotation of the fluid mass in its state of 
relative equilibrium. 
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Let H be the given angular momentum of the system, and w 
its ultimate angular velocity. 

Taking c and cj( 1 + X 2 ) for the axes of the spheroid of equi¬ 
librium, and M for the mass, the expression for the angular momen¬ 
tum is §il/c 3 (l 4- X 2 ) to ; 

.-. §J/c 2 (l + X-) <o = H : 
we have also |7rpc 3 (1 -I- A.'-’) = M, 

and from these two equations, combined with the equation 



(3 + X-) tan" 1 X - 3\ 
X 3 


Art. (188), 


the values of c, a>, and X can be determined. 
From the first two we obtain 





25 HHtrpy (1 + v) 
QAi 





f(3 + X 2 ) tan-' X - 3X1 

l J 


(1 + X 2 )* = 


25 H- /47rp\ " 


is the equation which determines X. 

The equation always has a root, for the left-hand member van¬ 
ishes and becomes infinite with X, so that it ought to take a value 
equal to the positive constant on the right-hand side for some value 
of X between zero and x . It can be shewn moreover that there is only 
-one positive root, for the derivative of the left-hand member can be 
shewn to be positive always. Therefore regarding H and M as 
given quantities there is one spheroidal form and only one, towards 
which the oscillating fluid mass continually approximates. 

This discussion may be found in Laplace’s Meccinique Celeste, 
Tome li. p. 01; Pontecoulant’s Systeme da Monde, Tome ii. p. 40f); 
and in Tisserand’s Mecaniqae Celeste , Tome n. p. 96. 


194. Jacobi’s Ellipsoid. It was discovered by Jacobi that an 
ellipsoid with three unequal axes is a possible form of relative equi¬ 
librium for a mass of rotating liquid. 

The following proof of Jacobi’s theorem is taken from a paper 
by Liouville in the Journal de I’lZcole Polytechnique, Tome xiv. 

Taking the axis of rotation for the axis of suppose, if possible, 
that the surface of the liquid is of the form given by the equation 


X* 


y 


+ -- „ + z- = C’ 

1 + X s 1 + x'- 


(D- 
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Then, if M be the mass of the liquid, the resultant attractions 
on a particle at the point (x, y, z) of the surface are respectively 
Ax, By, and Cz*, where 

a = sM r 

C :i J o ( 1 + \~u”) H ’ 


u-du 


B 


= m [ 1 
C 3 Jo 


u-du 


(1 + X V*) // * 

n _ SM [ 1 u-du 
° H ’ 

H representing the expression 

V(i +\-«-)(i + x^u 2 ). 

The differential equation of the free surface is 

(Ax — w-x) dx + (By — ary) dy + Czdz = 0, 
and therefore, if the free surface be the ellipsoid (1), 

(A - co-) (1 + X 2 ) = (B - or) (1 + X'-) = C7 .. 
Eliminating o> 2 , we obtain 

(1 + X 2 ) (1 + V 2 ) (A - B) = C (V 2 - X 2 ), 
and, substituting for -4, B, and C, this reduces to 

1 ( V 2 - X 2 ) u'du v ,. f 1 irdu 

o & ~ {X X) )o H ' 

Rejecting the solution X' = X, which leads to the case of an 
oblate spheroid, and transposing, we obtain 

'. 2 (l-tr)(l -X=XV)(iM 
o 


( 2 ). 


(1 + \=) (X + X' 2 ) J 


/, 


= 0 


(3), 


an equation which, if X be assigned, determines X'. 

Assigning a positive value to X 2 , the left-hand member of the 
equation is positive if X' = 0, and is negative if X' = oc ; hence there 
is a positive value of X ' 2 which will satisfy the equation. 

Moreover, from the equations (2), 

C 


to- = A — 


1 + X- 

X 2 (1 — U’) u-du 
(1 + X 2 ) (1 + XV)tf 
and 6 >- is therefore a positive quantity. 


f, 


■w. 


* See the M€canique Celeste, Tome n.; Duhamel’s Cours de Mtcanique: or 
Mmchin’s Statics, Vol. n. p. 30G. 





208 


EQUILIBRIUM OF REVOLVING LIQUID 


Hence it is completely established that an ellipsoid with three 
unequal axes, the smallest of which coincides with the axis of rota¬ 
tion, is a possible form of the free surface. 

From equation (3) it is clear that we must have A 2 A / 2 > 1 , other¬ 
wise the integrand would be positive throughout the whole range 
of integration and could not vanish. Hence either A 2 or A .' 2 must be 
> 1 , and therefore a/c or b/c must be greater than d'2, so that the 
ellipticities of a Jacobian ellipsoid cannot both be small. 

195. The resultant action of gravity at the surface is the result¬ 
ant of the forces (A — or) x, (B — o> 2 ) y, and Cz , and is therefore 
inversely proportional to the perpendicular from the centre on the 
tangent plane. 

Also, bearing in mind that the attractions of the liquid on an 
internal particle are Ax, By, and Cz, and utilizing Leibnitz’s theo¬ 
rem. it is easily shewn that the resultant stress across any central 
plane section is perpendicular to that plane, and proportional to its 
area. 


196. It was pointed out by Mr Todhunter, and demonstrated 
in the following manner, that the relative equilibrium of the 
rotating ellipsoid cannot subsist when the axis of rotation does not 
coincide with a principal axis. 

Referred to the principal axes, let l, in, n be the direction co¬ 
sines of the axis of rotation, M any point (x, y, z) of the mass, and X 
the foot of the perpendicular from M upon the axis. 

Then OX = lx + my + nz, 

and, if ON = v, the co-ordinates of N are Iv, mv, nv. 

The acceleration co-MN, when resolved parallel to the axes, gives 
rise to the components 

ay- (x - Iv), or (y - mv), w 2 (z - nv ); 

therefore the differential equation of the free surface is 

{o,%x - Iv) - Ax} dx + {ar(y - mv) - By] dy + {<o n -(z -nv)- Cz] dz = 0; 

hence the form of the free surface is given by the equation 
or (x 2 + y- + z-) — + m y + nz Y ~~ A#* — By” — Oz 1 = constant, 

and this cannot represent an ellipsoid referred to its principal axes, 
unless two of the quantities l, m, n \anish. 

Mr Greenhill remarks that a‘ particle of the liquid at the end of 
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the axis of rotation will be at rest under the action of the attraction 
of the liquid alone, since the expression arr vanishes at that point. 

Hence the attraction on the particle must be normal to the 
surface, which is only the case at the end of an axis. 

197. .The following demonstration of Jacobi’s theorem was given 
by Archibald Smith in the first volume (page 90) of the Cambridge 
Mathematical Journal , in 1838. 

If a mass of liquid revolves, as if rigid, about the axis of 2 with 
the angular velocity &>, and if X, V, Z are the components of the 
attraction at the point y, z), the equation of the free surface is 

(X - a>*x) dx + ( Y — ary) dg + Zdz = 0. 

Now, if the free surface is an ellipsoid, 

X = Ax, Y = Bg, Z = Cz, 
where A, B, C are independent’of x, g, z. 

Hence, if a, b, c are the semi-axes of the ellipsoid, we have if 
possible to identify the equations 

(A — or) x dx + (B — or) gdg + Czdz = 0, 

x , u z , 

_ d.v + d dy + - ch = 0 . 

We must therefore satisfy the equations 




a 


H ^ A ^ 

= r*, c = 1. 

0- c 2 


from which, by the elimination of \ and we obtain 

a-b°- (B - A) - (a- - 6 3 ) c-C = 0 . 

Now, if D= ((a 2 + «)(&=+ M ) (c 2 + m)|*, 
and if M is the mass of the liquid, 

A = fif --—*L_ Jj _ iM /■" du 

Jo (a' + u)D' iM .L^ + uJD’ 

C^ZmP - — _* 

7 Jo(c*+u)D • 

The equation (a) then becomes 


(a). 


(a 2 - 6 ! ) f 


du f orb- c- 

D }(a 2 + u) (b- + u) c~ + wj 


= 0 . 


Vol\f ee to'* 1 and Tait 3 Natural PMosophy, Art. 494 », or Minchin’s Statics, 

ii. p, 0 U 0 . • 


B. H. 


14 
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If a is different from 6, the relation between the axes must 
satisfy the equation 


udu /1 1 1 v \ A /0 , 

J, ^ C? + p-? + ^)-°. (<3) - 

If a and b are given, this is an equation for determining c, and, 
since the left-hand member is negative when c = 0, and positive 
when c = x , there must be one real value of c which satisfies the 
equation. 

Since it/D 1 is positive, and since 

1 i _ 1 _u_ 

a- + b- c- + a'-b- 

is positive if u is large enough, it follows that, when it is small, this 
last expression must be negative. 

Hence it appears that 

1 1 1 
c- > a- + b -' 

and therefore that c is less than the least of the two quantities a 
and b. 

To find the angular velocity, we have 

w 2 ( G 2 _ &-) = a a- - Bb- 

= $M(ar-V)j o (a2 + u)( j 5+ lp,’ 

and therefore, if a is different from b, 

n .. f* udu / v 

= I r - ; \ n .w** 

1 Jo (a 2 + w) (6-+ «) v 

% 

and, this expression being a positive quantity, a possible value ot 
(o is obtained, and it is established that an ellipsoid with three un¬ 
equal axes is a possible form of a mass of liquid rotating about the 
smallest axis. 

198. That c must be the least axis may also be seen as follows : 


or = 


a-A - c-C 
d 1 

3 M f» a- c- [da 
2d-Jo ia* + M c- + uj D 
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which shews that for oj to be real, we must have c < a, and similarly 
c < b. 

199. We notice that the forms given for A, B, C in Art. (197) 
can be reduced to those given in Art. (194) by writing c*(l + X-) 
for a-, c 2 (l + X •) for b- and c 2 / u- for c'- + u, so that equations (/3), ( 7 ) 
of Art, (197) are the same as (3) and (4) of Art. (194). If the mass 
of the fluid M be given, we have also an equation *7 rpabc = M, and 
this equation together with (£), ( 7 ) of Art. (197) may be regarded 
as determining a, b , c in terms of M, p and co. 

These equations were investigated by C. O. Meyer*, and a full 
discussion will also be found in Tisserand’s Traite de Mecaniqiie 
Celeste , Tome n. Chap, vn.f, shewing that the maximum value of 
w /“ 7r p that will make a Jacobian ellipsoid a possible form of equi¬ 
librium is '18709, and that for this particular value the ellipsoid is 
one of rotation coinciding with one of Maclaurin’s spheroids. It is 
further shewn that this value gives a unique maximum to the func¬ 
tion on the right-hand side of equation ( 7 ) of Art. (197), and that 
for smaller values of ar/27 rp there is one and only one ellipsoid. 

To summarize our results relating to Maclaurin’s spheroids and 
Jacobi’s ellipsoids, we have: 

if w-/'2ttp > 2247, no spheroidal or ellipsoidal form, 

if '2247 > g>727t p > 18709, two oblate spheroids, 

and if -18709 > <o-/2Trp, two oblate spheroids and one ellipsoid 

with three unequal axes. 

200. We have seen (Art. 194) that the ellipticities of a Jacob- 
ian ellipsoid cannot both be small, in fact that one of the axes is, 

in every case, at least V'2 times the axis of rotation. In a complete 
discussion of the Jacobian ellipsoids containing -numerical tables 
and diagrams;, Darwin remarks that the longer the ellipsoid the 
slower.it rotates; that, while the angular velocity continually dim¬ 
inishes the moment of momentum continually increases, and that 
the long ellipsoids are very nearly ellipsoids of revolution about an 
axis perpendicular to that of rotation. 

Crelle's Journal, Tome xxiv. (1842). 

To l' P " “ i 7 b 0 StraOt ° f th ° analy3i8 see A PP e1 '- * Mcanique Ka.ionneUe, 

t ‘‘ On Jacobi’s Figure of Equilibrium for a rotating mass of fluid.” Proc Ro,ml 
Soc. Vol. XLI. (1887), p. 319, or Scientific Papers, Vol. m. p. u 9 . ^ 

14—2 
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201. Elliptic cylinder. It can also be shewn that, theoretic¬ 
ally, an elliptic cylinder is a possible form of the surface of an infi¬ 
nite mass of homogeneous gravitating liquid, rotating, as if rigid, 
about the axis of the cylinder. 


If a and b are the semi-axes, the components of the attraction 
at the internal point a?, y are 


47 -p bx 

a + b 


and 


477 -p ay 
a + b 


(Kelvin and Tait, Art. 494 p), and the equation of the free surface 
is therefore 


/47 Tpb 
[a + b 




Identifying this equation with 



we find that 

or = 47 rpub/(a + b)-. 

This determines co when p, a, b are given; but if p are given 
we see that since 



an elliptic cylinder will not be a possible form of equilibrium un 
less or < 7 Tp. 


202. Poincares Theorem. We have seen that a Jacobian 
ellipsoid is an impossible form of relative equilibrium it 

(o'l^Trp > T8709, 

an oblate spheroid is impossible if to'l'Iirp > '2247, and an elliptic 
cylinder is not a possible form if or/Zirp > '5; Poincare has proved 
that if ar/27Tp > 1 there is no figure of equilibrium possible*. For a 
necessary condition of equilibrium is that at every point ot the tree 
surface the resultant of the attraction and centrifugal force, should 
be directed towards the interior, otherwise a part would be detached. 
Let V be the potential of the attracting forces and r the distance 

from the axis, and let 

U= V + JoPr 2 . 


Bulletin Astron. Tome n. p. 117, or Figures d'equilibre d'une masse Jluide. p. 


11 . 
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The resultant outward normal force is and, for equilibrium, 


dn 


at every point of the free surface must be negative. By 

dU 


Green’s Theorem JJ dS = jjj V- U cLrdydz, where the first 


integral is taken over the surface and the second throughout the 
volume of the Huid. And 


Therefore 


V- f/ = V- F + 2or = - 4 t r/> + 2or. 

'dU 


dn 


dS = 2 (or — 27rp) x volume, 


and if tar > 2iTp, the left-hand member is positive, which implies 
that at some points on the surface the resultant force is directed 
outwards and therefore equilibrium is impossible. 


203. Other equilibrium forms. In addition to the forms that 
we have considered, the annulus was first considered by Laplace* 
in connection with the theory of Saturn’s rings, and has since been 
the subject of much investigation. 

In the second edition of Kelvin and Tait’s Natural Philosophy , 
§ 778" a number of results relating to the stability of the forms 
already discussed were announced without proof. In attempting to 
establish these results, Poincar£ was led to write a celebrated paper 
which appeared in the Acta Mathematica, 7, Stockholm, 1885. In 
this paper the problem of figures of equilibrium is discussed in a 
more general manner. It is shewn that possible figures of equili¬ 
brium form linear series, that is, series depending on a single para¬ 
meter, such as the angular velocity, and such that to each value of 
the parameter corresponds either one and one only, or else a finite 
number of figures, and such that these figures vary in a continuous 
manner when the parameter is varied. Thus the Maclaunn’s sphe¬ 
roids form a linear series, and Jacobi’s ellipsoids form another. It 
may happen that the same figure belongs to two distinct linear 
series; such a figure is called a form of ‘bifurcation.’ Thus there 
is a particular member of the series of spheroids which at the same 
time belongs to the series of Jacobi’s ellipsoids. Poincar£ also con¬ 
sidered, in this paper, the question of the stability of forms of equili- 

Mtcanique Celeste, Tome n. p. 155. See also Tisserand,- Mtcanique Celeste 
Tome n. Chapters ix, x, xii, where the researches of Laplace, Clerk Maxwell and 
Mme Kowalewski are discussed. * 
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bnum, and shewed that if a series of figures are stable up to a form 
<>t bifurcation then beyond that point the figures are unstable, the 
stable figures now belonging to the other series involved in the 
form of bifurcation. Thus Maclaurin’s spheroid is stable only so 
long as its eccentricity is less than *8127, which is the point of 
bifurcation, and at this point Jacobi’s ellipsoids become stable. In 
attempting to find points of bifurcation in the series of Jacobi’s 
ellipsoids by the use of Lame’s functions, Poincar£ found that there 
are an infinite number of series of figures of equilibrium. All the 
figures are symmetrical with regard to a plane perpendicular to the 
axis of rotation ; they all have at least one plane of symmetry pass¬ 
ing through the axis and some of them are figures of revolution. 
Among these figures only one is stable and it has only two planes 
of symmetry; it is the form that arises from the first bifurcation in 
the series of Jacobi’s ellipsoids and has been called the pear-shaped 
figure of equilibrium, because of the resemblance to a pear of the 
figure sketched in Poincare’s paper*. Further investigation how¬ 
ever has shewn that the true form has less resemblance to a pear 
than was at first supposed; it has been discussed by Darwin in two 
papei-sf, anf l its form determined to a second approximation. At 
the point of bifurcation the axes of the Jacobian ellipsoid are as 



* I.oc. cit. p. 347, also Figures (Vequilibre tVune masse fiuide, p. 161. 
t “On the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil. 
Trans. Vol. 198 A (1901), p. 301, or Scientific Papers, Vol. in. p. 288, and “The 
stability of the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil- 
Trans. Vol. 200 A (1902), p. 251, or Scientific Papers, Vol. hi. p. 317. Fora simple 
account of the stability of these figures see also an interesting paper by the same 
author on “The Genesis of Double Stars,” being Chap. xxvm. in the volume Daririn 
and Modern Science. 
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65066 : 81498 :188583, and o-l'lirp = *14200 ; and the pear-shaped 
figure represents a small departure from this Jacobian ellipsoid, 
which takes the form of a protuberance at one end of its longest 
axis, and a blunting of the other end. 

In the accompanying figures taken by permission from the se¬ 
cond of Darwin’s papers just referred to, the dotted line represents 
the Jacobian ellipsoid, and the other curve the pear-shaped figure ; 
the upper is the equatorial section, and the lower is the meridional 
section in the plane of symmetry. 

204. The following expressions for the attraction of a solid 
homogeneous ellipsoid of small ellipticities are often of use in dis¬ 
cussing the forms assumed by masses of rotating liquid; viz. if a , 
6 , c*. the semi-axes, are such that b = a (1 — e) and c = a (l — 77 ), 
then the component attractions at an internal point (x, y, z) are 

Apx, Bpy , Cpz, 
whore A = J 77 (1 - *e - i v ), 

li = Ml+*e 

G-i + *>)*. 

These expressions may also be written in the symmetrical form 



A “Sw ( 

2 2 a — b — c\ 

1 — - - - --), etc 


o a J 

or as 

ll 

6 a — k\ 

1 o k 

where 

k = i(a- 

+■ b -t- c). 


205. Example. A mass m of homogeneous liquid and a distant sphere of 
mass M revolve in relative equilibrium about their centre of gravity icith a small 
uniform angular velocity «; shew that the free surface of the liquid is an ellipsoid 
of small ellipticities with its longest axis pointing to M and its smallest axis at 
right angles to the plane of motion , and that the ratio of the ellipticities of the 
principal sections passing through the line joining the centres of gravity of the 
bodies is 4 M+m : 3J/+. (Math. Tripos, 1888.) 

If d is the distance between the bodies, the centre of gravity O of the 
mass wi has an acceleration , and 0 may be reduced to rest if we apply this 
acceleration reversed to every element of the liquid mass. 

* See Routh’s Analytical Statics , Vol. n. § 221 (2nd edition). 

t Problems of this class were discussed by Laplace in the third book of the 
Mecanique Celeste. 
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If A is the centre of gravity of the mass M y and P any point in the liquid 

mass, the forces at P are ~r. towards A , 

PA 2 ’ P 

2 parallel to AO, the force due to the 
self-attraction of the liquid and the centri¬ 
fugal force. Now along PA is equi¬ 
valent to jrp* PO along PO and OA parallel to OA. 

The former 



Mr 


{d- + r- — 2 dr cos 6\ - 


M 


uM> 
* '' d 1 


to the first order of r/d. 

The latter combined with 

= fx Md _ pM _ pM j 3r _ 

{d 1 -f r- — -2dr cos 6 [ - d d 1 cl 

3fi Mr cos 0 
= ' cP 
parallel to OA. 

If we assume an ellipsoidal form and take the axis of x along OA, and Oz 
for axis of rotation, we have 

— = ci)' 2 (xdc+ydy) — Apxd.v— Bpydy—Cpzdz - dr + -^r" 


And the free surface must he of the form 


• r2 (® 2 - y, P + - ^f) +y- - Bp - - z~ (Cp + - const, 

• ph> ~ 2 ~p! ~ <*- ) =/> ' , ( // p + ) =c2 (°P + ® • 

Now since the masses are rotating about their centre of gravity O with 
angular velocitv o>, 


o>-.OG=^ 


but 


d* ’ 
(J/+w) OG=Md : 


. . o)- = 


2 . 1 / 




. 1 / 

J/+MJ 


_ a) 2 2 3J/ 
p M + Mi ’ 


since a>' 2 /p and «-& are small. 

So also a*A-c°-C= j{a- (l + 


+ c- 


M 

M + >» 


} 


a>" 4 J/ + Ml 

— P ° M+m 


So also 
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But from the last Article, 

«”-A -b-B = U {(« 2 - V) - (iL ^ + 8 l ' < -^ ) } 

and to get a result correct to the first order of the small difference a - b we may 

put l-=b=a in the last factor, so that 

a 2 A-b 2 B=\ i j l na(a-b). 

Similarly <t~A -c-C — \'},rra (a — c). 

TT a-b a-A — b-B 3 M 

Hence -= -rr/, = r\f. 

a — r a-A-c-C 4 M+m 


EXAMPLES 

• 

1. A thin spherical shell of radius a is just not filled with gravitating 
liquid of density p. If the liquid he rotating in relative equilibrium with 
angular velocity to about a diameter, prove that the tension in the shell across 
the great circle at right angles to the axis of rotation is at any point in that 
circle equal to o)‘ J pa 3 / 8 . 

2. A rigid spherical shell is just filled with gravitating fluid consisting of 
a nucleus surrounded by a shell of lighter fluid. The whole is made to rotate 
about a diameter. Shew that an oblate spheroid is a possible form for the 
surface of separation. 

3. A rigid spherical shell contains two liquids which do not mix, and the 
whole system rotates as if rigid about an axis through the centre of the shell. 
Find the greatest angular velocity for which the common surface is spheroidal 
and does not touch the shell, and prove that, when the angular velocity does 
not exceed this value, the eccentricity of the spheroid is independent of the 
radius of the shell. . 

4. A mass of liquid of density pi is surrounded by a mass of liquid of 
density p and the whole completely fills a case in the form of an oblate 
spheroid of small ellipticity f ; if the case rotates about its axis with small 
uniform angular velocity o), prove that a possible form of the common surface 
is an oblate spheroid of ellipticity given by 

15o) 2 /167T = < 1 pi +3 (*i — 0 p. 

5. A case in the form of a prolate spheroid of small ellipticity e is filled by 
a fluid nucleus of density p + <r surrounded by a fluid of density p. Shew that, 

if it rotates round its axis of figure with angular velocity n-pe^, a possible 
form of the common surface is a sphere. 

6 . A mass of homogeneous liquid of density p completely fills a case in the 

form of the ellipsoid a J /a 3 4 -y 2 / 6 2 + 2 2 /c 2 =l, and rotates as a rigid body about 
the line xll=y/m = zjn with uniform angular velocity «; shew that if l\p is 
the greatest excess of the pressure at the centre over the pressure at a point 
on the surface, l 



A — A/a 2 o) 2 B-X/b- o) 2 C-X/c 2 0)2- 
where Ax, By, Cz are the components of the attraction at an internal point. 
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7. A uniform sphere formed of ordinary attracting matter and of radius a, 
describes a circle with small uniform angular velocity <a about a distant centre 
of force, which attracts inversely as the square of the distance. Prove that if 
the sphere is completely covered with water whose self-attraction can be 
neglected, the volume of the water must be greater than 

107ro) 2 a 4 /3</, 

where <j is the-value of gravity at the surface of the sphere. 

8. 1 wo gravitating liquids which do not mix, and whose densities are p, 
<r(p><r), are enclosed in a rigid spherical envelope, and the whole rotates in 
relative equilibrium with a small uniform angular velocity o about a diameter 
qt the sphere. Shew that a possible form of the common surface of the two 
liquids is an oblate spheroid of ellipticity f-gw 2 /*-(p + Scr). 

9. An infinite homogeneous cylinder of mean radius «, of small ellipticity e 
and density p, is surrounded by a mass of homogeneous liquid of density cr. 
The whole revolves about the axis in relative equilibrium under its own 
attraction with uniform angular velocity to. If a is the mean radius of the free 
surface, prove that a possible form of the free surface is an elliptic cylinder of 
•small ellipticity 

7 rc/ 4 (p — <r ) €/ {2i r(p — cr) a- + i rcra 2 — a> 2 a 2 } a 2 . 

10. A given mass of gravitating fluid of density p can rotate in relative 
equilibrium with angular velocity Q with its free surface in the form of an 
ellipsoid with three unequal axes, the greatest semi-axis being a. A rigid 
vessel of this form is now made and the fluid in it is set rotating with the 
vessel in relative equilibrium with angular velocity to about the least axis. 
Prove that the pressure at any point of the surface is 

hp (a, 2 - Q-) (* 2 +f) or |p (o> 2 - a 2 ) (.r 2 +r - a-'), 
according as to is greater or less than Q. 

11. A solid sphere of mean density p is covered by a thin layer of liquid 
*>f uniform density cr. The whole rotates with small uniform angular velocity to 
about an axis through the centre of the sphere; the solid sphere attracts 
according to the law of the inverse square as if concentrated at a point on the 
axis at a small distance c from its centre, and the liquid also attracts according 
to the law of the inverse square. Shew that the outer surface of the liquid is 
approximately a spheroid of ellipticity 15 q> 2 /87t (5p —3a-), with its centre at 
a distance pc/(p- tr) from the centre of the sphere. 

v wiy 12. A solid gravitating sphere of radius a and density p is surrounded by 
a gravitating liquid of volume (6 3 -a 3 ) and density tr. The whole is made 
to rotate with small angular velocity to. Shew that the form of the free surface 
of the liquid is the spheroid of small ellipticity e given by 

r=b(\-$«P>), 

1 5co 2 6 3 

wherC , = 8*!5'(p-o^ + 2o7/)’ 

and P., is Legendre’s coefficient of the second order. 

13. A mass of homogeneous liquid, of density p, and volume fy r (X- -1 - « 3 ), 
surrounding a fixed solid spherical core of radius a and density o-, is rotating 
as if solid with small angular velocity to about the polar axis, under its own 
attraction, that of the core, and the attraction of a particle of small mass M 
situated on the polar axis at a distance c from the centre of the sphere. 
Determine the form of the free surface, no portion of the sphere being un- 
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covered ; and prove that the volume of liquid on the half of the .sphere nearest 
to }[ is greater than if .1/ were not present by 

3.1/T.15! W 2 




n|M+l , v « :1 , V* 
-('-P)j5+ 4fl + 3 


Discuss the case when p is nearly equal to o-. 

14. A homogeneous gravitating fluid just does not fill a rigid envelope in 
the form of an oblate ellipsoid. The fluid is rotating in relative equilibrium 
round the polar axis with kinetic energy K. If it rotates with kinetic energy A', 
the envelope is a free surface of zero pressure. Prove that, for all values of E 
whether greater or less than E x , tlie tension per unit length across the 
equatorial section of the envelope is 

15 E~E X 
32 A ’ 

where .1 is the aim of a polar section of the ellipsoid. 

15. A nearly spherical solid of mass J/, the equation to whose surface is 
/• = « (1+n/ J 4 ), has a mass m of liquid on its surface, the solid and liquid 
attracting according to the Newtonian law, and the whole rotates about the 
axis of the harmonic with angular velocity w. Shew that the equator will be 
uncovered if m<9aJ//(12A-4)-5o>V‘/(fOA -0), and that the poles will be 
uncovered if m<6aJ//(3A- 1) + 5o,-Y/*/(5A where X is the ratio of the 
density of the solid to that of the liquid. 

1G. Assuming the Eart h to consist of a fluid surrounding a solid spherical 
nucleus, prove that the ellipticity, supposed small, is given by 

Dip 

* " , 4/5 + 2(Z»/p-l)’ 

where m is the ratio of the centrifugal force at the equator to the gravity there, 
D is the mean density of the whole Earth, and p the density of the fluid. 

Deduce the cases of 

(1) a completely fluid Earth, t = jm; 

(2) a very shallow sea on a solid nucleus, t — ittn. 
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1. A quantity of elastic fluid whose particles attract one another according 
to the law of nature tills a sphere in whose centre resides a central force p/p. 
The radius of the sphere is c and the mass of fluid (2k — p) c, where pK=p. 
Shew that the conditions of equilibrium are satisfied if p varies inversely as r\ 

2. A sphere (radius c) is just filled with water, and rotates about a vertical 
axis with angular velocity a>, such that 3cto 2 = 2g ; prove that the pressure in 
the surface of equal pressure which cuts the sphere at right angles is 3</pc/4, 
p being the density of water. 

3. A mass of liquid is contained between three co-ordinate planes, each of 
which attracts with a force varying as the distance, and the absolute forces of 
attraction p, p, p" are in harmonic progression. Half an ellipsoid is fixed with 
its plane face against one of the co-ordinate planes, and its surface touching 
the other planes, its axes being parallel to the co-ordinate axes and inversely 
proportional to 

p , s 'p\ K f p". 

If there be not sufficient fluid quite to cover the ellipsoid, the uncovered 
part will be bounded by a circle. 

4. A mass of liquid is subject to the mutual gravitation of its particles, 
and to a repulsive force tending from a plane through its centre of gravity and 

aryingas the perpendicular distance from that plane; shew that the conditions 
>f equilibrium will be satisfied if the surface be a prolate spheroid of a certain 
ellipticity, provided the repulsive force be not too great. 

5. A triangular area is immersed in a fluid with one side in the surface ; 
the ellipse of largest possible area is inscribed in it ; shew that the depth of 

1 ° 1 jg /3 —57r 

the centre of pressure of the remainder of the triangle is gg - / 3 _i 2 ^ 

depth of its lowest point. 

6. Fluid self-attracting, according to Newton’s law, just fills a vessel in the 

_ »2 jm -2 

form of the ellipsoid + + - = 1 ; find the pressure at any point, and the 

a- b~ c~ 

points of maximum and minimum pressure on the vessel. 

7. If n, (3, y, b be the depths of the corners of a quadrilateral area which 
is wholly immersed in liquid, and h the depth of its centre of gravity, the 
depth of its centre of pressure is 

-h (a+{3 + y + 8)-~(t3y + ya+nl3 + a8 + [38 + y&). 

8 \ conical vessel of height h , vertex downwards, is filled with liquid the 
density of which is A.r, being the depth. This is poured into another vessel 
in the form of a surface of, revolution, and it is found that the new density is 
px l . Prove that the form of the vessel is given by the equation 

f + ^ ,• (h - £ x 1 J taii 2 a. 

9 An embankment of triangular section ABC supports the pressure of 
water on the side BC : find the condition of its not hing overturned about the 
an"le A when the water reaches to B, the vertex of the triangle: and shew 
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that, when the area of the triangle is reduced to the minimum consistent with 
stability for a given depth of water, 

* n s/*- + 27+‘J 

ta,lC= ^37 ' 


tan .1 = 


v /*- + 2* + i) 


1 


where 5 is the specific gravity of the embankment. 


10. A mass of fluid is in equilibrium under the action its own attraction : 
prove that the pressure at any point (,v, y, z) is given by the equation 

r.c \,> vxj a/ Xj) c,j) cz \p tiz) 1 

where p is the density at (./•, y, z). 

An infinite mass of fluid such that/< = where /• is a constant, surrounds 
a rigid spherical shell and is in equilibrium under its own attraction, the 
pressure at infinity Ixhng n : find the pressure at any point. 


H. A bridge of boats supports a plane rigid roadway AD in a horizontal 
l>osition. When a small moveable load is placed at O' the bridge is depressed 
uniformly ; when the load is placed at a point C the end A is unaltered in 
level; when at JJ the end B is unaltered in level ; and when at 1* the point 
of the roadway is unaltered in level. 

Prove that AG. GC=DG . GD=PG . GQ\ and that the deflexion produced 
at a point II by a load at P is equal to the deflexion produced at P by the same 
load at R. 


12. A cup floats upright in oil, and is ballasted with water ; find its form 
and sketch it, when the difference of level of the two liquid surfaces is the same 
for all degrees of immersion. 


13. If a liquid be inclosed in a vessel of any form and be allowed to run 
into another vessel of different form, aud if p be the pressure at .c,y, z, in either 
of the vessels referred to rectangular co-ordinates independent of them, the 
difference between the two values of JJj pdvdi/ dz differs from the work done 
by the liquid in running from the upper to the lower vessel by the work 
required to bring the surface of the fluid in the lower vessel to the same hori¬ 
zontal plane with the original surface in the upper. 


.1^* vessel in the shape of a paraboloid of revolution contains some fluid 
winch is rotating about the vertical axis of the paraboloid. Find the angular 

velocity when the fluid begins to spill, and shew that, if this is JgTl, the vessel 
must have been half full of fluid. 


If the paraboloid be not of revolution but of the form == ^ + j, the axis 

m f vertical, and if z 2 l>e the greatest and least heights of the curve 
m which the surface of the fluid meets the vessel, prove that 


1 1 o>- . 

*~r,~ 2qc ~ l ' ] ' 


uy 

. . z z z \ 2yc 

where c is the distance between the vertices of the two paraboloids. 

siieh^tW A Vlindl 'f l1 4 ivin S-heh is suspended with its axis vertical at a depth 
cciitrn of f U P tbe boU ; ta.d tlie distance of the 

r, ond^ ! d,tl ° n tha i l he equilibrium may be stable with refe -cnce to an 
angular displacement of the axis. 



9 o *> 

-lUu 
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16. Incompressible fluid is ;it rest under the action of forces 


«- ’ 


6 - ’ 




c- ’ 


respectively parallel to the axes, and a particle, the density of which is leas than 
that of the fluid, is placed anywhere in the surface 

4> -2 


o 

x- ?/ 


prove that, neglecting the resistance, the velocity of the particle when crossing 
the surface defined bv the quantity m' varies as 

Jm' — m. 

17. An elastic spher ical envelope is in equilibrium when it contains air at 
twice the atmospheric density, and its radius is twice the natural size ; if the 
barometer f all 1 jn th of an inch, find the time of a s mall oscillatio n in the mag¬ 
nitude of the envelope. 

18. A right cone rests in a vessel containing equal depths of two given 
fluids, with its vertex fastened to the bottom and its axis vertical. Find the 
condition for stable equilibrium. 

19. A straight uniform rod consisting of matter attracting as (dist.) -1 is 
surrounded by fluid at rest subject to its attraction only ; shew that the 
differential equation to the meridian sections of the surfaces of equal pressure 
can be put in the form 

• 'H- log p-o, 

/•, / being the distances of the point (.r, //) from the ends of the rod, and ^ the 
angle subtended by the rod at that point. 

20. A portion of a paraboloid, latus rectum 4a, is cut oft' by a plane per¬ 
pendicular to the axis at a distance 3a from the vertex ; if the vertex of the 

paraboloid be fixed at a depth ^ a beneath the surface of a liquid, shew that 

it will rest with the focus in the surface if the ratio of the density of the liquid 
to that of the solid be 729 : 232. 


21. A mass (Jf) of fluid, in which the density at any point is the sum of a 
given constant quantity and a quantity bearing a given constant ratio to the 
pressure at that point, revolves about a fixed axis with a given constant angular 
velocity, and is attracted to a point in that axis by a given force which varies 
as the distance: find the form of the free surface; and shew that its least semi¬ 
diameter (It) is determined by the equation 

n, 

}[ = m I e x-dx, 

I o 


where m and c are given constants. 

22. A centre of force, repelling inversely as the square of the distance, lies 
below the surface of a homogeneous inelastic fluid, which is also acted on \ 
gravity and is at rest: the intensity of the force, at a point in the surface •» 
the fluid vertically above its centre, is equal to that of gravity: prove that the 
external surface of the fluid has a horizontal asymptotic plane, and that th^ 
centre of force is environed by an internal cavity, the summit of which - < 

the external surface of the fluid. 

Find the volume of the cavity in terms of its length. 
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23. A right prism on a square base has another prism, also on a square 
base, attached to it, so that their axes are coincident and sides parallel, and 
the whole floats on a fluid with their common plane in the plane of flotation. 
If the sides of the bases of the two prisms arc in the ratio 2 : I,.find their 
limiting heights in order that the equilibrium may be stable. 

24. A heavy cube is moveable about an axis, which passes through, and 
bisects, the opposite sides of one face; this axis being fixed horizontally within 
an empty vessel, so that the cube is suspended in the position of equilibrium, 
find the depth to which fluid must be poured in, so as to render the equi¬ 
librium unstable, and the greatest ratio of the densities of the culm and fluid, 
that this may be possible. 

Supposing the cube half immersed and the equilibrium stable, find the 
time of a small oscillation. 

2a. A cylinder whose axis is vertical is floating in a fluid in which the 
density at any point varies as the a th power of the depth ; the cylinder is 
depressed till its upper end just coincides with the surface of the fluid, and on 
being let go it rises just out of the fluid ; shew that, when the cylinder was 

l 

floating, the depth immersed was to the height of the cylinder as 1 to (n + 2)" + '. 

26. The height and latus rectum of a uniform paraboloid of revolution are 
h and /, and its specific gravity with respect to a fluid in which it is floating is 
s ; shew that there will certainly be oidy one position of equilibrium with the 
vertex immersed if 

2/< (2 - 3s-) <3/. 

27. If a vessel of thin material, in the shape of a paraboloid of revolution, 
contain liquid, shew that the equilibrium will be always stable, provided the 
density of the fluid inside be greater than that without ; the weight of the 
vessel being neglected. 

28. A frustum of a cone floats with its axis vertical in a liquid of twice its 
own density. Prove that the equilibrium will be stable if 

/,*. ^ ( a ~ b)~ , 2 + 

b-< -—, where ?»= v ' 


m -1 


(a 3 + 6 3 )s 


h being the height of the frustum, and a, b the radii of its ends. 

Also if it float with its axis horizontal the equilibrium will be stable if 

/,2 > 3(«+6)2j«*+62) 
a- + Aab + b* * 

29. A vessel in the form of a cube of side 12a containing liquid is nlaced 
so as to rest on the top of a perfectly rou^h fixed snhore of rnrllno \ + • 

the weight of the vessel, pr!,ve aj f.ndlspW^teiu.Xl'," 

lal'iS Ga C<!S h<!re W ‘ >e StablUty I ,rovide ‘' «>» depth of the liqSid is between 

tria ’ > .S ll 'ar lamina, of which the sides A A A Care eo.rnl 
floats w ith the angular point downwards in a liouid of a 'i ^ f 

81 o- sin 3 6 = 64p cos 3 a (sin 2 6 - sin* a ) 2 

tZ fiqildt ^«.° f thC > - ‘he density 
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31. A solid of revolution floats with its axis vertical, and is sunk to 
different depths by placing weights at a fixed point of its axis. Find the form 
when the equilibrium is always neutral. 

32. If a body float at rest, shew that for any displacement, consistent with 
t he condition that the weight of the fluid displaced be equal to that of the float, 
the difference of the distances of the centres of gravity of the float and of the 
fluid displaced below the surface of the fluid will, in general, be a maximum 
or minimum according as the equilibrium is unstable or stable. 

Moreover if ^fbe this difference, and the body be symmetrical with respect 
to a vertical plane, perpendicular to the line about which the displacement 
aforesaid is made, and 6 be the inclination of any fixed line in the body and in 
that plane to the vertical, the time of a small oscillation will be that of a 

k- 

sirnple pendulum of which the length is—where k is the radius of gyration 

cie 2 

about a line through the centre of gravity parallel to the axis of displacement. 
Mention any conditions which limit the generality of these theorems. 


33. An ellipsoid floats with the least axis (2c) vertical in a fluid of twice 
its density, and makes small oscillations in a vertical plane about a point in 
the major axis (2a) which is fixed. Shew that the period is 


J 


where < is the central distance of the fixed point. 

0 

34. A pneumatic railway carriage can move freely without friction in a 
tunnel which it exactly tits. It is placed at rest at one end, and an engine 
begins to exhaust the air at the other, pumping out equal volumes in equal 
times. Shew that at time t the distance of the carriage from the end to which 
it is travelling is determined by an equation of the form 

d-x . d.v . .. 

X dfi +b di + H ^ + bC) = >l "' 

35 . A solid of revolution possesses this property. A portion being cut off 
by a plane perpendicular to its axis and immersed vertex downwards in a 
liquid and then displaced through a small angle, the moment tending to restore 
equilibrium is independent of the amount cut off. Shew that, if y=J (.r) be the 
venerating curve, to determine/ we have 

[f(x)]-=p [1+1/ (*))*+/(■'■)/" (*)1 [/{•**+/(*)/ (*)}?» 

p being the density of the solid compared with the fluid. 

36 . From a solid hemisphere, of radius /•, a portion in the shape of a right 
cylinder, of height A, coaxial with the hemisphere and having the centre ot its 
base at the centre of the hemisphere, is removed. Into this portion is htted a 
thin tube which exactly fits it. The solid is placed with its vertex downwards 
in a fluid, and a fluid, of density p , is poured into the tube. Find how much 
must be poured in, in order that the equilibrium may be neutral; and it the 
tube be tilled to a height 2A, shew that 

p 

~s~ b* ’ 

s being the density of the solid. 

37. A solid body is floating in a liquid of variable density and its position 
is sliehtly changed so that the mass of liquid displaced remains unaltered. 1 
f (z) be the density at a depth 2 , and (.r, .y, z) the co-ordinates of any point in 
the immersed surface of the body, referred to the surface as the plane .ry, pro\ 
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that tho point in the plane of flotation about which the body turns is the 
centre of gravity of that plane treated as a lamina, the density of which at the 
point (.r, y) is / (*). 

38. A cup whose outside surface is a paraboloid of revolution of latus rectum 
/, and whose thickness measured horizontally is the same at every point and 
very small compared with l, has a circular rim at a height h above the vertex, 
and rests on the highest point of a sphere of radius If water be now poured 
in until its surface cuts the axis of the cup at a distance from the vertex, 
and if the weight of water he four times that of the cup, shew that the equi¬ 
librium will be stable, if 

A r - 2f 

* l < 2r+l m 

39. An isosceles triangular lamina ACU is at rest with its plane vertical, 
and its vertex C fixed at a depth c below the surface of a liquid, the density of 
which varies as the depth. If the density of the lamina be the same as that 
of the liquid at the depth d, and if 0 be the angle which the altitude h of the 
triangle makes with the vertical, prove that 

8rfA 3 COS 8 {0 -fa) cos- (0 — n) = 3 C 4 cos- a COS 0, 
the angle ACD being '2a. 

40. A hollow cylinder of height 2/< and radius c with both ends closed con¬ 
tains water, and is placed with the centre of its base in contact with the highest, 
point of a rough sphere of radius r ; the weight of the water is equal to that of 
the cylinder; shew that the equilibrium will be stable if the water occupy a 
length of the cylinder which lies between the roots of 

2 x 1 - 4 (2/- — h).v+c i =0. 


41. A weightless shell in the form of a paraboloid of revolution rests in a 
similar shell, the parameter of which is double that of the former, and contains 
fluid whose density varies as (depth)". Find the depth of the fluid in order 
that the equilibrium may be neutral. 

42. If when the barometer stands at 30 inches, the specific gravity of 
mercury being 13-596 referred to water, of which a cubic inch weighs 252-77 
grains, a cubic yard of atmospheric air is compressed into a vessel containing 
a cubic foot, find approximately the numerical measure of the energy stored 
up therein. 

43. The expansions of water and glass are given bv the formula* 

r,= r 4 {l +a (f—4) 8 },and V t = V 0 (\'+S a t), 

where t is the temperature centigrade. If a water thermometer Ik? constructed 
and graduated in the same way as the common mercurial thermometer, prove 
that except at the freezing and boiling points it will always give too low a 
reading; that that reading will be negative from 0° to a little over 13° • and 
that the error will be a maximum when 5a£ 2 + 2r=100. 


44. A quantity of air, whose density is p and pressure p, is enclosed in a 
spheriad vessel. Shew that if a centre of force pD n be placed at the centre of 
the sphere the density at a distance r from the centre will be 


Ji-f 1 

“3“ 


a 


<&) 


PP 


n+4 


s 

«+i 


1.P («+•!) 


- ~n+l 

e /»(»+!) 


the intensity of the force being supposed so great that the density of the air 
in contact with the vessel may be neglected. 


B. H. 
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45. The pressure and density of the atmosphere at the earth’s surface being 
/>,„ p 0 and the temperature at higher poiuts varying inversely as the nth power 
of the distance from the centre of the earth, prove that the pressure p at a 
distance r from the earth’s centre is such that 

lofy P_ _ Opo r n ~ ! ) 

h p 0 (n-l)p 0 a"~2 ’ 
wliere a is the radius of the earth. 

If ?i = l, shew that a spherical balloon of material equally extensible in all 
directions will have its volume greatest when r is given by the equation 

. 

2X 


, ,.a m 2XJ i a 3 1 
» 0 On -1) — = — <l-?n 3 -, > 

' ' >•»>» ..i w-if > 


/• 


3 


where m = ? x is the modulus of elasticity, and c is the unstretched radius 

Po # 

of the balloon, it being just filled and unstretched when it leaves the ground. 

46. A balloon is at a certain moment at a height h, descending with 
velocity F, and moving horizontally with a velocity V equal to the velocity of 
the wind at that height. If the velocity of the wind be proportional to the 
height, and if with a view to descending at a particular spot the escape of the 
gas be regulated so as to keep the velocity of descent constant, prove that a 
miscalculation dk in the initial height will produce in the point reached an error 

{l+|c 2 - e~ c (l +c)}, where c = . 


47. Prove that the work done during the {n 4- l)th stroke of a Smeaton's 
air pump, supposing the expansion to be isothermal, is equal to 

A being the volume of the receiver and B that of the barrel. 

48. The condensation being isothermal, find the work done during the «th 
stroke of a condenser. 


49. Prove that if a receiver of volume A is charged with air by a con¬ 
densing pump of capacity B so rapidly that the loss of heat by conduction 
may be neglected, the pressure of air in the receiver after n strokes will be 
(1 +uBjA)y times the pressure of the atmosphere; and determine the tem¬ 
perature in the receiver and the work done in compressing the air. 

Determine also the pressure of the air in the receiver after thermal 
equilibrium by conduction is re-established. 


50. A solid spherical nucleus of given mass and radius is surrounded by a 
gravitating atmosphere of elastic fluid {p = Kp). Prove that the equation 
determining the pressure is 


dr \p 


d (r- dp\ 4tt „ 


A 


Find the conditions that the pressure may be of the form . 


51. Assuming that the surfaces of equal density in the interior of the 
earth are concentric spheres, and that the pressure is connected with the 

density by the formula />=|(p 2 -p„ 2 ), where p„ is the density at the surface, 
prove that 




a sin s'-Wr-jk 
/•sin \Uird 2 /l- 
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where a is the radius of the earth, and r the distance of the point under con¬ 
sideration from the centre. The gravitational unit of mass is here used, ami 

the effect produced by the earth’s rotation is neglected. 

* 

52. A solid is composed of two cubes, symmetrically joined together, but 
of different material and size. It floats with the common plane in the surface 
of a fluid. Find the condition of stability. 

53. A solid in the form of a paraboloid of revolution floats with its axis 
vertical; if the centre of gravity coincide with the metacent re, prove that the 
equilibrium is stable. 

54. A solid in the form of a p araboloid of revolutio n floats with its axis 
vertical in a liquid, the density of which is n times that of the paraboloid. If 
the height h of the paraboloid is such that its centre of gravity is above the 
metacentre at the height c, prove that there is a position of equilibrium in 
which the axis is not vertical, and the base is entirely out of the liquid, if 

c < h (1 — n ~ ^) 2 . 

55. A ship of mass M has its sides in the neighbourhood of tfie water’s 
edge vertical: the depth of the centre of gravity of the water displaced is l. 
A small extra load 6M is placed symmetrically on the ship, which sinks 
through a distance Z ; and l oecomcs c + 8:. Prove that, retaining the squares 
of small quantities, 

8: = Z-d: + &z-*>dZ. 


56. A homogeneous ellipsoid floats in a liquid with its least axis COC 
vertical, and a weight w , of that of the ellipsoid, fixed at the upper end U, 
such that the plane of flotation passes through the centre. Prove that, if it 
be turned about the mean axis (6) through a finite angle d, the moment of the 
couple which will keep it in that position will lx? 

«’{e-«e 2 cosd(l -e 2 cos 2 0)"^}sin 6 y 
where e is the eccentricity of the section (a, c). 


57. 


A mass of m tons placed amidships at the distance c from the medial 
line on the deck of a vessel, whose total displacement is p tons, is observed to 
heel it over through a small angle 6 ; shew that for the unloaded ship the 
height of the metacentre above the centre of gravity is approximately equal 
to n ; and that this expression may be made correct to the second order by 


adding to it 


Ml /. 1 dl\ 

u V~1 dh )- 


where b is the height of the centre of gravity of m above the water line, h is 
the depth of the keel, and A and I are the area and moment of inertia of the 
section at the water line, supposed to be approximately known. ( Tripos , 1886.) 


58. A small spherical cavity (radius =/?) in an attracting mass is filled 
with homogeneous incompressible fluid, and the attraction at the centre of the 
sphere is evanescent: prove that the fluid pressure at the centre cannot be 
less than pcR 2 , and the total pressure on the surface of the cavity not less 
than - (c+f i irp)'27rpR i , where p is the density of the fluid, and, U denoting 

the potential of the attracting mass, c is the least algebraical value of at 

the centre for an element d$ drawn in any direction from the centre. 


59. A cylindrical water-tank is free to swing on a horizontal axis which is 
a diameter of one of its cress sections, situated below the middle of its height. 
Shew that it will hold less water before it tips over, if the surface of the water 
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is free than if it is held by a lid fixed to the tank. If in the former case the 
" ater may rise to a height // above the axis of free rotation, shew that in the 

jatter it may rise an additional height {ff* + 2X*)h - H, where the moment of 
inertia of the cross section, of area A, with respect to the axis of rotation, is 


60. Two spherical closed b alloons of equal weight and radius a. one made 
ot in extensible material, the other of extensible material whose modulus of 
elasticity is E, arc filled with equal amounts of the same kind of gas at 
atmospheric pressure n. They are supported at the same height at the ends 
oi a light string which passes over a smooth pulley. If the string be cut, shew 
tlmt the difference of the heights of the balloons when in equilibrium will be 

</,, l0g a ’ where r is the rcal root of fc he equation r 3 - ar 2 - — = o, T is 

the tension of the string, and p the density of air at pressure n, the tem¬ 
perature being supposed constant. 


61. An elastic unstretched circular membrane is attached by its circum¬ 
ference to a rigid ring, and, being acted upon on one side by fluid pressure, 
bikes up the form of a surface of revolution. It is found that ap.y small square 
traced on the unstretched membrane with one side along a radius is distorted ' 
into a rec tangle with its sides in a constant ratio ; prove that the new form 
<>Fthe membrane must be a cone, and find the law of the fluid pressure upon it 

62. Given that the surface tension T of water is 81 dynes per centimetre 
at 20 C., and that dT/dt = — 77550, investigate the coefficient of expansion of 
a soap-bubble as the temperature t rises. 


63. A drop of viscous fluid rotates uniformly about an axis through its 
centre, and is under the action of no forces beyond its surface tension. 
Assuming that the form is that of a surface of revolution, and measuring // 
from its centre along the axis of revolution, prove that the meridian curve is 
given by the equation 

dy _ x (x- + c 2 ) 

dx ~ si a- (a? + <?)* - ’ 

where a is the equatorial radius. 


64. A tube in the form of a right circular cylinder of natural radius a is 
made of a perfectly flexible material, which is inextensible along the generating 
lines but elastic along the generating circles. Two discs just fitting the tube 
are firmly fastened to it at its ends and then gas of a given pressure is forced in, 
the discs being free to approach each other ; prove that the differential 
equation of the meridian section is 


9 d~!/ , o (dx\ 2 (dx 

*‘J +2 y{ds) =m(y ~ a) {7h 


) 


where m is a function of the elasticity and pressure. 

For all pressures the principal radii of curvature of the tube at the discs 
are in the ratio of 2 to 1 . 

For different initial lengths of the tube, the maximum curvature of the 

1 _ l 

2 rn 

curvature being 



meridian section at the broadest point is ^ ( 


y , the other principal 


6 f>. A spherical soap-bubble of mass m contains air which obeys Boyles 
Law : and the tension ( t ) of the film does not vary for small changes of radius. 
The film is performing small oscillations about its position of equilibrium. 
If the film be not distorted from the spherical form, shew that the time of an 
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oscillation is /— 1 ; where the inertia of the air is neglected and the bubble 
--- \/ At 

has been placed in a vacuum. 

66. A closed surface is formed by the revolution of a catenary of para¬ 
meter c round a chord parallel to the directrix and distant X 1 from it. If it he 


meter c round a chord parallel to tne directrix ana distant k iruiu it. u it in¬ 
filled with liquid of density a which rotates round the axis with uniform 
angular velocity «, and he immersed in the same liquid, a small aperture at 
one of the angular points allowing communication between the exterior and 
interior liquid, prove that the principal tensions at the distance r from the 
axis will be 

a-urr 3 (k — r)l8c % and crcoV 3 (4k — f>r)/8c. 


67. If the particles of a spherical soap-bubble, of radius r and tension ( } 
repel each other according to the law of the inverse square of the distance, and 
if r be the potential, prove that P 2 =16 irrt. 


I 4 ** 


68. Into a spherical brass shell, of radius </, water is forced until the radius 
of the shell is found to expand to r. Having given that the coefficient of 
elasticity of the shell for stretching is /*, and that the compressibility of water 
is X ; shew that the quantity of water in the shell is 

or* 


ar— 2A/* (>•— aj 


where - p is the density of uncompressed water. 

In the previous question you are given « = 4, /• = 5 centims.: and the 
following data :— 

The compression of water for 1 atruos. (1 megadyne per sq. cm.)= 10 _5 x -5; 
thickness of shell = 5 mm., and a brass wire of 1 sq. mm. section requires a 
force of 9000 megadynes to double its length, if its elasticity remain constant. 
Determine the measures in c.o.s. units of the quantities involved, and thence 
shew that the mass of water in the sphere = 535 grams approximately. 


69. A hemispherical bubble is floating on water. Assuming that its radius 
is such that the ratio of the difference of the internal and external pressures 
to the external pressure is a small quantity whose square may be neglected, 
find the form of the water surface inside the bubble, and shew that its greatest 
depression below the external water surface is 

2a 2 i _ __ 2n- _ \ 

r ' 

where r is the radius of the bubble and a 2 the ratio of the surface energy for 
air and water per unit area to the weight of unit volume of water. 

(Mr Burnside.) 


70. Giflard’s freezing machine consists of two cylinders, the pistons of 
which work on to two cranks on the same shaft, driven by an external source 
of power, and of a large air reservoir which is always maintained at the tem¬ 
perature of the external air. In the first cylinder air is compressed till its 
pressure is the same as in the reservoir, when valves open and the air passes, 
as the stroke is completed, into the reservoir. The second and smaller cylinder 
acts as an engine receiving compressed air from the reservoir for such a portion 
of the stroke that being expanded for the remainder of the stroke it is dis¬ 
charged at atmospheric pressure, but at a lower temperature. If l r , and V» 
be the volumes of the cylinders, and if the compression and expansion be 
supposed adiabatic, prove that the work done during each stroke in the first 


y y _ y 

cylinder is n Y x — . — y — 2 , and in the second cylinder is n ( V x — J r 2 ), 


n being the atmospheric pressure. 


(Dr Hopkinson.) 
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71. A spherical homogeneous solid earth, supposed to be fixed, is sur¬ 
rounded by a shallow sea, which is attracted by a distant fixed body; prove 
that, neglecting the attraction of water on itself, the surface of the sea will 
remain spherical, but that its centre will deviate from the centre of the earth 
by a distance .amounting to the same fraction of its radius that the attraction 
of the disturbing body is of the attraction of the earth on an element of the 
liquid. 

72. If the earth be supposed spherical and covered with an ocean of small 
depth, and if the attraction of the particles of water on each other be omitted, 
the ellipticity of the ocean spheroid will be given by the equation, 

2 f — centrifugal force at the equator 
force of gravity at the earth’s surface' 

73. A smfill quantity of fluid is spread over the surface of a material 
prolate spheroid. Shew that the free surface of the fluid is also a spheroid, and 
that the depth of the fluid at the equator is to the depth at the pole as the 
major axis of the spheroid to the minor. 

74. If the earth be completely covered by a sea of small depth, prove that 
the depth in latitude l is very nearly equal to H( \ — e sin-/), where II is the 
depth at the equator, and ( the ellipticity of the earth. 

75. If the particles of a mass of liquid, rotating uniformly about a fixed 
axis, attract one another according to such a law that the surfaces of equal 
pressure are similar coaxial oblate spheroids, prove that the resultant attrac¬ 
tion of a spheroid, the particles of which attract according to the same law, is 
the resultant of two forces perpendicular to the equator and the axis of revo¬ 
lution respectively, and varying as the distance of the attracted point, 
respectively, from the equator and the axis. 

7G. In the case of Art. (194), prove that the mean pressure throughout the 
liquid is » of the pressure at the centre of the ellinsoid : and if the equation 
of the free surface is * 

X s I a 2 +y 2 /b 2 +z 2 /*? = 1, 

and the mass of the liquid is M, prove that the kinetic energy of the system is 

^M{2Cc-Aa-Bb}, 

where A, B, C are the forces at the ends of the axes x, y, z due to the attrac¬ 
tion of the liquid, the rotation being round the axis of z. 

77. In the case of Art. (188), find the pressure at any point of the interior 
of the liquid mass when X is so small that powers beyond X 2 may be neglected. 

In this case, if n is the ellipticity, prove that the pressure on the equatorial 
plane will be approximately equal to (5-6n)(rrpa‘ 2 ) x /15 astronomical units of 
force, where a is the equatorial radius. 

78. An infinite mass of uniform gravitating liquid of density p surrounds 
an infinitely long thin rigid cylinder of which the section is an ellipse of axes 
2a and 2b'. The liquid and the cylinder rotate with uniform angular velocity 
o) about the axis of the cylinder; prove that a possible form of the free surface 
of the liquid is a confocal elliptic cylinder of axes 2a and 2b, such that 

a) 2 (a 4- b)- = Anp (ab — a'b'). 

79. A mass {M) of homogeneous liquid revolves in relative equilibrium 
about a fixed axis with a uniform angular velocity such that the ellipticity (t) 
of its surface is small. If the part pM of the mass were collected into an in¬ 
finitely dense material point at the centre, and the density of the remaining 
part (1 — p.) M were diminished in the ratio of 1 -p to 1, find what would be 
the ellipticity of the new surface of equilibrium, supposing the time of rotation 
to be the same as before. 
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80. A solid ellipsoid of uniform density being supposed to revolve round 
its least axis of figure, and to carry with it a surrounding envelope of homo¬ 
geneous liquid of different density, the entire mass attracting according to the 
law of nature, it is required to find the conditions requisite for the permanent 
assumption of the ellipsoidal form by the free surface. (Prof. Townsend, Math, 
of Ed. Times , Vol. xxxv.) 

81. A number of solid spheres of density p + a are in equilibrium in a fluid 
of density p, the whole filling a hollow sphere. Prove that, if the whole mass 
be gravitating, the centre of mass of the spheres must be at the centre of the 
hollow sphere; also that, if there be only two spheres, the pressure tween 
them at their point of contact is 

¥ * V6V | a -»“ ab+b- + (« + bfl ’ 
where «, b are the radii of the spheres. 


82. In the interior of an otherwise solid homogeneous ellipsoid there exists 
a concentric spherical cavity full of incompressible and homogeneous fluid, 
the whole matter attracting according to the law of nature. Shew that the 
surfaces of equal pressure arc conicoids; and that, if P l>e anv point of a 
determinate surface of the system, the resultant fluid pressure across the plane 
drawn through the centre U perpendicular to PO is H + K/0P-, where //, A 
arc constants depending on the surface of equal pressure chosen. 


83. Shew that a diving bell suspended by a chain and totally immersed 
in the water will not remain with its axis vertical unless 



I V'd' - 


a is- ir 

V 


is positive, where II' and I V are the weights of the bell and the fluid displaced 
by the air inside, J r the volume of the air inside, $ the s.G. of the substance of 
the bell, Ak % the moment «of inertia of the cross section at the level of the 
water inside, d and d' the depths of the centre of gravity of the bell and the 
volume V below the point of the bell to which the chain is attached. 


84. A diving bell is bounded internally by a paraboloid of revolution; its 
height is b and the radius of the base a. When the depth of the base below 
the surface is l, prove that the water will have risen a distance h in the bell, 
where 

//A(2fc-A) = (f-A)(fc-/t)-, 

H being the height of the water barometer. 

Also if the bell, supposed wholly submerged, be displaced through a small 
angle d, prove that the righting momeut is 

{C— nagd* (b-hf (46* - 4&/i+3a 2 )/126 2 } d, 
where C is a constant, independent of /<, and o- the density of water. 


85. A number of liquids of densities p,, p._,,.p„ are in equilibrium in 

a gravitational field of force. Prove that the work done against the fluid 
pressure in slowly pushing a solid sphere whose volume v is small in comparison 
with that of each of the liquids, and which is originally completely immersed 
in the outermost liquid p n , until it is completely immersed in the innermost 
liquid p,, is approximately 

y {( V~\ 1 dpi + ii 1 T 2 — 2^3) P2 + . 

+ U-2I n-l - n-l * n)pn-l + (n-l l r n — V) P»i}> 

where l r , V' are the potentials at the centre of the sphere in its new and 

original positions, and 1 l r 2 , ->r 3 ,. n _i V nt are the potentials at the surfaces 

of separation. 
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SG. Two homogeneous spheres, of radii b and b' and of densities <r and o-', 
are immersed at rest in an incompressible homogeneous fluid of density p, the 
masses being measured in gravitational units. The whole mass is enclosed in 
^ rigid spherical envelope which just contains it. Prove that all the forces of 
attraction and pressure on the sphere of density a can be combined into a 
repulsive force V' 7r "p(/ , “°0 b :i c from the centre of the enclosing envelope, and 

i • i • 16ir- [p — <r) (a — p) b 3 b' 3 

a repulsive force from the centre of the other sphere; 

where c, d are the distances of the centre of the sphere considered from the 
centre of t he envelope and the centre of the other sphere. 

87. An attracting mass of which the surface is an eqnipotential surface is 
surrounded by fluid whose attraction on itself is neglected: prove that the 
pressure at any point is less than the pressure at the surface by 

Jpaj II p tt ‘ dxd ^ 

where II is the resultant force, M the total attracting mass, p. the constant of 
attraction, and the integration is throughout the volume between the two 
surfaces of equipressure. 

88. A homogeneous gravitating solid of volume *irh 3 and density p + a , in 
the form of the very nearly spherical ellipsoid 

S = a.v 2 + by- + cz- + 2 fyz + 2gzx + 2hxy = 1, 

is surrounded by gravitating liquid of volume {IP — Id) and density p. 
Shew that a possible form of the free surface when the system is in equilibrium 
is the ellipsoid 

x- +y-+z* = A {Id. S' - (.r-+r + z% 

where A = — 3 h^a/II -(2 H 3 p + 5 Ida). 

89. A small arbitrary displacement is given to a perfect fluid at every 
point of it, the components of the displacement of any point parallel to the 
axes being dx, by, bz ; where bx, by , bz are arbitrary continuous functions of xyz. 
Prove that the total work done by the pressure throughout the volume is 

where p is the pressure at any point and the integration is taken throughout 
the volume. Hence prove that the condition for the equilibrium of the fluid is 

dp = p (Xdx + ) r dy + Zdz) ; 

where p is the density and A’, V, Z the components of the attractive force per 
unit mass. 

./ % , 
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